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This paper studies Fourier series with respect to the so-called fundamental sys-
tems of functions (f.s.f.) of the Laplace operator in an arbitrary subdomain 2 of
an arbitrary N-dimensional domain G, i.e., Fourier series with respect to com-
plete orthonormal in the domain G systems of functions {u,(z)}, all elements
uy () of which belong inside © to the class C® and, for certain nonnegative
numbers A, satisfy inside Q the equations Au, + A\u, = 0 (see (1)). At the
same time, for the numbers A, (we shall call them fundamental numbers) finite
points of condensation are allowed.

We study the Riesz means of the indicated Fourier series of any order s satisfying
the inequalities 0 < s < (N — 1)/2, and for each of the classes of Sobolev,
Nikol’ skii, Besov, Liouville, and Zygmund-Hoélderx we establish final conditions
ensuring uniform convergence and localization of the indicated Riesz means.

We pass to the exact formulation of the results. We shall consider functions
f(x) finite in the domain  and, in any case, belonging to the class L,(2). Let
/3 be the Fourier coefficients of the function f(x) with respect to the system
{uy(z)}. Then the Riesz mean of order s of the function f(z) will mean the
sum

@ = 3 fante) (1-3) )

Ap<A

For s = 0 the sum o5 (x) becomes the partial sum
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sx(z) = Z fru(2)

Ap<A

of the Fourier series of the function f(z).

We begin with the clarification of conditions which do not ensure even localiza-
tion of the Riesz means (1) of any order s satisfying the conditions 0 < s <
(N—-1)/2.

Theorem 1 (on conditions that do not ensure localization of the Riesz means
in the Zygmund-Holder classes C***). Let N > 2; G be an arbitrary N-
dimensional domain; {uy(x)} be an arbitrary f.s.f. of the Laplace operator in
any of its subdomains Q; x, be any interior point of the domain €; a be any
fized number satisfying the inequalities 0 < o < (N —1)/2 — s.

Then there exists a function f(x) satisfying the following conditions: 1) f(x) is
finite in the domain Q and vanishes in some neigh-

* Definitions of all classes used in this paper may be found in the monograph of
S. M. Nikol’ skii (?).
** This theorem was proved by V. A. II’ in.

ness D of the point z4; 2) f(z) € C*(2); 3) the Riesz means (1) of the Fourier
series of the function f(z) have no limit at the point z, as A — oo.

Corollary 1 (on conditions that do not ensure localization of Riesz means in
the classes H), B;‘ﬂ, Ly, Wz?) Let N,G,Q,x,, and o have the same meaning
as in Theorem 1.

Then there exists a function f(z) satisfying the following requirements: 1) f(z)
is finite in the domain 2 and vanishes in some neighborhood D of the point
zo; 2) f(x) belongs in the domain €2 to each of the classes H,, By, Ly, Wy for
arbitrary p and arbitrary 6; 3) the Riesz means (1) of the Fourier series of the
function f(z) have no limit at the point z, as A — oo.

Thus, we have established that membership of a function f(x) in any of the five
classes listed above, with order of differentiability « less than (N — 1)/2 — s,
does not ensure even localization of the Riesz means o3 (x) of the Fourier series
of the function f(x) (whatever the degree of summability p may be).

It is natural to ask about studying the Riesz means o3 («) for functions belonging
to each of the indicated five classes with order of differentiability o > (N —
1)/2—s. Since among the five classes indicated, H,, By, Ly, Wy, and C?, the
Nikolskii class H}' is the broadest and contains all the other listed classes, it
suffices to establish conditions ensuring Riesz summability of the Fourier series
in terms of Nikolskii classes.

Theorem 2 (on conditions ensuring uniform Riesz summability in Nikolskii
classes*). Let N > 2, let G be an arbitrary N-dimensional domain, {u;(x)}
an arbitrary f.s.f. of the Laplace operator in any subdomain Q of it; let f(x)
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be an arbitrary function satisfying the following three requirements: 1) f(z) is
finite in the domain Q; 2) f(z) belongs in the domain Q to the class HS for
a > (N —1)/2 —s; 3) in some domain D contained in €2, the function f(x)
belongs to the class By for a > (N —1)/2 —s, pa > N.

Then, uniformly with respect to x in every strictly interior subdomain D’ of the
domain D,

li (x) = .

Jim o3 (z) = f(@)

Corollary 2. In the formulation of Theorem 2, instead of the Nikolskii class
one may take any of the Besov, Liouville, Sobolev, or Zygmund-Hélder classes
with the same order of differentiability «, the same degree of summability p,
and (in the case of the Besov class) with arbitrary 6 > 1.

