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1. Let £, be n-dimensional Euclidean space, U a bounded domain in E, with
twice continuously differentiable boundary,

Lu(z) = aij(x)uij<x) + b (x)u;(z) — c(@)u(z)

an elliptic differential operator acting on functions u € W2 (U) (see (!)). Here u;;
is the mixed derivative with respect to z;,z;; u; is the derivative with respect
to z;; summation over the indices 4,7 is assumed. Suppose that a,;,b;,c are
bounded, ¢ > 0, the matrix a;; is uniformly nondegenerate, and, for n < 2,
p = 2, while for n > 2 the a;;(x) are continuous in F,, p > n/2. Let two

functions t;,1, € W2(U) also be given such that ¢, > 4, in U, ¢, = 1), on
ou.

Theorem 1. There exists, and moreover is unique, a function u € W2 (U)
possessing the following two properties: a) ¥, (z) > u(x) > 1y (x) for x € UUIU;
b) (—1)¥* >0 (a.e.) on

Ly ={a: (=1)u(z) —¢;(2)] > 0}

for i = 1,2. In addition, if p > n, then grad(u — ;) = 0 at all points of the set
U\T,, i=1,2.

The problem consisting in finding a function satisfying conditions a), b) is called
a problem with two free boundaries, because when 1; > 1, in U it is equivalent
to the problem of finding a function v € W2(U) and two closed sets G, G5 such
that a) is satisfied, uw = ¢; and Lu > 0 (a.e.) on Gy, u = ¢, and Lu < 0 (a.e.)
on G,, and
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(a.e.) on U\ (G UG,).

This problem is a generalization of the problem with one free boundary and
is directly related to problems with a variational inequality (?). Namely, if
Lap; < 0, then from Theorem 1 it is not difficult to derive that u is the unique
function in W2 (U) such that

u > 1y, (U —t9)|oy =0,

Lu <0

(a.e.) on {x: u(x) =1y(x)}, and

(a.e.) on {x: u(x) > y(x)}.

All these results can be obtained with the aid of certain facts from the theory
of Markov processes. They are presented below.

2. Let X be a standard process in a locally compact space E (see (%)), B the
space of Borel bounded functions f with norm

|[fI = sup{[f]: =€ E},

R, the resolvent of the process X, m some probabilistic regular measure on F,
p > 1. Suppose that there exists a constant IV such that for all x € F, f € B
the function R, f(x) is continuous and

Rolf(z) < NS,

where | f], is the norm in the space L,, of functions integrable to the p-th power
with respect to the measure m. Let two Borel functions %, (x),1,(z) also be
given, with ¢; > ¥,. We want to study the function

’U(SC) = iI‘}fsup Mx{% ($T>XT<U + w2(z0)XJST}7

where the lower and upper bounds are taken over the set of all Markov times 7
and o, respectively.
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The problem of studying v(x) is a generalization of the problems considered in
(476). Our method differs from the methods known from (476); it consists in
representing the function v(z) in the form R, f(x), where f € L,. In proving
this representation we use the method of “continuous” stopping. The main
technical tool is the following lemma.

For c € B put

R.fie) =, [ " exp [ / ez, ds] flay) dt.

and, for n,m > 0, let

Uy, = infsup R, . (191 + co1b0),

where the inf(sup) is taken over the set of all functions ¢;(cy) such that 0 <
¢, <n(0< ey <m),

5nm = _(unm - '(/)1)4»7 Prm = (unm - w2>7*'
Lemma. Suppose that, for some f? € L, ¢, = Rof' (i =1,2). Then:

a) Upy = R.(n6,,,,, +mp,,,);

b) if n > m, then

|5nm| S Rnfl7 pnm S R’Nlanfi + R7nf-2k;

unm(x) = Ma: l/() (nénm + mpnm)(xt> dt + unm(‘rr/\o’)‘|

TNO
= sup Mw |:/ n(snm (xt) dt - pnm (‘TU)XGST + ’(/J2 (xa)XUST + unm<x‘r)X‘r<a‘|
0

g

= iI;fSup Mac [wl (IT)XT<O' + wQ(xa)Xogr - 6nm(zT>XT<a - an(Ia)Xagr] .

Proof. Consider the operator

anU = Rn+m[(n + m)v - TL(U - 1/11)+ =+ m(v - 77[}2)—]
in the space B. From the inequality
|[(m+n)t,—n(t,—a)  +m(t;—b)_|—[(m+n)ty—n(ty—a) , +m(ty—b) ]| < (n+m)[t,—t,|
it follows that
‘anvl - anUQ| < (n + m>R

n+7n|vl - 1}2|.
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Further, note that from the estimate |R,f| < N|f| it follows that

where € < 1 and does not depend on f.

n+m

Thus the operator F,,,, is a contraction in B. By Banach’ s theorem there exists
Upm € B such that

vnm = anvnm’
Next, for 0 < d < k the equality
Ryf =) [Ry(k—d))'R,f
i—0

holds. Hence, for
d:61+027 k:n+m, f:dvnm7n<vnm7wl)++m(vnmiw2>7a
in view of the equality

Rn+mf = Chm + Rn+m (d - k)”nmﬂ
it easily follows that
Rcl+c2f = Unm
for0<c¢; <n, 0< ¢y <m.

