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The space-time correlation functions and, in particular, the following functions
of a classical one-component gas (1)

~

GO (r, ) = (7(0,0)A(r, 1)),
GO (x,1) = (T1,(0, ) (x, 1)),

in the Boltzmann limit can be represented in the form

G (r,t) = (Vs Gy (2)

where the functions g, (r,{,t) satisfy the linearized Boltzmann equation

9§/0t +£0g/or = J () (3)

and the initial conditions

Gt =0) = 1,,0(r), (4)

while ¥, (£, €2) is an orthonormal system of Burnett polynomials (?), complete
in the Hilbert space L?(w) of functions ¢(€,,&?) with scalar product

(1, 02) = / v B, A%, wl(€) = (2m) 32 exp(—€2/2). (5)

In relations (1), dimensionless dynamical variables are introduced which depend
on dimensionless coordinates, momenta, and time (the reduction of the latter to
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dimensionless form is standard; cf. (?)), the numerical factors being chosen so
that at ¢ = 0 the functions G, become J-functions (the functions P,, 11,4, S,

nv «

are multiplied by (1/3)/2, (1/10)'/2, (5/6)'/2, respectively). In (1), A(r), P, (r),
,4(r), S,(r) are the dynamical variables of the number density of particles,
momentum, the traceless part of the momentum-flux tensor, and the energy flux

(these notations correspond to those in (1)).

Passing to the Fourier representation in the spatial variables, we reduce the
Cauchy problem (3), (4) to the form

where the transformed functions G*)(k,t) and 9, (k, €, 1) are related to one
another by the same relations (2), if the tilde is omitted in them. The dimen-
sionless wave number k is, in order of magnitude, equal to the ratio of the mean
free path to the wavelength of the Fourier component under consideration, i.e.,
to the Knudsen number.

We shall consider the linearized collision operator

J(g) = / W(€) [9(€) + 9(€) — 9(6)) — 9(©)) BO.U) de dBdPe,  (7)

as an operator acting in the Hilbert space L?*(w). The domain D(J) of the
operator J is dense in L?(w), and the operator J is symmetric and nonpositive,
ie.,

(9,7 f)=(Jg, f), (Jg,9) <0,  g,fe€ D), (8)

where from the equality (Jg,g) = 0 it follows that g is a linear combination of
the functions vyg, Y91, %10 (Boltzmann’ s H-theorem), i.e., zero is a threefold
degenerate eigenvalue of the operator J.

For molecules described by a power-law interaction potential corresponding to
repulsive forces, with exponent greater than 4, and with finite range of action,
or by a potential with a hard core and finite range of action, the operator J
has a continuous spectrum contained in the interval (—oo, —1,), vy > 0 (47°).
In addition, for potentials with a hard core, in the interval (—v,,0) there are
eigenvalues of finite multiplicity (7), a large number of which have been found
numerically (%).

In the case of Maxwellian molecules the cross section B(6,U) does not depend
on U, and the operator J has a discrete spectrum of eigenvalues A ,,,, to which
there corresponds a complete system in L?(w) of eigenfunctions Y, (8)-

Using the property of semiboundedness of the operator £ = £(¢) = J+€§,, € =
—ik:
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Re(£f, f) <0,  fe D), 9)

one can prove the theorem of existence and uniqueness of the solution of the
following Cauchy problem for the linearized Boltzmann equation:

dg/0t = £g+ ¢, g(t =0) = p,. (10)

Theorem (3). Let ¢, € D(L) and let the function ¢, (t) € L?(w) be contin-
uously differentiable with respect to t. Then in L?(w) there exists a unique
function g(t) possessing the following properties:

a) g(t) € D(L); g(t) is continuously differentiable with respect to t;

b) (d/dt)g(t) = Lg(t) + ¢4 (1);

) lim |g(t) — 2] = 0.

Suppose that the spectrum and the orthonormal eigenfunctions of the operator
£ are known, i.e., the solutions of the equation

L)Y (e) = A (€)Y (e), (11)

forming a complete system in the space L?(w), are known.

Then the solution of problem (10) has the form

g= Z a/,“/(t> eXp[)‘uu<€)t]wuV(E)7

(wv)

4y (8) = (93, 0,0 ()) + / M (01 (1), @0 (€)) d, (12)

where ¢, (¢) = ¢, (¢) is an eigenfunction of the adjoint operator £*(e) = £L(¢),

belonging to the eigenvalue A, (¢).