Comparing Theorem 2 and Corollary 2 with Theorem 1 and Corollary 1, we
arrive at the conclusion that in each of the five classes under study we have
established the final order of differentiability & > (N —1)/2—s ensuring uniform
Riesz summability of means of order s (for « < (N —1)/2 — s, in each of the
indicated classes even localization of Riesz means of order s will be absent).
But the degree of summability p that we have found, satisfying the inequality
pa > N, is also final, since in any of the indicated classes the inequality pa < N
admits the existence of an unbounded function whose Riesz means of the Fourier
series certainly do not converge to it uniformly.

2. We now turn to the schemes of proof of Theorems 1 and 2. The proof of
Theorem 1 is based on the following lemmas.

Lemma 1. Let G be an arbitrary N-dimensional domain; {u,(z)} an arbitrary

f.s.f. of the Laplace operator in any subdomain 2 of it; x, any interior point of
Q.

* This theorem was proved by Sh. A. Alimov.

Then for any s > 0 there exists a measurable set E, not containing the point x
and contained in €2, such that for some 8 > 0 the inequality

/E > wg (o) () ( _ %)

Ap<A
Lemma 2. Let s >0, 8 >0, s = r + %, where r is an integer and » satisfies
the inequalities 0 < % < 1; let > u; be any numerical series; the symbols s,,
03, 5y, and o3 have the following meaning:

)\ S
S/\:Zuka Uf\zzuk<_7k>»

AR <A AR <A

S

dy > ﬁ)\(Nfl)/llfs/Q

will hold.

sovietrxiv.org/items/ru-197001.27022 Machine Translation


https://sovietrxiv.org/items/ru-197001.27022

_ —s A
5\ = Z uk)\g, o3 = Z uk)\f (1 — 7’“)

Ap<A Ap<A

Then the equality

A
_ drt
o5 = Mo + (—1)T+1£

B—-1 ! r+1

(r+1

o s A d'rJrl 148 3 tT+1 +1
) — —— (A=) (P = N)| ——— o) T dt
e [ gmlo e -]
holds.

From Lemmas 1 and 2 it follows that, under the conditions of Lemma 1, for any
0 <s< (N —1)/2 and any ¢ satisfying the condition 0 < § < (N —1)/4 —s/2,

the quantity
Fyao) = [
E

is unbounded as A — oco.

u (o) uy(y) (1 _ ﬁ)s
A NN=D/A=s/2-5 \

dy

Further, for the proof of Theorem 1 a scheme is used that is very close to that
set out on pp. 91-97 of the work (1).

For the proof of Theorem 2 the following three lemmas play an essential role.

Lemma 3. Let Qp be the subset of the domain 2 all points of which are at
a distance from the boundary of Q not less than the number R > 0, and let
H;(Q r) be the class of functions obtained as the closure in the metric H,' of
the set of finite, infinitely differentiable functions in Q. Suppose further that
f(x) € H$(Qp) for a >0, R > 0. Then for any A > 0

> A< Crlfle-

A<, <2\

Lemma 4. Let f(r) € HY(D), pa > N, a = | + %, where [ is an integer,
0 < » < 1. Let further

P(r,z) = i 9f(x+r0) do

be the mean value of the function f on the surface of the sphere of radius r
with center at the point x; let ¢, (r) = r™** 1™ (r), where m = 0,1, ..., 1.
Then for any h from the interval 0 < h < R, uniformly with respect to x in the
subdomain D, p, the estimates

R
[ 1ontr 1) = pnmldr <clflyghs foro<x<1,
0
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R
| lomtr+ 20 20,4 W)+ o)l dr < cllggh for =1
0
Lemma 5. Let

r

F(r)=rN"Yy(r,x) = 5

N-1 g/
/ flz+7r6)do,
N Jo

let the symbol V, (¢) denote the quantity V, (t) = /tJ,(t), where J,(t) is the
Bessel function of order v, and let the symbol DF denote the so-called Bessel
differentiation

with D*F' = D(D*'F). Then, if f(z) € H$(Qp), a = | + x, where [ is an
integer, 0 < x < 1, then for v = N/2+ s — [, uniformly with respect to z in the
subdomain 2,5, the estimate

R
o5 (z) — 2°T (s + 1)2NV/2T(N /2 + 1) X/ / V., (rV/X) P2 NIX DIF | <
0

< Crlflag -

From Lemmas 4 and 5 and from the obvious equality

l
PNDIE = 57 4,0,
m=0

valid with certain constants A, ;, the principal estimate follows:

ml»

ox(2)] < Cg [”f“Hg(QR) + ”f”Hg(D)] ; (2)

valid uniformly with respect to z in the subdomain Dy, under the condition

f(x) € HS(Qp), f(z) € HY(D), a>(N-1)/2—s, pa > N.

The principal estimate (2) completes the proof of Theorem 2.

In conclusion, the authors express their deep gratitude to all participants of A.
N. Tikhonov’ s seminar for a useful discussion of the results.
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