From this equality and the inequality

02(Unm - w2> + m(vnm - ¢2>7 >0
we obtain
Unm = SUp Rcl+c2 [Clvnm - n(”nm - wl)Jr + CQwZ]’

and, as a consequence of the inequality

01<Unm - ¢1> - n(vnm - ¢1)+ < 07

this gives
Vpm = infsup Rc1+C2 (11 + cotby),

i.e. v, = Up,,. Assertion a) now follows from the equality

nm
Rc1+c2f = Unm

for ¢; = ¢y, =0.

Let us again turn to the equality

Upm = Rc1+02 [(cl + CQ)“nm + n(snm + mpnm] '
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For n > m, a > b we have
nt —n(t—a), + m(t—">b)_ < na,
therefore, for ¢; =n, ¢, =0, n > m, we obtain
Uy < R,

and since
anwl = anROfl = ROfl - Rnfl = 1/’1 - Rnf17
it follows that

and
[0nm| < R fL
If, however, we take ¢; = 0, ¢y = m, then

and

Assertion b) is proved.

The first equality in c) follows from a) and the strong Markov property of X.
The second equality is valid because, on the one hand,

Upm > u)Q ~ Pnm

and p,,,,, > 0, while, on the other hand, if
0= lnf{t : pnm(xt> > 0}’

then
TAO
0

and
1/’2(%) - pnm(mo) = unm(xa)'
The third equality is obtained by analogous arguments from the second. The

lemma is proved.

From this lemma the following theorems are derived rather simply. In their
statements,

Mm(Tv J) = Mz [7/)1 (xT)XT<G' + 1/}2<x0'>X0'§T:|'

Theorem 2. Suppose that, for some f' € B, 1; = Ryf* (i = 1,2); then there
exists a function f € B such that v = R f, and hence v is continuous. Further,

(=1)'f <0 on Ty(v) ={z: (=1)'[v(x) — ¥;(x)] > 0},
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lim lim |v—u,,,| =0, v(z) =sup M, (1y,0) = inf M (7,7),
n—o0 m—0o0 o T

*

0 =gl +a), = —a)

DN | =

where 7, = inf{t : v(x,) = ¢;(z,)} (i =1,2). Moreover, if u, h € B are functions
related by the relation u = Ryh, 1, > u > 1y, and (—1)*h < 0 on I';(u), for
1 =1,2, then u = v.

Theorem 3. Suppose there exists a constant N; such that AR, f[, < N[ f],
for all f € B, A > 0. Then in the formulation of Theorem 2 one may replace B
by L,,. Moreover, as 7; one may also take

inf{t = v(x,) =1;(2), =, € supp[(—1)"f]"}.

Before formulating Theorem 4, take two closed sets G, G5 and denote by 9,
the set of Markov times such that

Pz{x‘r € Gz} = P:v{T < C}

for all z, and by 91, the set of hitting times of closed subsets of G,.

Theorem 4. Suppose the assumption of Theorem 3 is satisfied and there exist
sequences of functions f;, € L, such that

supp[(—1)'f,]* € G, Rofh > Rof7, nlljgo s — ROf’IiI]XGi | =o.
Then

inf x sup M, (7,0) = inf sup M_(7,0) = inf sup M_,(T,o0).
TEM, oeM, TEN, oeM, TEM, oeng

Moreover, all expressions in the last equality are continuous.

We make some remarks concerning the proofs of Theorems 1-4. Theorem 1
is derived from Theorem 3 with the aid of the known properties of R,f for
quasidiffusion processes; Theorem 4 is also easily derived from Theorem 3. The
proofs of Theorems 2 and 3 follow one and the same plan. First, with the aid
of Lemma b), it is proved that

A2 2 N + Bl = 0

then, using Lemma c), that |u,, —v| — 0. After this, from the estimate
Rolf] < N|fl, and Lemmas a), b), one obtains the equality v = R, f and the
sign properties of (—1)f. The equality

v(x) = sup M, (7y,0)
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follows from the equality of w,,, to the third term in equality c) of the lemma
and from the estimates [6,,,,| < R, f~, Ro|f| < N|fl,, MR, fl, < Nqi|f],- The
last assertion of Theorem 2 is almost obvious.
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