We shall carry out the further consideration for Maxwellian molecules and for
the case when the functions ¢; and ¢, are finite linear combinations of eigen-
functions ¢, of the operator J. To construct an approximate solution we use
the smallness of the parameter k£ and apply perturbation theory to determine
the solutions of equation (11). Although the conditions for applicability of per-
turbation theory (?) in the case of Maxwellian molecules do not

are satisfied, it will be shown that the constructed solution is asymptotic as
k — 0. Substituting the expansions

MrE) = A Y AN e =D il (13)
k=1 k=0
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into (11), for determining the corrections 1/}516,,) and )\ka) we have the equations

(J = N )ity = =&,V + ZA’“ My A = (e, & ). (14)
We represent the solution of the Cauchy problem (10) in the form

g=g,+9", (15)

where the function ¢ is determined by formulas (12), in which, instead of the
numbers A, (¢) and the functions v, (¢), the expressions

n (n)
n k n v (5) n k
I DV T R (AL B o F AT
=0 b ()] k=0
are taken.

The function g, is the solution of the Cauchy problem

99,

S = Lo b ai(t=0)=hy =0, =Y (00 WE) V() (17)

(wv)

hy :¢1—2(§01a¢<u> +204 t) exp[A )(a)t]x

(puv)
X[ — A ()] Ty (o). (18)

Using expressions (14), we find

(£ = M (@) (e) = e upm) + Zew Z N (19)
whence it follows that

(W) (), ®L0) ()] = 8,08, + O(] ™). (20)

Since the function ¢, is a finite linear combination of the functions ¢, the

functions wgi) also, by construction, possess this property. Therefore, from (19)
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and (20) it follows that |[hy] < Cyle[™™?, |hy| < Cyle|™tL, whence, by virtue of
the existence and uniqueness theorem, it follows that |g|| < M|e|"*!, i.e. the
following condition of asymptotic convergence of the method for solving the
Cauchy problem by means of perturbation theory:

1
1 J— J— (n) =
lim - lg — g™ = 0. (21)

We note that, for all computed corrections to the eigenvalues, the inequality
(—1)”)\§,2,7> < 0 holds, i.e. one may assume Re)\iﬁ,)(—ik) < 0 (cf. also (?)).
The numbers )\Eﬁ)(s) are the roots of the dispersion equation for the linearized
Boltzmann equation. Formula (12) shows how these roots appear in the solution
of the Cauchy problem for the linearized Boltzmann equation. Apparently, this
property is a direct consequence of the semiboundedness of the operator £;
however, its proof in the general case is unknown. Then relation (21) is valid
uniformly in ¢, ¢ € [0, 00).

In the case of hard spherical molecules, in addition to the discrete spectrum,
there is a continuous spectrum of the operator J; however, if the system of
eigenfunctions

functions belonging to the discrete spectrum is complete in L?(w), the solution
of the Cauchy problem can also be constructed using perturbation theory, all
the more so because in this case the perturbation-theory series determining the
eigenvalues and eigenfunctions converge '°.

Using the approximate eigenfunctions and numbers (16), we shall write the
expressions for the correlation functions in the form
2
G (e, t) = > | (6,0, U ())] explgy ()] (22)
(pl)

For finite n, the series (22) is finite, since the function v, enters only a finite

nv
number of functions \I!(;lI> (€). All terms of the series (22) decrease exponentially
with time, which confirms the usually accepted hypothesis of exponential decay
of correlation functions.

The discrete spectrum of the linearized collision operator for Maxwellian
molecules consists of simple, doubly degenerate (A,p = A, ;) and two triply
degenerate (Agg = Ag1 = Ajg = 0, gy = Agy = Ayp) eigenvalues. Accordingly,
the numbers A, (—ik) = r,, (k) +1ij,, (k) can be divided into real and complex
ones. The real numbers are A, (—ik) with v # 0,1 (this also includes
Aoz (—ik)) and Agy(—ik). All the remaining numbers are complex, and moreover

Auo(—ik) = A, 1(—ik). In addition, it can be shown that

W O )| = [0 B0, (i)
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so that expression (22) can be represented in the form

2
G (k) = 3 (W O (—ik))| explrly (k)t]+
[
ado)
‘2

125 [ W (i) explr) (k1] cos G0 (). (23)

p=1

Making also a Laplace transform in time, from (22) we obtain

()|
U ik

G (k,z) =) © f,if ‘ N
(pl) z )\pl( Zk)

(24)

From (24) it is easy to obtain an expression for the spectral function of the
intensity of scattered light S(k,w). For this one should put z = iw, (uv) = (00)
in (24) and take the real part of the resulting function.

The author expresses gratitude to D. N. Zubarev, V. B. Lidskii, and B. V.
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