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MATHEMATICS

V. A. KONDRAT’EV, S. D. EIDEL’MAN

ON THE UNIQUENESS OF THE SOLUTION
OF THE CAUCHY PROBLEM FOR LINEAR
EVOLUTION SYSTEMS WITH VARIABLE
COEFFICIENTS
(Presented by Academician S. L. Sobolev on 2 VII 1969)

In the notes (1,2) results were set forth on the study of solutions of linear evo-
lution systems of arbitrary order with variable coefficients, the spatial part of
which is a Petrovskii-elliptic system of order 𝑚, while differentiation with re-
spect to the time coordinate 𝑡 has maximal order less than 𝑚. It was assumed
about the solutions that their components not contained in a certain cone 𝐾 of
the 𝑁 -dimensional complex space 𝐶𝑁 have uniformly bounded 𝐿1-norm. For
such solutions inequalities of the type of 𝐿1-Carleman inequalities were estab-
lished, from which assertions were derived about the character of growth of
solutions in the simplest domains. From these assertions there followed refine-
ments and generalizations of the classical uniqueness theorems for the solution
of the Cauchy problem of Widder and Täcklind.

A more detailed analysis of the means by which such theorems are proved has
led to the establishment of entirely new uniqueness theorems for the solution
of the Cauchy problem for arbitrary linear evolution systems with variable
coefficients, solved with respect to derivatives in the time coordinate 𝑡. It is
assumed that the solution lies in a cone and satisfies a certain 𝐿1-estimate. The
proof is based on a special lemma (Lemma 1) on the possibility of an 𝐿1-estimate
with weight in a layer of small height for the part of the solution lying in the
cone. For solutions of systems with elliptic spatial part the additionally needed
𝐿1-estimate is obtained automatically.

For systems with constant coefficients having an elliptic spatial part, and for
Petrovskii-parabolic systems with variable growing coefficients, quite complete
and, in a certain sense, final results have been obtained. For Petrovskii-parabolic
equations with weight of the form 2(2𝜈 + 1), 𝜈 an integer, a theorem is proved
on the coincidence of two solutions under restrictions on their components not
belonging to the cone.

The present article is devoted to the exposition of these results. The notation
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and definitions are the same as in (2).

1. Arbitrary linear evolution systems
Consider the system

ℒ (𝑡, 𝑥; 𝜕
𝜕𝑡 , 𝐷𝑥) 𝑢 ≡ −𝜕𝑢

𝜕𝑡 + 𝑃(𝑡, 𝑥; 𝐷𝑥)𝑢 ≡

≡ −𝜕𝑢
𝜕𝑡 + ∑

|𝑘|≤𝑚
𝐴𝑘(𝑡, 𝑥)𝐷𝑘

𝑥𝑢 = 0 (1)

without any assumptions on the type of the matrix 𝑃 .

We assume fulfilled

Condition 𝛼. 𝑚 > 1, and the coefficients of the operator 𝑃 ∗(𝑡, 𝑥; 𝐷𝑥),
Lagrange-adjoint to 𝑃(𝑡, 𝑥; 𝐷𝑥), have the following property: 𝐴∗

𝑘(𝑡, 𝑥)|𝑥|(|𝑘|−𝑚)/(𝑚−1)

are bounded by a constant 𝐴 in the layer Π(0, 𝜏) = Π𝜏 (for |𝑥| ≤ 1 the power
factor is absent).

Theorem 1. Let a solution 𝑢(𝑡, 𝑥) of system (1) (satisfying condition a) in Π𝑇
be continuous in Π𝑇 and satisfy the conditions: 1) 𝑢 ∈ 𝐾, where 𝐾 is a cone in
the complex space 𝐶𝑁 , whose closure has only one common point (the origin)
with some half-space;

2)

‖𝑢(𝑡, 𝑥)‖Π2,∞
(0,𝑇)

≤ 𝐶 exp{𝑐|𝑥0|𝑚′}, 𝑚′ = 𝑚
𝑚 − 1, Π2,∞

(0,𝑇 ) ⊂ Π𝑇 ;

3) 𝑢|𝑡=𝑇 = 0. Then 𝑢(𝑡, 𝑥) is identically equal to zero in Π𝑇 .

Theorem 1 follows from the following fundamental lemma.

