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In the present note all nontrivial trisymmetric spaces (1) with simple compact
Lie groups of motions will be indicated.

As is known (1), a homogeneous Riemannian space V = Q/H is called trisym-
metric if through each of its points x there pass three pairwise orthogonal mirrors

WQ(CD, W:,f;g), Wég), and locally (in some neighborhood 2, of the point z)

3
W AW nwi? = {2}, dimV =" dim Wy
-

=1

If, moreover, there exists p € Aut(Q), p® = I, such that
pWs! = Wi, Wi = Wit Wi = wi,

then we shall say that V = Q/H is supertrisymmetric. A mirror () at a point
x € V = Q/H is the maximal set of points y € V fixed with respect to an
isometric subsymmetry (%) S, ((S,)? = I,S,(z) = z). A mirror is a totally
geodesic surface in the Riemannian V = Q/H (1,2). If T is the Lie algebra of
the group @, then we introduce the notation

I = In(Q);
if L C T is a subalgebra, and H C @ is the subgroup corresponding to it, then
we shall use the notation

def

A notation of the form ¢/ H means that this is the homogeneous space generated
by the group @ and the subgroup H, but such that H may contain a nontrivial
normal divisor of the group @. The equality

Q//H/ — Q///H//

means an isomorphism Q’ = )” inducing an isomorphism H’ = H”. A notation
of the form @/H means that this is the homogeneous space generated by the
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group @ and the subgroup H, where H contains only the trivial normal divisor
of the group @. Finally, the notation

Q//H/ j Q///H//

® @
means the existence of a homomorphism ¢ such that Q" — Q”, H — H”, and
ker ¢ is the maximal normal divisor of the group @’ belonging to H’.

Definition 1. We shall say that a Lie group @ is an invoproduct of the groups

Q1, @y, @3, and write
Q= Ql X QQ X Q3

(or, more briefly,
Q = gz:1 Qa
), if @, is the maximal subgroup of fixed elements of an involutive automorphism

S, ((S,)? =I) of the group Q, with

S)\Su:sy ()\#}L,[L#V,Z/#A)

If, moreover, there exists p € Aut(Q) such that

PR = Qy, pQy = QBv PQg =Qy,

then we shall call the invoproduct X?_,@Q, a superinvoproduct.

Definition 2. We shall say that a homogeneous space )/ H is an invoproduct
of homogeneous spaces

*oz/H(y (OL: 15273)

and write
Q/H =Q71/H, RQ3/Hy K Q3/H,
(or, briefly, ---).

In short, Q/H =0, Qu/*Ho, if Q = [[._, Qu, H =TI._, H,. In this case
Q./ H, will be called the mirrors in Q/H. We note that )., /*H, are mirrors
in Q/H in the sense of (?).

We now reformulate the definition of a trisymmetric homogeneous space, using
the notion of an involutive product.

Definition 3. A homogeneous space Q/H = szl Q,/ H, is a trisymmetric
space if (locally) ﬂi:l Q. = Qy C H, moreover trivial if Q, = H, semitrivial
if @, = H,, (for some «), and nontrivial in the remaining cases. If, in addition,

Hi:l Q,, and Hi: H_, are superinvolutive products with respect to p € Aut(Q),
then we shall say that Q/H is supertrisymmetric. We note that the mirrors
in a trisymmetric space are symmetric spaces.

We formulate two auxiliary theorems.
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Theorem 1. Let @ be simple, and let Q/H = Hi:l Q. /*H, be a nontrivial
trisymmetric space with compact group H; then

~

Qu/ Ho = Qo x Ho) [(Qu 0 H,) x Hy = Qa/ (@ N H,y),
where Q, N H,, C ﬂzzl Q. = Q,, and H, is a normal divisor in Q,,.

Theorem 2. Let Q/H = HZ:I Q./*H, be a trisymmetric space with com-

pact group H, and suppose the symmetric space Q%/Q, (Q = ﬂizl Q,) is
irreducible for some «; then Q/H is trivial or semitrivial.

