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0. Irreducible representations of the group SL(2,C) are well known. How-
ever, in contrast to compact groups, the study of any of its representations is
not reduced to irreducible ones. In the present paper we classify all representa-
tions of the group SL(2,C) “composed,” in a natural sense, of a finite number
of irreducible ones; we call these representations Harish-Chandra modules (for
precise definitions see below). A complete description of such representations is
given. Namely, each such representation decomposes into a direct sum of a finite
number of further indecomposable ones. In the paper all indecomposable repre-
sentations are determined up to equivalence. They are of special and nonspecial
types, and the special case is the most interesting one (for the formulation of
the result see §5). A method is also given for composing indecomposable repre-
sentations with prescribed invariants from certain elementary blocks, which are
simply constructed from irreducible representations. The nonspecial case was
previously analyzed by D. P. Zhelobenko (%), who also has some further consid-
erations. The present paper is based on works (173), in which an infinitesimal
classification of Harish-Chandra modules was obtained.

1°. Definition of Harish-Chandra G-modules. A linear topological space
H, in which a continuous representation of a connected semisimple Lie group
G acts, will be called a G-module. Let U be a compact group. By an alge-
braic U-module we shall mean a linear space H, (without topology), in which
a representation of the group U acts and for which the following condition is
satisfied: the representation in H, decomposes into a direct sum of irreducible
(finite-dimensional) representations, each of these representations occurring in
the decomposition with finite multiplicity. We shall call a G-module H a Harish-
Chandra module if H contains as an everywhere dense subspace an algebraic U-
module H,, where U is a maximal compact subgroup of the group G. Note that
H, is the minimal linear subspace of H containing all irreducible U-submodules
in H; thus H, is uniquely determined in H.
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Let g be the Lie algebra of the group GG. It can be proved that the operators
on H corresponding to elements of g are defined on all of Hy, C H and that
H, is invariant with respect to these operators. Thus the space H is endowed
with the structure of a g-module. A Harish-Chandra G-module H will be called
indecomposable if the corresponding g-module H is indecomposable; we shall
call H irreducible if the g-module H is irreducible. Two Harish-Chandra G-
modules H' and H” will be called equivalent if the corresponding g-modules
H{ and H{ are isomorphic. Note that both the definition of a Harish-Chandra G-
module and the definitions of indecomposability, irreducibility, and equivalence
do not depend on the choice of the maximal compact subgroup U C G.

2°. Elementary G-modules. We construct the simplest class of indecom-
posable Harish-Chandra G-modules, where G = SL(2,C). Let m = (ny,n,) be
an arbitrary pair of complex numbers whose difference is an integer. We shall
say that a function f(z1,2,), 21,29 € C, (21,29) # (0,0), is homogeneous of
degree 7, if

Az, Azp) = AT A7 f(2, 25)

for every A # 0. Homogeneous functions will also be called
called associated homogeneous functions of order zero.

We shall call a function f(z;, z,) an associated homogeneous function of degree
7 of order m (m = 1,2,...) if, for every A # 0, the difference

F(Azy, Azg) =AM iA=L f (2 2,)

is an associated homogeneous function of degree 7 of order (m — 1).

Let D7 be the space of all infinitely differentiable associated homogeneous func-
tions of degree 7 of order m. In D2 define a representation T'(g) of the group
G = SL(2,C) by the following formula:

(T(9) )21, 20) = flazy + 729, Bzy +023), g= (i g) .

We shall call the constructed G-modules D elementary*. It can be proved
that all of them are indecomposable. Let us formulate assertions about the
structure of their composition series.

It is obvious that
D) cDrC--CDFC--.

Moreover, D™ /D™=t ~ DY for every m. We shall call a pair 7 = (ny,n,)
a special point if n,,n, are integers different from zero and, moreover, of the
same sign. If 7 is not a special point, then the G-module DY is irreducible, and
therefore the series

ocbDlcDLc...cpm
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is a composition series for DI". If, however, m = (ny,n,) is a special point, then
for every m there exists, and moreover uniquely, a G-module F™ (different from
D™= and D) such that

Dmt c Fm c DM,
Thus, in the special case the composition series for D7* has the form
0cFlcDYCF!cD.c-cFm™c D, (1)

The factors of the series (1) are the G-modules FY and FY ., where 7! =
(—nq, —n5) (namely,

Ff/Dit =~ F),  DyJFf=~F),

); one of them is finite-dimensional and the other infinite-dimensional (for ex-
ample, in the case n; > 0, ny > 0, FC is the (finite-dimensional) module of all
homogeneous polynomials of degree 7, and F° , ~ D?, where ' = (ny, —n,)).

