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MATHEMATICAL PHYSICS
A. N. GOLUBYATNIKOV

A NEUTRINO MODEL IN GENERAL RELA-
TIVITY WITH MOTION GROUPS G; ON V,

(Presented by Academician L. 1. Sedov, 10 X 1969)

1. Let us consider a neutrino model in general relativity which is described
by the Einstein-Dirac system of equations !

V%Viwb =0, Rij = %Tz’jv (1)
where the energy-momentum tensor is

Tij = Re (wﬁ&bAj)wb)* . (2)

R;; is the Ricci tensor of a four-dimensional Riemannian manifold of index 1
with metric tensor g;;. The spinor ¢ (a=1,2,3,4) is defined in a nonholonomic
coordinate system consisting of orthonormal frames b¢,, b, b$9;j = Gap> and is
transformed according to a representation of the Lorentz group determined by

the invariance of the spin-tensor 4%* **:

010 o0 0 |0 0
~1_‘00 0 —1| ~2_|0 0| 0 z‘
v ‘10 0 0” 7_‘10 00"
0 0|-1 0 0 0|—i 0
|0 0] o0 —1} |0 0] 0 1{
0 0 |—-1 0 0 0|l-1 0
53 24
7_’0 [0 0}’ 7_|0 1] 0 0“ (3)
1 0]l0 o0 1 0l0 0

Lowering of indices is carried out with the aid of the invariant spin-tensor e,;
contraction is always over the second index. The conjugate spinor v/ is intro-
duced with the aid of the spin-tensor II,,: 1} = 9°Il,,, where the dot denotes
complex conjugation,
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}0 110 0| |00 0 —i

1 0|0 o0 0 0li 0

6_}0 0l 0 1|’ =0 —=T0 0" (4)
0 0|l-1 0 i 010 0

Vi = 0 + o b,

where parallel transport of the spinor is induced by

* The model under consideration satisfies the general equation in variations 23

5/ Adr+6W =0 for A=—R/2ux+ Re (y779V,4b).
V,

4

** The letters a, b, ¢ denote spinor indices; the tilde indicates that the quantity
is referred to a nonholonomic orthogonal coordinate system.

by parallel transport of the frame (3)
re — Loa b Wo.a* — 17
ic = 17 b 7je ( a0 — ik) ) (5)

bfla? = 6;, 9, = 0/02",

I‘Jk are the coefficients of the Riemannian connection. ¢ = = 1. For ¢! =
1? = 0 equations (1) and (2) reduce to the Einstein-Weyl equations (*) for a
2-component neutrino, and for ¢ = ¢* = 0, for an antineutrino.

It is known (%) that a spinor can be represented by a system of real tensors
Q=uplye,  JF=—ighyheyt, MM = —igla iy,

i lia id ia ld e
Sk — wT jb’}/ d,l/)d Nkl :7/}2: [b,}/]b,y d’Y] w ) (6)

This makes it nonessential to introduce a nonholonomic orthogonal coordinate
system in order to define the spinor, and makes it possible to define naturally
the invariance group of the spinor field ¥ as the invariance group of the corre-
sponding tensor fields (6)*.

2. Let us find all general solutions of equations (1) and (2) that are invariant
with respect to 3-dimensional groups G5 acting on 2-dimensional nonisotropic
transitivity surfaces V,. The form of the admissible metrics in this case is well
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known (%). If the groups G5 act on submanifolds V, of index 1, then, with a
suitable choice of orthoframe, the invariance condition gives J* = 0, whence
P*=0(a=1,2,3,4).

In the remaining cases we consider an invariant metric of the form
ds* = A(dz'? + s(z')dz??) + Bdx3da?, (7)

where A, B || 23,2%, A>0, B>0; s=1) sin® 2, 2) sh® 2?2, 3) 1.

By virtue of the invariance of the model with respect to the choice of orthoframe,
it may be chosen as follows:

bl=1/VA, B =1/VAs, bB=bi=bt=—-b3=1/VB. (8
The invariance conditions for the tensors (6) lead to the following nonzero func-
tions of the variables 3, z: Q, J3, J*, M12/\/s, M3*, S123\/s, S'24,/5, N1234 /s,
whence, taking into account the possible transformation x® < 2%, we obtain
U = et + Spei®, o)
where py, p3, 00 — 03 || 27, 2%,

After computing the operators I'Y, (5), the Dirac equation (1) takes the form

p30103 = py0109 = P3U§ = pa0y =0,

S B S A BB
P3| 0203 4/5 da = P2 | 0202 Nsdat) T

’ /

2p5 + VL + 5B = 0, 2py + AP2 + 9B~ 0, (10)

where A" = 05A, A= 044, .... Hence it follows directly that the first two cases
lead to the trivial solution for ¢*, p, = p; = 0**.

In the last case, when the group Gj is the group of motions of the plane, the
Einstein equations (2) have the form

Ry = —2A'/B=0, Ry =—A"/JA+A®/2A% ¢ A'B'JAB = wW/Bpjo,,

Ry = —A'/A+ A'A)2A4° — B'/B+ B'B/B* =0, (11)
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Ry = —A/A+ A?/242 + AB/AB = —»VBpia,.

* The invariance group of the tensor field T'(x) is the group of transformations
x’ = a'(x) for which T"(z) = T'(z’).