The problem of classifying trisymmetric spaces

3
Q/H = H Qa/*Ha
a=1

is naturally solved by passing from groups to the corresponding Lie algebras.
Then the involutive products Q = Hi:1 Q. and H = Hi:1 H,, generate invo-
lutive sums (3°) of Lie algebras

Ing(Q) = Ing (Qq)+Ing (Qy)+Ing(Q3), Ing (H) = Ing(H;)+Ing (Hy)+Ing (Hy),

where
3
Ly = Ing (ﬂ Qa> C Ing(H).
a=1

Taking Theorems 1 and 2 into account, we also obtain, for a nontrivial trisym-
metric space Q/H, that

an(Q(x)/*LO

(a = 1,2,3) are reducible involutive pairs (>%). Thus, first of all, one should
seek involutive decompositions of simple compact Lie algebras satisfying the
condition stated above. Next one should seek nontrivial ideals M, in

Loz :th(Qa) (a: 17233)

so that
K =M, + M,+ M;+ L,

is a subalgebra in I' = In Q. Such a subalgebra also determines K = Ing(H).
Finally, from the pair of algebras I'/K we uniquely (locally) reconstruct the
trisymmetric space Q/H, and from the involutive pairs (34)

Lo/"Lyg

we reconstruct its mirrors @, /*H,. In the cases of the classical simple algebras
so(n), su(n), sp(n), the problem is solved using known matrix models. The
case of the exceptional algebras g,, f4, €4, €7, €5, owing to the absence of good
matrix models, is considerably more difficult. With the aid of the apparatus of

sovietrxiv.org/items/ru-197001.30246 Machine Translation


https://sovietrxiv.org/items/ru-197001.30246

involutive sums (37%) and of a certain procedure for reconstructing involutive
sums, all the data needed for the classification of trisymmetri-

---spaces the involutive decompositions of exceptional algebras can be found.
Thus, if I' = Ly + Ly + Ly, Ly = L, N Lg (a # (), then for the involutive pairs
I'/L,, and the reducible pairs L, /L, respectively, we have:

1) ga2/s0(4), s0(4)/s0(2) @ s0(2);

2) fa/5u(2) ® sp(3), su(2) @ sp(3)/u(l) & u(3);

3) eo/5u(2) ® su(6), su(2) ® su(6)/u(l) ® s(u(3) ®u(3));
1) e7/su(2) ® s0(12), su(2) ® so(12)/u(1) & u(6);

5) er/u(l) ® eq, u(l) ® eq/ fu;

6) eg/su(2) ®e,, su(2) ®e,/u(l) du(l)® ey

We note that in 1), 2), 3), 4), 6) I'/L,, are principal unitary involutive pairs (%),
while in 5) T'/L,, is a central involutive pair (*); moreover, all the decomposi-
tions obtained are superinvolutive (*). Using the decompositions obtained for
exceptional algebras and matrix models of classical algebras and their involutive
automorphisms, we arrive at a complete classification of nontrivial trisymmetric
and nonsymmetric spaces

Q/H = 18 Qi/H,

with simple compact groups ) of motions and maximal rotation groups

Q/H:&izl QZ;/Ha QZ;/H(X
G,/SU(3) SO(4)*/SU(2) x SO(2) =
U(2)/S0(2)

F,/SU(3) x SU(3)
E4/SU(3) x SU(3) x SU(3)
E./SU(6) x SU(3)

E,/F, x SO(3)
Ey/SU(3) x Egq

SO(4m)/Sp(m) x SO(3)

SU(2) x Sp(3)*/SU(2) x U(3) =

Sp(3)/U(3)

SU(2 )XSU(ﬁ) /SU(2) x S(U(3) x
( )) =SU(6)/S(U(3) x U(3))

SU(2) x SO(12)*/SU(2) x U(6) =

SO(12)/U(6)

Eg x U(l)*/F4 X U(l) = EG/F4

SU(2) x E5/SU(2) x Eg x U(1) =

E;/Eg x U(1)

U(2m)*/Sp(m) x U(1) =

SU(2m)/Sp(m)
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Q/H =®5_, Qi/H, Qu/H,

SU(2m)/SU(m) x SO(3) S(U(m) x U(m))*/SU(m) x U(1) =
SU(m) x SU(m)/SU(m)
m)/SO(m) x SO(3) U(m)*/SO(m) x U (1) =

SU(m)/S0(m)

with natural embeddings.

All the spaces obtained are supertrisymmetric with principal unitary or cen-
tral mirrors (i.e. with mirrors generated by principal unitary or central auto-
morphisms (49) of the group Q); moreover, the conjugating automorphism p
belongs to SU(3)—the normalizer of the rotation group H in the case of a prin-
cipal mirror—and p belongs to SO(3)—the normalizer of the rotation group H
in the case of a central mirror.
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