Lemma 1. Let the coefficients of system (1) satisfy condition a, and let the
solution 𝑢(𝑡, 𝑥) satisfy condition 2) of Theorem 1. Then there exist positive
constants 𝑄 and 𝑡0, depending only on 𝐴, such that

∬
Π𝑡0

|𝑢+(𝑡, 𝑥)| exp {− 2𝑐|𝑥|𝑚′

(1 + 𝑄𝑡)1/(𝑚−1) } 𝑑𝑡 𝑑𝑥 ≤

≤ 𝐾(𝐴) (∬
Π𝑡0

|𝑢−(𝑡, 𝑥)| exp {− 2𝑐|𝑥|𝑚′

(1 + 𝑄𝑡)1/(𝑚−1) } 𝑑𝑡 𝑑𝑥+

+ ∫
Σ∞

|𝑢(𝑡0, 𝑥)| exp {− 2𝑐|𝑥|𝑚′

(1 + 𝑄𝑡0)1/(𝑚−1) } 𝑑𝑥) . (2)
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The proof of Lemma 1 is based on the fact that for the auxiliary function

𝑊(𝑡, 𝑥) = 𝑡 exp {− 2𝑐𝜑(𝑥)
(1 + 𝑄𝑡)1/(𝑚−1) } 𝑒,

where 𝜑(𝑥) is a smooth function equal to |𝑥|𝑚′ for |𝑥| ≥ 1, and 𝑒 is a vector
determined by the cone,

ℒ∗𝑤 =
⎧{
⎨{⎩

1 + 𝑡|𝑥|𝑚′ ⎡⎢
⎣

2𝑐
𝑚 − 1

𝑄
(1 + 𝑄𝑡)𝑚′ + ∑

|𝑘|≤𝑚
(−2𝑐)|𝑘|𝑚′ |𝑘|𝐴∗

𝑘(𝑡, 𝑥)×

× |𝑥|(|𝑘|−𝑚)/(𝑚−1)

(1 + 𝑄𝑡)|𝑘|/(𝑚−1) ( 𝑥
|𝑥|)

𝑘
+ 1

|𝑥|Ψ(𝑡, 𝑥)]} exp {−2𝑐 |𝑥|𝑚′

(1 + 𝑄𝑡)1/(𝑚−1) } 𝑒.

Here Ψ(𝑡, 𝑥) is a bounded function; then, choosing 𝑄 sufficiently large and 𝑡0
sufficiently small, we obtain that for 𝑡 ∈ [0, 𝑡0]:

Re(ℒ∗𝑤 ⋅ 𝑢+) ≥ 𝛾1 exp {−2𝑐 |𝑥|𝑚′

(1 + 𝑄𝑡)1/(𝑚−1) } |𝑢+|; (3)

Lemma 1 follows from Green’s formula and inequality (3).

If 𝑢− = 0 and 𝑢|𝑡=𝑇 = 0, then, successively applying Lemma 1 to the layers
Π(𝑇 −𝑡0,𝑇 ), Π(𝑇 −2𝑡0,𝑇 −𝑡0), and so on, we obtain the assertion of Theorem 1.

From Theorem 1 and Theorem 1 (inequality 6) from (2) it follows:

Theorem 2. Let the coefficients of system (1) satisfy condition a, and let
𝑃 (𝑡, 𝑥; 𝐷𝑥) be a uniformly elliptic operator. If 𝑢(𝑡, 𝑥) is a solution of system (1)
in Π𝑇 , continuous in Π𝑇 , then from 𝑢 ∈ 𝐾, 𝑢|𝑡=𝑇 = 0 it follows that 𝑢(𝑡, 𝑥) ≡ 0
in Π𝑇 .

2. Systems with constant coefficients. Here a system with constant coeffi-
cients is considered:

ℒ𝑢 ≡ −𝜕𝑢
𝜕𝑡 + ∑

|𝑘|≤𝑚
𝐴𝑘𝐷𝑥𝑘𝑢 ≡ −𝜕𝑢

𝜕𝑡 + 𝑃(𝐷𝑥)𝑢 = 0, (4)

where 𝑃(𝐷𝑥) is an elliptic operator in the sense of Petrovskii, 𝑚 > 1.

Theorem 3. Let 𝑢(𝑡, 𝑥) be a weak solution in Π𝑇 of system (4), continuous in
Π𝑇 , and satisfying the condition

‖𝑢−(𝑡, 𝜉)‖Σ∗
2

≤ 𝐶 exp[|𝑥|𝑚′ℎ(|𝑥|)], (5)
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where ℎ(𝑟) is a slowly increasing function (3) such that

∞

∫
1

𝑑𝑟
𝑟[ℎ(𝑟)]1/(𝑚−1) = ∞. (6)

If 𝑢(0, 𝑥) = 0, then 𝑢(𝑡, 𝑥) ≡ 0 in Π𝑇 .

The proof of the theorem is carried out with the aid of the method of N. N.
Chaus (3); here the 𝐿1-hypoellipticity of first-order systems in 𝑡 (with variable
coefficients of arbitrary type) is essentially used, i.e., the possibility of obtaining
an 𝐿1-estimate for solutions on sections 𝑡 = const from an 𝐿1-estimate on some
(𝑛 + 1)-dimensional parallelepiped, and the possibility, in the method of N. N.
Chaus, of replacing pointwise estimates by 𝐿1-estimates of solutions on sections
𝑡 = const.

