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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1970. Volume 193, No. 3

UDC 517.946

MATHEMATICS

V. N. SHUKHMAN

THE CAUCHY PROBLEM FOR NONSTRICTLY
HYPERBOLIC EQUATIONS
(Presented by Academician S. L. Sobolev on 12 I 1970)

In the main, our notation corresponds to (1). We consider the space 𝑅𝑙+1 of
vectors 𝑥 = (𝑥1, … , 𝑥𝑙); 𝑥0 will sometimes be denoted by 𝑡. By 𝑆𝑡 we denote
the hyperplane 𝑥0 = 𝑡. Further,

𝐷𝛽
𝑥 = 𝜕 |𝛽|/𝜕𝑥𝛽0

0 ⋯ 𝜕𝑥𝛽𝑙
𝑙 , |𝛽| = 𝛽0 + ⋯ + 𝛽𝑙.

Introduce the norms

|𝐷𝑛𝑓, 𝑆𝑡|2 = 𝑐 sup
|𝛽|≤𝑛

|𝐷𝛽
𝑥𝑓0, 𝑆𝑡|22 = 𝑐 sup

|𝛽|≤𝑛
∫

𝑆𝑡

|𝐷𝛽
𝑥𝑓|2 𝑑𝑥1 ⋯ 𝑑𝑥𝑙,

‖𝐷𝑛𝑓, 𝑆𝑡‖2 = 𝑐 sup
|𝛽|≤𝑛, 𝐾𝑡⊂𝑆𝑡

|𝐷𝛽
𝑥𝑓, 𝐾𝑡|22 = 𝑐 sup

|𝛽|≤𝑛, 𝐾𝑡⊂𝑆𝑡

∫
𝐾𝑡

|𝐷𝛽
𝑥𝑓|2 𝑑𝑥1 ⋯ 𝑑𝑥𝑙,

where 𝐾𝑡 is the unit cube in 𝑆𝑡.

Introduce the quasinorms

|𝐷𝑛,∞𝑓, 𝑆𝑡, 𝜌| =
∞

∑
𝑠=0

𝜌𝑠

𝑠! sup
|𝜎|=𝑠

|𝐷𝑛𝐷𝜎
𝑥𝑓, 𝑆𝑡|,

‖𝐷𝑛,∞𝑓, 𝑆𝑡, 𝜌‖ =
∞

∑
𝑠=0

𝜌𝑠

𝑠! sup
|𝜎|=𝑠

‖𝐷𝑛𝐷𝜎
𝑥𝑓, 𝑆𝑡‖,

𝜎 = (0, 𝜎1, … , 𝜎𝑙).

In what follows we assume everywhere that 𝑛 > 𝑙/2.
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Let a formal series be given

Φ(𝑡, 𝜌) =
∞

∑
𝑠=0

𝜌𝑠

𝑠! Φ𝑠(𝑡)

and let 𝛼 > 1. Introduce the operator 𝜆

𝜆Φ(𝑡, 𝜌) =
∞

∑
𝑠=0

𝜌𝑠

(𝑠!)𝛼 Φ𝑠(𝑡).

We shall say that Φ(𝑡, 𝜌) ∈ Γ𝑝(𝛼), 𝑝 an integer ≥ 0, 𝛼 > 1, if

( 𝜕
𝜕𝑡)

𝑗
𝜆Φ(𝑡, 𝜌) =

∞
∑
𝑠=0

𝜌𝑠

(𝑠!)𝛼
𝜕𝑗Φ𝑠
𝜕𝑡𝑗 , 𝑗 ≤ 𝑝,

is a holomorphic function of 𝜌 in some neighborhood of zero.

Let 𝑓 ∶ 𝑋 → 𝐶, where 𝑋 is a strip in 𝑅𝑙+1, 0 ≤ 𝑥0 ≤ 𝑇 , and 𝐶 is the complex
plane. We shall say that

𝑓 ∈ Υ𝑛(𝛼)
2 (Υ𝑛(𝛼)

[2] ),

if

|𝐷𝑛,∞𝑓, 𝑆𝑡, 𝜌| ∈ Γ0(𝛼) (‖𝐷𝑛,∞𝑓, 𝑆𝑡, 𝜌‖ ∈ Γ0(𝛼)) .

Consider the Cauchy problem

𝑃(𝑥, 𝐷)𝑢 = 𝑓; 𝐷𝑗
0𝑢∣𝑆0

= 0, 𝑗 < 𝑚; (1)

𝑚 is the order of 𝑃 .

