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In the present paper, N. N. Bogolyubov’ s averaging method ! is applied to
abstract parabolic equations of the form

dx/dt = Az + f(z,wt), (1)

where A is a linear, generally speaking unbounded, operator generating an ana-
lytic semigroup.

It is assumed that: 1) —A is a positive operator possessing a completely contin-
uous inverse*.

2) f is a continuous mapping of the space B* («a € [0,1)) into the space
B¢ (¢ > 0). By B* we denote the Banach space that is the domain of
definition of the operator (—A)<.

3) The Fréchet differential with respect to the first variable exists and de-
fines a continuous mapping Df of the space B* x [0, +00) into the space
Hom(B®, B¢). (Thus we denote the space of bounded linear operators
acting from the space B® into the space B® with the topology of uni-
form convergence.) For every bounded set K in B®, the mapping Df is
uniformly continuous and bounded on the subset K x [0, +00).

4) The set where the integral
1 /N

(Dn@) = [ D@ tdt (N = +o0),

converges in Hom(B®, B%), is everywhere dense in B*.

5) There exists an element z (€ B%) such that the integral
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N
FNx_;]/o flz,t)dt (N — o0),

converges in B, and there exists a constant M such that |f(x,t)|z. < M for
all t > 0. We denote the limit of Fly, by Fz.

1°. Consider the two Cauchy problems

dx/dt = Az + f(x,wt), Tl = o, w > 0; (2)

dy/dt = Ay+ Fy,  yli_g = 0. (3)

With respect to the initial data we shall suppose that z, € B®, a < 8 < 1.
We shall seek the solution in the class C[O7t0](BB). This denotes the space of
continuous mappings of the segment [0,#,] into the space B?. The equations
are satisfied for ¢ € (0, ¢,].

In this formulation, the problems (2), (3) can have only a unique solution. Solv-
ability, generally speaking, holds only locally, i.e. for small %;.

* We use, without further qualifications, notions from the theory of semigroups
and fractional powers of an operator 23. Let us also note that the condition of
positivity of the operator —A is inessential, since for any operator A generating
an analytic semigroup there exists a number A\(> 0) such that A — A is positive,
and we may replace A by A\ — A, including Al in f.

2°. Theorem 1. If problem (3) is solvable, then there exists a number w, such
that for w > w, problem (2) is also solvable. Moreover,

wgffoo |z — y|‘C[01t0](B) =0.

3°. Theorem 2. Let y be a stationary solution of equation (3), and let the
mapping f be T-periodic in the second variable (f(z,t +T) = f(x,t)).
Denote by A the spectrum of the operator A + DF(y), r(A) = max,c, Re .

Suppose that the spectrum A does not contain zero. Then:

1) To the stationary solution ¢, at large frequencies, there corresponds a
unique w~T-periodic solution of equation* (2), i.e., there exist numbers
e(> 0), w,, such that, under the condition w > w,, there exists a unique
w1 T-periodic solution i of equation (2) satisfying the inequality

19 =2l o) <e
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2) If the entire spectrum A is situated strictly in the left half-plane, then the
indicated w1 T-periodic solution of equation (2) is asymptotically stable
for large w. This means that for every o € (0, —r(A)) there exist numbers
wo(> w,), ¢, €1(> 0) such that, for w > wy, for any initial data z; from
the neighborhood

|9 — xollge < &1

the solution x of problem (2) exists on an infinite time interval and the estimate
holds

p(t) = [&(t) — z(t)|gs < ce™7"p(0).

3) If the spectrum A has at least one point strictly in the right half-plane,
then the corresponding periodic solution of equation (2) is unstable for
large w. This means that for every o € (0,r(A)) there exist numbers
g1(>0), wy(> w,), a sequence t, (> 0), and a sequence of initial data zf,
converging in B? to the initial data of the w™'T-periodic solution &, for
which problem (2) is solvable for w > w, on the time interval [0,¢,], and
the inequalities

1 .
pulty) 2 €, tp, < —In pu(t) = |, () = 2(8)] s

hold. Here z,, is the solution of problem (2) with initial data x{.

4°. The proof of the theorems is based on the theory of semigroups, fractional

powers of an operator (2,%), and the theory of stability in Banach spaces (*).

5°. The formulated theorems contain new results, for example, for parabolic
equations (A an elliptic operator), and for the Navier—Stokes equations (in
connection with the generating property of the principal part of the operator
).
The author expresses gratitude to V. I. Yudovich for a useful discussion of the
work.
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* When we speak of an equation, we omit the initial conditions.
Note: Figure translations are in progress. See original paper for figures.
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