3. Parabolic systems in the sense of Petrovsky with coefficients grow-
ing with the growth of the spatial coordinates. Consider the system,
uniformly parabolic in the sense of Petrovsky,

ℒ (𝑡, 𝑥; 𝜕
𝜕𝑡 , 𝐷𝑥) 𝑢 ≡ ∑

𝑘0𝑝+|𝑘|≤𝑚
𝐴𝑘0𝑘(𝑡, 𝑥) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥𝑢 = 0. (7)

Using the uniqueness theorem for the solution of the Cauchy problem established
by V. S. Ryzh in (4), and estimate (6) of Theorem 1 (2), which is also valid for
solutions of systems with coefficients growing in a certain way with the growth
of the spatial coordinates, it is easy to prove the following assertion:

Theorem 4. Let system (7) be uniformly parabolic in the sense of Petro-
vsky, and let the operator ℒ∗ (𝑡, 𝑥; 𝜕

𝜕𝑡 , 𝐷𝑥) adjoint to ℒ (𝑡, 𝑥; 𝜕
𝜕𝑡 , 𝐷𝑥) have

coefficients 𝐴∗
𝑘0𝑘(𝑡, 𝑥) possessing the property: 𝐴∗

𝑘0𝑘(𝑡, 𝑥)× |𝑥|(𝑘0𝑝+|𝑘|−𝑚)/(𝑝−1)−𝜀,
𝜀 > 0, are uniformly continuous and bounded in the layer Π𝑇 (for |𝑥| < 1 the
power factor need not be written for 𝐴∗

𝑘0𝑘(𝑡, 𝑥)). If 𝑢(𝑡, 𝑥) is a solution in Π𝑇
of system (7), continuous in Π𝑇 , for which ‖𝑢−1(𝑡, 𝜉)‖Σ𝑥

2
≤ 𝐶 exp{|𝑥|𝑚′ℎ(|𝑥|)},

where ℎ(𝑟) is a slowly increasing function,

∞

∫
1

𝑑𝑟
𝑟ℎ1/(𝑚−1)(𝑟) = ∞,

and 𝑢(0, 𝑥) = 0, then 𝑢(𝑡, 𝑥) ≡ 0 in Π𝑇 .

4. The theorem on the coincidence of solutions with identical initial
conditions. Up to now a solution equal to zero for 𝑡 = 0 has been considered,
and, under certain restrictions on the possible growth of its component that does
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not fall into the cone 𝐾, its identical equality to zero has been established. If,
however, one considers two solutions 𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥) coinciding for 𝑡 = 0, and
defines the function 𝑢(𝑡, 𝑥) = 𝑢1(𝑡, 𝑥) − 𝑢2(𝑡, 𝑥), then the conditions on 𝑢−

1 (𝑡, 𝑥),
𝑢−

2 (𝑡, 𝑥) give no information about 𝑢−(𝑡, 𝑥), and therefore the theorems stated
above are inapplicable. However, one can single out a class of equations for
whose solutions, from restrictions on 𝑢−

1 (𝑡, 𝑥), 𝑢−
2 (𝑡, 𝑥), one obtains 𝐿1-estimates

of 𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥) without additional assumptions about their behavior on the
initial hyperplane.

Consider the equation

ℒ𝑢 ≡ −𝜕𝑢
𝜕𝑡 + ∑

|𝑘|≤𝑚
𝐴𝑘(𝑡, 𝑥)𝐷𝑘

𝑥𝑢 = 0. (8)

Let the following condition be satisfied:

𝛽. The range of values of the polynomial

𝑃0(𝑡, 𝑥; 𝜎) = ∑
|𝑘|=𝑚

𝐴𝑘(𝑡, 𝑥)𝜎𝑘, 𝑚 > 1,

where 𝜎 is any real vector, lies in a sector of opening less than 𝜋 of the right
half-plane of the complex 𝑧-plane, i.e.,

| arg 𝑃0(𝑡, 𝑥; 𝜎)| ≤ 𝜑1 < 𝜋/2.

With the angle 𝜑1 we define the cone (angle) 𝐾𝜑2
,

| arg 𝑢 − 𝜑0| ≤ 𝜋/2 − 𝜑1 − 𝜀1 = 𝜑2, 𝜀1 > 0.

In the cone 𝐾𝜑2
the quantities 𝑢+, 𝑢− are defined.