Theorem 1. Suppose that 𝑃(𝑥, 𝐷) has coefficients of the Gevrey class 𝛾𝑛(𝛼)
[2]

and, moreover,

𝑃𝑚(𝑥, 𝜉) = 0 (*)

has, with respect to 𝜉0, the roots

𝜉0 = 𝜆1(𝑥, 𝜉′), … , 𝜉0 = 𝜆𝑚(𝑥, 𝜉′); 𝜉′ = (𝜉1, … , 𝜉𝑙),

where 𝑃𝑚(𝑥, 𝐷) is the principal part of the operator 𝑃 .
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We shall consider the case of a hyperbolic operator, i.e., all 𝜆𝑖(𝑥, 𝜉′) are real. If
the 𝜆𝑖(𝑥, 𝜉′) satisfy the conditions:

1. 𝜆𝑖(𝑥, 𝜉′) ∈ 𝐶∞ jointly in the variables (𝑥, 𝜉′) for |𝜉′| ≠ 0.
2. There exists

lim𝑥→∞
|𝜉′|≠0

𝜆𝑖(𝑥, 𝜉′) = 𝜆𝑖(∞, 𝜉′)

and 𝜆𝑖(𝑥, 𝜉′) − 𝜆𝑖(∞, 𝜉′) ∈ 𝑆,
where 𝑆 is the Shilov space.

3. 𝜆𝑖(𝑥, 𝜉′/|𝜉′|) ∈ 𝛾𝑛(𝛼)
[2] (𝑋) for all |𝜉′| ≠ 0, as functions of 𝑥.

Then the Cauchy problem (1) has a unique solution 𝑢 ∈ 𝛾𝑛(𝛼)
2 (𝑌 ) for every

function 𝑓 ∈ 𝛾𝑛(𝛼)
2 (𝑋); 𝑌 is the strip 0 ≤ 𝑥0 ≤ 𝑇 ′ ≤ 𝑇 , for 1 ≤ 𝛼 ≤ 𝑚/(𝑚 − 1).

The proof differs from the proof of the main theorem in (1) only in that the
operator 𝑃 is replaced by

𝑃(𝑥, 𝐷) ≡ Λ1 … Λ𝑚 + Λ,

where Λ𝑖 are pseudodifferential operators with symbol

𝜉0 − 𝜆𝑖(𝑥, 𝜉′), (2)

and Λ is a pseudodifferential operator of order 𝑚 − 1.
Preliminarily, for the operator with symbol (2), Gårding’s estimate (2) is proved.
Theorem 2. Under the assumptions of Theorem 1, for 1 < 𝛼 ≤ 𝑚/(𝑚 − 1)
there is a finite domain of dependence.

Remark 1. In the case of constant coefficients, Theorem 1 is known and is due
to Gårding.

Theorem 3. Under the assumptions of Theorem 1, there exists a unique solu-
tion of the Cauchy problem (1),

𝑢 ∈ 𝛾𝑚+𝑛−𝑞(𝛼)
2 (𝑌 ),

for every function 𝑓 ∈ 𝛾𝑛(𝛼)
2 (𝑋), in the strip 𝑌 in 𝑅𝑙+1:

0 ≤ 𝑥0 ≤ 𝑇 ′ ≤ 𝑇 ;

𝑞 is the number of non-simple roots of equation (∗).
The proof is based on representing the operator 𝑃 in the form

𝑃 = 𝐴𝐵 + 𝐶, (3)
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where 𝐴 is strictly hyperbolic, 𝐵 is a hyperbolic pseudodifferential operator,
and 𝐶 has arbitrarily small order. The decomposition is constructed as follows:
from the roots 𝜉0 − 𝜆1(𝑥, 𝜉′), … , 𝜉0 − 𝜆𝑚(𝑥, 𝜉′), choose 𝜉0 − 𝜆1, … , 𝜉0 − 𝜆𝑟 such
that

𝜆𝑖(𝑥, 𝜉′) ≠ 𝜆𝑗(𝑥, 𝜉′), 𝑖 = 1, … , 𝑟; 𝑗 = 1, … , 𝑚, |𝜉′| ≠ 0.
Form the functions

𝜈(𝑥, 𝜉) =
𝑟

∏
𝑖=1

[𝜉0 − 𝜆𝑖(𝑥, 𝜉′)]

and
𝜇(𝑥, 𝜉) = ∏

𝑖>𝑟
[𝜉0 − 𝜆𝑖(𝑥, 𝜉′)].

