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(Presented by Academician L. V. Kantorovich, 22 IX 1970)

In a domain  of a (real) Hilbert space H, consider the equation

F(z) =0 (1)

with an operator F : © — H twice continuously differentiable (in the
Fréchet sense). Let D, = F’(z); D} is the operator adjoint to D,;
P(z) = grad |F(z)|? = 2D%F ().

Beginning with the works of L. V. Kantorovich (}?), methods of the steepest-
descent type for solving linear and nonlinear equations in functional spaces have
been the subject of numerous investigations (see the bibliography in (34)). Tt
should be noted, however, that in doing so one usually used a condition of the
form

(Dopsh) = ~(h,h), xre€Q, heH, ~>0, (2)
which guarantees existence of a solution, its uniqueness, simplicity, and nonde-
generacy.

In the present paper, restrictions weaker than (2) are imposed, which has made
it possible to substantially broaden the class of problems to which the indicated
methods can be applied (cf. (°~7)).

First of all, note that the operator D, is not assumed, in the general case, to
be positive or self-adjoint, nor is the operator F' assumed to be potential.

1. To solve problem (1), consider the trajectories of the differential equation

de _ 2|F(@)?
dt ~ (erad [F(a)|2. F())

F(z). (3)
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Theorem 1. For any solution z(t) of equation (3), the identity

|F@)l = 1F®)le™", 7>t (4)

holds.

Theorem 2. Suppose that at all points of the sphere S, .o : [ — 2% < p
belonging to (2, the inequality

|(grad | F(2)|?, F(x))‘m > c|F(x)|?, m >2/3, c¢=const >0, (5)

is satisfied, and, moreover,

|E@)] <wp'?, w= (578 ™YVE, f=(3m—2)/m,

where + is an arbitrary constant, 0 < v < 1. Then:
1) equation (1) has in S, .o a solution £ (possibly nonunique);
2) the differential equation (3) has a solution z(t) € S, o for t > 0, for which
2(0) = 2%
3) lim z(t) =¢&;
t—o0
4) |F(x@®)] = |F()le™;

5) () — &) < ype .
(6)
2. Definition 1. A solution ¢ of equation (1) will be called a strictly
nondegenerate simple solution if the condition
(Deh, )| = plhl?, p>0, he H

is satisfied.

Theorem 3. If £ is a strictly nondegenerate simple solution of the equation
F(z) = 0, then there exists a neighborhood S, . of the solution in which all
trajectories (3) stabilize to €, and estimate (6) holds with exponent f =m = 1.

3. Consider the case of multiple solutions. Let F' € C¥*1. Then for F(z), in
a neighborhood of the solution £, there exists an expansion

1 k—1
1—
F() = D+ D} +..+ DE' + ( / ((k%, FiH(E 1) dt) ¢, (7)
0 - .
where ( =z - €Q, Dy = (n%l)'F(n) (€)¢™ is the n-th strong differen-

tial of F(z) ('), and in the remainder term the operator is continuously
differentiable with respect to .

sovietrxiv.org/items/ru-197001.29040 Machine Translation


https://sovietrxiv.org/items/ru-197001.29040

Definition 2. A solution & of equation (1) will be called a strictly nondegen-
erate multiple solution of multiplicity & if, in the expansion (7), Dy =0,
(0= 0,1, k1), IDE] = al|, [(IDE) A, )] = BICIE[AI, @, B = const > 0
h € H. For k =1 this definition coincides with the preceding one.

Theorem 4. Let & be a strictly nondegenerate multiple solution of multiplicity

k.

Then there exists a circular neighborhood S, . of the solution in which all tra-
jectories (3) stabilize to &, and estimate (6) holds with exponent = 1/k.

The proof follows from Theorem 2; here m = 2k/(3k—1). If k = 1, then m = 1.
If k — oo, then m — 2/3, i.e. 2/3 < m <1 (see condition (5) and Theorem 3).

4. Suppose now that the equation F(x) = 0 has a smooth, class C2, manifold
of solutions U*®, s = dimU?®, and, for simplicity, assume that D, is a
positive (negative) operator.

Definition 3. The manifold of solutions U® will be called nondegenerate if,
at each of its points &, A = 0 is an isolated eigenvalue of finite multiplicity s of
the operator D;.

In (7) it was shown that if U? is a compact manifold, then its e-neighborhood

is a normal tubular neighborhood, i.e. a bundle B, = (B,,U®, p, K, O,,) with

an orthogonal transformation group. Similarly to (%7), in the local neighbor-

hood B, . of an arbitrary point &, € U?, estimate |(D%F(x), F(x))| in normal
p:&o0 0 T

coordinates (§) € U, C U, (n) € K,. We obtain the theorem.