Theorem 5. Suppose that equation (8) satisfies the conditions 𝛽, and that
the coefficients ℒ∗ satisfy the conditions of Theorem 4. If 𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥) are
solutions of equation (8) in Π𝑇 , for which

‖𝑢−
𝑖 (𝑡, 𝜉)‖Σ𝑥

𝜉
≤ 𝐶1 exp{|𝑥|𝑚′/ℎ(|𝑥|)}, 𝑖 = 1, 2,

ℎ(𝑟) is a slowly increasing function such that

∫
∞

1

𝑑𝑟
𝑟 (ℎ(𝑟))1/(𝑚−1) = ∞,

then from the fact that 𝑢1(0, 𝑥) = 𝑢2(0, 𝑥) it follows that

𝑢1(𝑡, 𝑥) ≡ 𝑢2(𝑡, 𝑥) in Π𝑇 .
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The proof is based on the possibility, under fulfillment of condition 𝛽, of con-
structing an auxiliary function of the form 𝑡𝑣(𝑡, 𝑥), equal to zero on the boundary
of the spherical half-neighborhood 𝐺, and such that in 𝐺

Re(ℒ∗(𝑡𝑣(𝑡, 𝑥)) ⋅ 𝑢+) ≥ 0
and in the part of 𝐺 adjacent to the hyperplane 𝑡 = 0

Re(ℒ∗(𝑡𝑣(𝑡, 𝑥)) ⋅ 𝑢+) ≥ 𝛾|𝑢+|,
where 𝛾 is a positive constant. This makes it possible to obtain an estimate for
the growth of solutions without conditions on the initial hyperplane.

Then one uses the fact that, for 𝑚 = 2(2𝜈 + 1), 𝜈 = 0, 1, …, equation (8) is
parabolic in the sense of Petrovskii, while for 𝑚 = 4𝜈 it is backward parabolic,
and therefore Theorem 4 is applicable.

5. Estimate of solutions of a weighted homogeneous system in a
half-space. In conclusion we present some consequences, obtained incidentally
from Lemma 1, concerning the growth of solutions defined in a half-space. An
immediate consequence of Lemma 1 is:

Lemma 2. Suppose that the coefficients of system (1) satisfy condition 𝛼. If:
1) 𝑢(𝑡, 𝑥) is a solution of system (1) in the half-space 𝑡 < 0;

2) ‖𝑢−‖Π1,𝑥
(−1,0)

≤ 𝐶1(1 + |𝑥|)𝑠1 ; 3) ‖𝑢(0, 𝜉)‖Σ𝑥
𝜉

≤ 𝐶2(1 + |𝑥|)𝑠2 ;

4) ‖𝑢‖Π1,𝑥
(−1,0)

≤ 𝐶 exp[𝑐|𝑥|𝑚′ ],

then there exist a constant 𝑑 < 1, depending on 𝐴, and 𝜆(𝐴, 𝑠1, 𝑠2), such that

‖𝑢‖ℰ𝑑
≤ 𝜆(𝐴, 𝑠1, 𝑠2)(𝐶1 + 𝐶2).

Here
ℰ𝑑 = {(𝜏, 𝜉), 𝑑(𝜏, 𝜉) < 𝑑}, 𝑑(𝑡, 𝑥) = (|𝑡|2/𝑚 + |𝑥|2)1/2.

From Lemma 2 it follows:

Theorem 6. Suppose: 1) 𝑢(𝑡, 𝑥) is a solution of the weighted-homogeneous
system

ℒ0𝑢 ≡ −𝜕𝑢
𝜕𝑡 + ∑

|𝑘|=𝑚
𝐴𝑘(𝑡, 𝑥)𝐷𝑘

𝑥𝑢 = 0 in the half-space 𝑡 < 0;

2) ‖𝑢−‖ℰ𝑑(𝑡,𝑥)
≤ 𝐶1𝑑(𝑡, 𝑥)𝑠1 , 𝑑(𝑡, 𝑥) ≥ 1; 3) ‖𝑢(0, 𝜉)‖Σ|𝑥|

≤ 𝐶2|𝑥|𝑠2 ,

‖𝑥‖ ≥ 1; 4) ‖𝑢‖Π1,𝑥
(−𝑇,0)

≤ 𝑀(𝑇 , 𝜂) exp{𝜂|𝑥|𝑚′}

for arbitrary positive 𝑇 , 𝜂 (if

∑
|𝑘|=𝑚

𝐴𝑘(𝑡, 𝑥)𝜎𝑘

sovietrxiv.org/items/ru-197001.29827 Machine Translation

https://sovietrxiv.org/items/ru-197001.29827


is a uniformly elliptic matrix in the sense of Petrovskii, then 4) follows from 2),
3)), then there exists a constant 𝐶3 = 𝐶3(𝐴, 𝑠1, 𝑠2) such that

‖𝑢‖ℰ𝑑(𝑡,𝑥)
≤ 𝐶3𝑑(𝑡, 𝑥)𝑠3 , 𝑠3 = min(𝑠1, 𝑠2 − 𝑚).

From the last theorem follows a sharpened Liouville theorem for systems with
constant coefficients.
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