Obviously, 𝜈2 + 𝜇2 ≠ 0 for |𝜉| ≠ 0. Assuming that the symbol of 𝐴 is

𝑎(𝑥, 𝜉) = 𝑎𝑟(𝑥, 𝜉) + …

and the symbol of 𝐵 is

𝑏(𝑥, 𝜉) = 𝑏𝑚−𝑟(𝑥, 𝜉) + 𝑏𝑚−𝑟−1(𝑥, 𝜉) + … ,

we set
𝑎𝑟 = 𝜈(𝑥, 𝜉), 𝑏𝑚−𝑟 = 𝜇(𝑥, 𝜉).

Using the formula for the symbol of the superposition of two operators (4), we
see that 𝑎𝑟−1 and 𝑏𝑚−𝑟−1 can be chosen as follows:

𝑎𝑟−1(𝑥, 𝜉) = 𝜇(𝑥, 𝜉)𝑄(𝑥, 𝜉)/𝜈𝑟(𝑥, 𝜉) + 𝜇2(𝑥, 𝜉),

𝑏𝑚−𝑟−1(𝑥, 𝜉) = 𝜈(𝑥, 𝜉)𝑄(𝑥, 𝜉)/𝜇𝑟(𝑥, 𝜉) + 𝜈2(𝑥, 𝜉),

where

𝑄 = 𝑃𝑚−1(𝑥, 𝜉) +
𝑙

∑
𝑖=0

𝜕𝜈(𝑥, 𝜉)
𝜕𝑥𝑖

𝜕𝜇(𝑥, 𝜉)
𝜕𝜉𝑖

,

and, with this choice of 𝑎𝑟−1(𝑥, 𝜉), 𝑏𝑚−𝑟−1(𝑥, 𝜉), the order of the operator (𝑃 −
𝐴𝐵) is at most 𝑚 − 2. Analogously one can choose also 𝑎𝑟−2, 𝑏𝑚−𝑟−2, etc. It
remains to apply induction on the order 𝑚 of the equation under the assumption
𝑞 < 𝑚 and to use Gårding’s inequality for pseudodifferential operators.

Theorem 4. Under the hypotheses of Theorem 1, there exists a unique solution
of the Cauchy problem (1) 𝑢 ∈ 𝛾𝑛(𝛼)

2 for any function 𝑓 ∈ 𝛾𝑛(𝛼)
𝑟 when 1 <

𝛼 ≤ 𝑞/(𝑞 − 1), where 𝑞 is the maximal multiplicity of a root of the equation
𝑃𝑚(𝑥, 𝜉) = 0.
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Proof is based on a decomposition similar to decomposition (3):

𝑃 ≡ 𝐴𝐵1 … 𝐵𝑠 + 𝐶,

where 𝐴 is strictly hyperbolic, 𝐵𝑖 are hyperbolic pseudodifferential operators,
and the order of 𝐶 is arbitrarily small.

Let us separate among the roots 𝜉0 − 𝜆𝑟+1, … , 𝜉0 − 𝜆𝑚 the series:

𝜉0 − 𝜆(1)
1 , … , 𝜉0 − 𝜆(1)

𝑟1 ; 𝜉0 − 𝜆(𝑟)
1 , … , 𝜉0 − 𝜆(𝑟)

𝑟2 ; …

such that

𝜆(𝑠)
𝑖 (𝑥, 𝜉′) ≠ 𝜆(𝑘)

𝑗 (𝑥, 𝜉′)

for 𝑠 ≠ 𝑘, 𝑖 = 1, … , 𝑟𝑠, 𝑗 = 1, … , 𝑟𝑘, 𝑥 ∈ 𝑉 , 𝜉′ ∈ 𝑅𝑙, |𝜉′| ≠ 0;
𝑉 is some neighborhood of the point 𝑥0.

The operators 𝐵𝑖 are constructed from these roots. After this, for the proof it
remains to use a partition of unity in the space 𝜉′ = (𝜉1, … , 𝜉𝑙), induction on 𝑚
under the assumption 𝑞 < 𝑚, and so on.

Remark 2. The sharpness of the result of Theorem 4 for the whole class of
hyperbolic equations whose characteristic polynomials have roots of multiplicity
𝑞 can be proved analogously to the corresponding example in (3).
In conclusion, the author expresses his gratitude to V. Ivrii, V. Nalimov, and
M. D. Ramazanov for numerous discussions.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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