Theorem 5. Let the equation F(x) = 0 have a nondegenerate smooth, class
C?, manifold of solutions U*, and let &, € U*.

Then there exists a normal tubular neighborhood of the solution &, in which all
trajectories of the differential equation (3) stabilize to the manifold of solutions,
and estimate (6) holds with exponent f =m = 1.

5. For an approximate solution of equation (3) we apply the Euler scheme

vt gn _p G
ST ma G ) ®)

Theorem 6. If at all points of the sphere S, ;0 the conditions

|(grad |F(«)[?, F(x))| > c|F()[*,  ¢>0; (9)

(P’'(z)h,h) < K|h|?, heH, (10)

are satisfied, and, moreover,
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then equation (1) has at least one solution £, and the iterative process (8) con-
verges monotonically and strongly to & with the rate

|lz™ — &) < ypq™/2.

Proof.
n+1Y|2 K 2 n\||2 n\||2
[EEDIF < (1=7+ 557 | IF@E@)F = o) F ™) (11)
0<gq(r)<1 for 0 <7< 2c?/K > 4.
Further,

PO ¢™/2(1 - ¢/2)
1=V

The assertion of the theorem now follows from (11), (12).

|zt — 2™ < < ypg™?. (12)

By choosing 7 in a suitable way, one can obtain convergence for arbitrary K
and c. In particular, for an unbounded operator P’ it is necessary to consider
the continuous analogue (3) of the iterative process (8). If K < 2¢2, then in
(8) one may put 7 = 1, and then |F(2™)|? < (K/2¢*)"|F(z%)|?. If, moreover,
K < c?/2,then 0 < (1) < 1 when 7 € (0,7;) and 7 € (73, 2¢?/k), where 7y < 7y
are the positive roots of the equation ¢(7) = 0, and always 7, > 1.

Remark 1. For the linear equation Az = f with bounded self-adjoint oper-
ator A, method (8) for 7 = 2 gives the formula of steepest descent of L. V.
Kantorovich

nil _om (Az — f,Ax — f) B
o = A poa p AT D

In (1,2) convergence of this process is proved for a positive definite operator A.

6. Let us now consider the general method
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dz/dt = —a(z)F(z) sign g(x), (13)

where g(z) = (P(z), F(x)).
Analogously to Theorem 2, one proves

Theorem 7. Let the operator F(z) € C! and satisfy in the sphere S,20
condition (9),

M
p>—|F@E), M>0, p=_S o0<y<Ll
by

Let

Then:
1) equation (1) has in S, ;0 a solution § (possibly nonunique);

2) the differential equation (13) has a solution x(¢) on the half-infinite interval
[0, 00), for which z(0) = z;

3) lim z(t) = &
4) |[F(@)] < |F(@®)]e

5) llz(t) — &l < ype ™.

Remark 2. A special case of this theorem—the convergence of the trajectories
dz/dt = —F(z) under condition (2)—is considered in (?).

With respect to the difference approximation of equation (13)

n+l _

x ™ — o, F(z™)sign g(a™) (14)

the following is valid.

Theorem 8. If at all points of the sphere S, .o the inequalities (9), (10) are
satisfied,

[F (%) < vpK(1—+/q)/2c, 0<y<1l, g=1—Keye,/2,

then the equation F'(x) = 0 has in S, .0 at least one solution &, and the iterative
process (14), where

g1 < a(z™) < 2¢/K —&,, €169 > 0, c? < 2K,
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converges monotonically and strongly to &; moreover,

|z — &]| < vpg™/?, 0<g<1. (15)

For «,, = a = counst, (14) gives the method of simple iteration. In this case

|F@E@ P < S(@)|F@™))?,  S(a) = 3Ka® —ca+1.
It is easy to see that the quadratic trinomial S(«) assumes its minimal value,
equal to 1 — c?/2K, at a = ¢/K, is symmetric with respect to a = ¢/K, and is
equal to one at @ = 0 and a = 2¢/K. Hence it follows that the sequence

"t =g — %F(az”) sign g(z™)

converges to ¢ with rate (15), where ¢ = 1 — ¢?/2K.

If a(z) and g(z) change sign simultaneously, then in expression (14) sign g(z™)
must be omitted. Along with (3) and (8), the method with minimal residuals
possesses this property:

vt _ g 2Ed PGP FEm)
o erad PP (16)

previously investigated under assumption (2) for linear and nonlinear equations.
Theorems 7 and 8 give new convergence conditions for this method and for its
continuous variant.

7. All theorems of the present paper carry over to complex Hilbert spaces.
In this case inequality (5), for example, should be replaced by

[Re(grad [F(2)[?, F(2))|" > c| F(2)[*.
Verification of the assumptions of the theorems is simplified in an obvious way
if it is known that the operator D, is sign-constant, i.e. Re(D,;,, h) > 0 (< 0).
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