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Abstract
Full Text

Mechanics

NGUYEN VAN DAO

ON OSCILLATIONS OF SYSTEMS CLOSE TO
ESSENTIALLY NONLINEAR ONES

(Presented by Academician A. Yu. Ishlinskii on 1 XII 1969)

The paper considers oscillations of systems close to essentially nonlinear ones,
in the special case when the equations for determining the principal amplitudes
are identically satisfied for any choice of part of the constants. It turns out that
one part of the arbitrary constants entering each approximation is determined
from the next approximation, and the other part from the approximation one
order higher.

1. Formulation of the problem. Oscillations of systems close to essentially
nonlinear ones are described by equations of the form

t, = X, (t,mq, ... ,xn)—&—ufgl)(t,xl, ,xn)+u2f£2>(t,xl, s @y (s=1,2, ...

where the right-hand sides are periodic with respect to t with period w and
analytic with respect to x4, ..., z,, u, and X, are essentially nonlinear functions
of xy,%y,...,2,; p is a small parameter.

Suppose that the generating system

29 =X, (t,29,...,29) (2)

S n

admits a family of periodic solutions of period w

x(s):@s :¢s(t7h17"‘7h7n>’ (3)

depending on m arbitrary constants hq, h, ..., h,, and lying in the domain of

definition of the variables ¢, p, xq, zg, ..., @

m
n-

Then, as shown in (!), system (1) admits a solution, periodic and analytic with
respect to p, which for g = 0 becomes the solution ¢, (t, ki, hs, ..., hE,) of the
family (3). The constants hj, ..., h:, must satisfy the equations
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Pz(h’{va h; :/ ngl -~'7h;n>a"-a(pn(tah%ia"whin)]qz[}sidt:Ov
s=1
(4)

where 1, are periodic solutions of the equations conjugate to the variational
equations

We shall investigate the special case when equations (4) are satisfied identically
for any choice of part of the constants hj,h3, ..., hk (0 < r < m), and we shall
prove that, under certain conditions, there exists a unique system of series of
the form

zy = (t,h, ..., hi) + pa) + p2a® 4 (s=1,2,...,n), (5)
satisfying equations (1), where xff ) are certain periodic functions of ¢ of period
w.

2. Main theorem. To obtain the equations for the unknown functions xép >7 we

equate the coefficients of like powers of u in the original equations (1), replacing
x4 by their expressions (5). As a result we obtain:

Z 1 1
:Zpsa‘r(a>+.f£ >(tacpla“-a¢n)’ (6)
a=1

n n 2 n (1)
2) 2,1 X (o1, 590) (1) (1) Ofs (t, o155 9)
2Pty 2 T hpap, T T o

2,1 5 (1) 4100
Zpsax“ + Z 5%16 /3 ﬁ 6 Z 8¢a6¢ﬂ8¢7$a Tg &

[}

n 8fs (2) 1 < 6‘ fs 1) (1) fs (1> 3)
Jr; o Tq +*a;17za T Jr; B + st @15y Pn),s

(7)
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042 _ *2) |, N~ O?X, i - 2 52)
me %;7 Z Tg

PR w1 FX, o))
+ — x5 Ty + = ————xy Ty T (8)
a%; padpg " TP 2 aﬁz Dpa0ppdp., " 7P

Exk) + Fs(k+2)

«

ary N
+Zf >+;af

(s=1,2,...,n; k>1),

where p,, = 0X,(t, 01, ,¢,,)/0p,, and FS(]c+2> are completely determined pe-
riodic functions of time, independent of 2 (u>k).

A periodic solution of the equations with respect to xg) (6), when conditions

(4) are satisfied, may be represented in the form

where MV are arbitrary constants, :vg)* is some particular periodic solution of
equations (6), and ¢, ..., @,,,, are periodic solutions of the variational equations
s = Za 1 PsaPaj- These solutions are connected with ¢; by relations of the
form o ; = Op,(t,hi, ..., h /8h* Thus, the functions 2V contain m + r

arbitrary constants hj, ..., hr M ,Mfﬁ).

s Topy

In order that equations (7) admit a periodic solution with respect to xf), it is

necessary and sufficient that the conditions

Qi oo 1y MY, ML / { o
PRE Z o B a% g

Z 8fs W4 2 ( 7901,...,<pn)}1/;si dt =0
9)

Theorem. If the functional determinant of the left-hand sides of equations (9)
with respect to h; and Mé” (Il=1,2,....7; g =7r+1,...,m) is nonzero, then
there exists a unique system of series of the form (5) satisfying equations (1).
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As in the author’ s preceding paper [2], the course of the proof of this theorem is

as follows. Suppose that all the functions xf!” up to order (k + 1) have already

been computed and have turned out to be periodic:

oV =M+ MPe (h=1,2,. k+1), (10)

j=1
where xgh)* is some particular periodic solution of the equations for :r< )
and M;h> are constants. Assume that the functions xg),...,xik b have
been determined completely together with the constants Mfu),...,]\/[f(#)
(u = 1,2,...,k — 1) entering into them from the periodicity conditions for
the functions m<52>,...,sc(sk+1). The constants M,(,+>1,-~-,M7(qf> have also been

determined from the periodicity conditions for the functions z(skﬂ). The
quantities M;k) and Mékﬂ) (l=12,...,7; g=r+1,...,m) still remain to be
determined.

To find these constants, we write down the periodicity conditions for the func-

tions xng), which, after simple intermediate transformations, take the form

m w n n aQX @) n afgl) k+1)
Q. = — A dt
p> Uo = {a,a-l Doty 25 D, f Pt

a=1

+ — a4 Tg T o
2 Vo Z 8%5% Z (’9%8%8@ T Por

(2) n 2 (1)

(1) Ofs X, dz afs Oz g

+3 2 e+ g, e X+ b dt
= 09, 0¢pg Brer T 9, TP = 09, 0pp B ohs, dp, Oh}

(11)
where R, are completely determined constants not containing M, ék), M ](-k+1).

It is not difficult to show that equations (11) may be written in the form:

N 0Q; (k1) .
Q, = ’ M )y . +R*—0 (i=1,2,...,m).
2

Here
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are known constants.

Thus we have obtained a system of m linear algebraic equations for determining

(k) M',Ek) M(k+1)

the m constants M;", ..., ,Mf,’fﬂ), whose determinant

LTS B R
a(Ql?QQ; ceey Qm)
ARy, wee bz, MU M)

k+1

is nonzero by assumption. Therefore the constants Ml<k), Mé ) and, conse-

quently, the functions xgp ) in formulas (5) are determined uniquely, as was
required to prove.
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