** We note that this result is also valid for the Dirac equation of the form
’ybiazvlwb + may® = 0.
Equations (10), (11) are easily integrated:

A:a/npdxg’—%/cp/%dx?’dx?’+B/de4+%/x/%dm“dm‘l—k%

(12)

B=ox/VA,  p3AVB=f,  p3AVB=yg

with arbitrary functions ¢, g, 0] 23 and ¥, f, 03] z* and constants «, 3,7.
The tensor T;; and the current vector J* (6), Vi, =0, are
T, = 0302 gob /A — 6162 fog /A, J*=0k2ffoxVA— 5% 29/pxVA. (13)
By a choice of coordinate system the metric can be brought to the form
1
ds® = A(dz'? + dz??) + —= da?da? 14
( ) 7a (14)
with ¢ = x =1 in formulas (12), (13).

The independent nonzero components of the curvature tensor in the nonholo-
nomic orthonormal coordinate system will be

E1212 = _R3434 = _A/A/Ag/z’ R1313 = R2323 = (_A”A‘*‘A/A_AA)/ZA:S/Q

R1314 = R2324 = (*A”JFA.)/QAl/za R1414 = R2424 = (*A”A*A/A*AA>/2A3/2'
(15)

From this it is easy to compute the Riemannian curvature of the obtained man-

ifold in two-dimensional directions and to determine the scalar invariants of the
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curvature tensor. The tensor of conformal curvature in the orthonormal frame
(9) has the form

C'1212 = —03434 = _201313 = _202323 = 201414 = 202424 = —A/A/AB/Qa (16)

the remaining components being zero; and, under the mapping of bivector space
onto a three-dimensional metric complex space, it is reduced to Petrov’ s first
canonical type (6)*:

20, =205, = —Cfy = —A’ A A3/2,

Analogously to the definition of the mass of a body of finite radius in the case
of spherical symmetry (®), the constants a, 3 can be related to the finiteness of
the carriers of the functions T43 A = goh and Ty, A = foq

a= —%/ go da3, b= %/ fogdxt. (17)
w3 wy

They characterize the gravitational field created by a particle in vacuum, or its
action on the opposite particle. For T;; = 0 we obtain the known asymptotically
flat Einstein manifold ().

3. Within the framework of the general solution obtained (12), (13), let us
consider the influence of a homogeneous flux of free neutrinos along the
axis z = (23 + 2%)/2 on the geometry of space. Setting in (12) a = 0
and ¢? = 0, we choose the functions f and o4 in the coordinate system in
which the metric has the form

ds? = A(x*)(do'? + d2??) + dadda?, (18)

so that
T, =c¢, J?=12n (19)
or p? = n, &3 = —¢/n, where the constants ¢ and n correspond to the energy

density and the particle-number density. The solution (12) gives

A = cos® \/ue /22" (20)

It follows from (20) that along the z axis, with the speed of light, there propa-
gates a periodic compression of space toward this axis.

The geodesic equations after the choice of the canonical parameter 7 have the
form
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* It can be shown that the classification of the algebraic types of the conformal
curvature tensor is connected with its invariance with respect to the finite groups
m-2:m, 2:m, 2 (see (7)) respectively for the first, second, and third types.

c c
xlz—ltg,ur—i—cQ, m2:—3tg,ur+c4,
Iz K

2, 2
o B :c?, (tgpur — pur) + e57 + g, zt =1, (21)

where u = /ue/2. Thus, the manifold turns out to be incomplete, since not all
geodesic lines continue through the singular points

1
TZ*(E-F]C?T), k=0,+1,...
w2

These results make it possible to take rigorous account of the influence on the
geometry of space of completely polarized neutrino fluxes arising during the
expansion of the Universe in cosmological models. For the energy density of
neutrinos in cosmic rays e = 5-10714 g/secQ~cm (Y) we have 1/ = 4.5-10%0 cm,
which characterizes the distance between the points of contraction of space.

4. The group of motions of the plane is isomorphic to the subgroup of the
Lorentz group leaving invariant an isotropic vector, which is the stationary
subgroup of the origin of coordinates of the invariance group of the solution
of equations (1) for a plane neutrino wave in the case of special relativity
(» = 0) and has the infinitesimal operators

Xy = (y4 - ys)al + yl(ag + 04), Xy = <y4 - 93)82 + 112(33 + 04),

X =y'0, —y°0 (22)

and nonisotropic parabolic surfaces of transitivity y'2 + y?2 + 32 — %2 =
3,4 _

€1, Y'Y =co.
The only transformation (up to an additive constant) taking the operators of
the group of motions of the plane 9;, 9,, 210, — 229, into the operators (24) and
reducing the metric (14) in the void for « = v =0, § =1 to the Euclidean one
will be the transformation

2t =yt (P —yh), 2=y —yh),
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.CL'S — <y12+y22+y32_y42>/2(y3_y4)’ .T4 — (y3_y4)2’ (23)

which has a singularity at 2* = 0 and, consequently, changes the global proper-
ties of the manifold. The hypersurfaces 2> = ¢ now represent cones y' 2 + y22 +
(y® —¢)? — (y* — ¢)? = 0 with common straight line y! = y? = ¢y —y* =0, i.e.,
a family of contracting and then expanding spheres S, in the space of variables
y', 9%, 13, with centers located along the 33 axis and with a common point.

Thus, in this interpretation, for a small carrier ws of the function gof (see (17)),
we obtain an almost spherical perturbation of the antineutrino energy density.

For 42 = 0, from (12), (14) we have
A=oazd+2*+ %/ fosdrtda? (24)

and the curvature tensor (15) tends to zero as y'? + 4?2 — .

The author expresses gratitude to Acad. L. I. Sedov for a fruitful discussion of
this work.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
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