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A COMPLEX PARAMETER

(Presented by Academician 1. N. Vekua on 12 XII 1969)

The fundamental matrix for a general elliptic system without a parameter was
constructed in the work (1), whose method was also applied in the case of an
elliptic system with a real parameter (?).

In connection with the application of the contour-integral method (3) to the
solution of parabolic problems, the present note is devoted to the construction
and estimation of the fundamental matrix for the system

3
Alz)Au + Z Ai(x)% + (Ag(z) = A\D)u =0, (1)

considered in a three-dimensional domain D of Euclidean space, where
A(x), A;(x) (i=0,1,2,3) are square matrices of order m.

It is assumed that in the closed domain D the matrices A(z), A;(z) (i =0, 1,2, 3)
have continuous first-order derivatives with respect to all their arguments and
that the roots v; (i = 1,2, ...,p) of the characteristic equation

A(l,v) =det(A(x) +vE) =0 (2)

have constant multiplicity m; and strictly negative real parts*

Rey,(x) <0, (3)

where A(B,v) = det(BA(x) + vE), and F is the identity matrix of order m.

The fundamental matrix ’ﬁo(x —¢,€,\), with singularity at the point = = ¢, for
the system
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is constructed in finite form

PO(]" - ga ga )‘) = (POks('T - 67 gv )‘))28217 (4)

where the elements Py, (x — &, £, A) admit the representations

m;

(m; — j)!
m —j+1

Pors(z =&, A)

P
47r|z & Z

BY
=1 j=1 (

m;—j 1 |I_§| ' r
{ (m; —J)! eXp[ 2 P, == KW —vz-<f>> "

* The fundamental matrices for such an equation in the case of a constant matrix
A of second and third orders were constructed in (*5).

o (55) 8, )

Jq=1Jjq1=q-1 1=1
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xep( A —vi(f))’ (5)

|z — & is the length of the vector z — &,

1 ot AL (L)
G=1)l ow 1 @

H ’U—U

r=1
r#i

BUW(e) =

v=,(§)
A, (B,7) is the cofactor of the element (k,s) in the determinant A(S,~).

Formula (5) can be written in a more transparent form:

‘POks(aj - 5757)‘) =
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m; \ —— =
iZ B omd exp[M] )
47r|x— | & = (m —j+ 1! dvmi = v

v=v;(§)

In particular, if all roots v;(z) of the characteristic equation (2) are simple
(m; =1; i=1,2,...,m = p), then from (7), taking (6) into account, we have

Pops(x = &6, A) = 47r\x Z v(0)) exp l—z\%} . (8)
H(Uz<£) 71]7‘(5)) '
=

According to the condition on the roots v;(§) of the characteristic equation, the
inequalities (3) hold, and, consequently, there exists a positive number ¢ such
that for all x,£ € D the estimates

O Py (x — &5&\)’ < OBexp(—¢|Aljz —¢&])

Ok z — g[F (k=0,1,2); 9)

9¢; lz — ¢
ak a‘PO( £7§7>‘) aPO(x_é-Jg?/\) OBGXp(—E|>\||.’L'—€|)
< =
e O R ) Rl o= =00,
(11)
where A is any value from the domain Rj:
A= R, JargA| <7m/4+0; (Rs)

C, R are sufficiently large positive constants; B is a square matrix of order
m, composed of ones; € is some positive constant; inequalities (9)—(11) hold
between the corresponding elements of the left- and right-hand sides.

The fundamental matrix P(x, &, A) of system (1), with a singularity at the point
x = &, is constructed by the Levi—Carleman method (%7) in the form

P(J?,f, )‘) = [)0<aj - £a§7)‘) + / PCI(:Ij - 77)777/\) h(777 fa )‘) ana (12)
D

where h(n, &, \) is the unknown density of the integral correction
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Pi(a, &) = / Py — 0,0, \) h(1, £, \) D, (13)
D

Substituting (12) into the left-hand side of equation (1) and (taking into account
(9)—(11)) equating the resulting expression to zero, we arrive at the integral
equation

W€, 0) = K(2,6,)) + / K (2, \h(n, € \) dD,, (14)
D

where

3
Ko, 60 = {<A<z> A, + Y A(e) g + Ao<x>} Pl — €€, 0).
i=1 g

According to (9), under the restrictions imposed, the following inequality holds
for the kernel:

K (2, \)| < CBexp(—2e[A||z — &])/ |z — €2, (15)

which is satisfied in the domain R;.

Estimate (15) makes it possible to construct a solution h(z, &, A) of the integral
equation (14) in the domain Ry by the method of successive approximations,

W 60 = K60 + 3 K, (,60), (16)

n=2

where K, are the iterations of the kernel K; moreover, for h the estimate

1@, )| < CBexp(—¢[||z — £])/|z — £ (17)

holds in the domain Rj.
Thus one proves the

Theorem. Under the restrictions imposed, there exists a positive number 0
such that, for sufficiently large R, for all complex values of A satisfying the
inequalities (Rg), the system [1] has a fundamental matriz P(x,&, \) of the form
(12), analytic in X in the domain Rg, where for x,& € D the inequalities (9),
(11) and the estimates

[P (2,8, )] < CBexp(—¢[A||z —&])/Alz — ],
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|0k Py (z,€,X)/0x%| < CBexp(—¢|M||z —&])/|z —&F (k= 1,2),

o [513(:6757)\) +3Po(35—£,§7)\)” < OBexp(—¢[A|jz —¢&])

3735? Oz, 3 |z — §|1+k ’

If ®(x) is a vector-function having in D bounded continuous first-order deriva-
tives with respect to all its arguments, then the vector-function

u(, A, @) = — /D Pz, €, ) () dD

for all X belonging to Ry is a solution of the nonhomogeneous equation

3
Az)Au + Z Ai(x)% + (Ag(x) = ND)u = &(x).

An analogous theorem also holds for the case of a domain D of an arbitrary
number of dimensions greater than one, with the corresponding complications
of the formulas and estimates given, and Py, (z — &, &, A) is expressed in terms
of a Bessel function.
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