By elementary modules in the special case we shall mean both the G-modules
D7 and the G-modules F" obtained from them by “shortening.” We note that
the G-modules Dﬂmjl and I, can also be obtained by “shortening” D7, namely:

Fm, ~Dm/FS,  Dmile F/RY,

Let us give the definition of an elementary G-module for the case of an arbitrary
reductive Lie group G. Let N be a maximal unipotent subgroup of the group G,
and B its normalizer in G. Consider an arbitrary finite-dimensional irreducible
representation 7 of the factor group B/N, acting in a space F, and lift it trivially
to the group B. Let H_ be the space of all infinitely differentiable functions f(g)
on G with values in F satisfying the following condition:

f(bg) = 7(b)f(g)

for every b € B. Define in H,_ a representation 7T'(g) of the group G by the
formula

(T'(g0)f)(g) = f(g90)-

The constructed G-modules H_ will be called elementary. It is not difficult to
show that, in the case of the group SL(2,C), they coincide with the G-modules
D7 defined above. Hypothesis: the G-modules H,. are indecomposable.

3°. Classification of G-modules in the nonspecial case. We shall call a
Harish-Chandra G-module nonspecial if all factors of its composition series are
infinite-dimensional modules. It is obvious that all G-modules D}, where 7 is
a nonspecial point, are nonspecial. It can be proved

* The G-modules D? are the well-known construction of irreducible representa-
tions of Gel’fand—Naimark (°).
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¥ Ifn, >0, ny > 0, then the space F™ can be defined as follows. Fix a function
om € DT, mo = (1,1) (¢, # 0), such that, for every g € G,

T(9)¢m = ¢m (mod D)

(for example, one may take ¢,,(2) = In""(|21|? + |25]?)). We shall call a function
f € D' an m-th quasipolynomial if

f=Pyp,, (mod DT 1)

where P is a polynomial (it is not hard to see that the definition does not depend
on the choice of ¢,,). The space of m-th quasipolynomials is our F™*. We note
that the space F™, can be defined from considerations of duality.

*#* Both in the nonspecial and in the special case, D" has only one composition
series.

( (3), see also (6) ), that these exhaust, up to equivalence, all indecomposable

nonspecial Harish-Chandra G-modules. We note that two nonspecial G-modules

D% and Dy:? are equivalent if and only if m; = m, and either m, = m,, or
—1

Ty =Ty "

4°. Elementary operations on G-modules. In the special case, indecom-
posable Harish-Chandra G-modules will be constructed from elementary ones
by means of the following three elementary operations.

a) Gluing. Let H,, H, be two G-modules, H; C H,, H) C H, isomorphic
submodules, and let a : H; — H, be a prescribed isomorphism. The
gluing of H, and H, along the submodules H;, Hj will be the G-module
H(a) = (H,®H,)/H, where H is the submodule consisting of pairs (z, ax),
x € H,. We shall call this operation operation A.

b) The dual operation. Let H,, H, be two G-modules; H; C H,, H) C
H, submodules such that there is an isomorphism between the quotient
modules a : H,/H] — Hy/H. The gluing of H, and H, along the quotient
modules H,/H| and H,/H} will be the submodule H(a) C H, & H,
consisting of all pairs (hy,hy), hy € Hy, hy € H,, such that ah; = hs,
where h; € H,/H] is the image of the element h; € H; under the natural
homomorphism. We shall call this operation operation B.

Remark. Both operations are invariant under replacing a by Aa, where \ #
0 is an arbitrary number. It follows from this that gluing along irreducible
submodules (respectively along irreducible quotient modules) does not depend
on the choice of the isomorphism a.

¢) Polymerization. Let H be a G-module and let H, # H, be two iso-
morphic submodules of it. Fix an isomorphism a : H; — H,. By the
polymerization of m copies of the G-module H (m = 1,2,...) we shall
mean the G-module
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H™ (X, a) (@ H) JH?,
where H* is the submodule consisting of the elements

(ahy — Ay, ahy — Nhy — hy, .., ah,, — Nh,, —h,, 1), (2)

where hq,...,h,, € H;, A # 0 is an arbitrary fixed complex number. It is easy
to verify that H™ (A A, \ga) = H™ (X, a) for any A, # 0.

5°. Classification of indecomposable G-modules in the special case.
Consider a fixed special point @ = (ny,n,), where n; > 0, ny, > 0. We list
the special indecomposable Harish-Chandra G-modules having as composition-
series factors F and FV

1) Elementary modules: D, Fm, D™ = Fmibs,

2) G-modules D7V where my > 0, m; >0 (1 <i < k), k> 1. They
are constructed from k elementary modules:

F;:illa D:?a F:lfl’ DZ43"'3 (3)
where modules of type F", stand in the odd positions, and modules of type
D™, in the even positions (7" = (ny, —n,)). This construction is carried out as
follows. In each of the modules of the chain (3) there are uniquely determined
irreducible submodule and irreducible quotient module (both are isomorphic to
FY |). The first two terms of the chain (3) are glued by operation B (see § 4,
b) along irreducible quotient modules. We obtain the module Dy'*""?. In the
natural way we associate to the irreducible submodule of D:’:2 the irreducible
submodule Hj) C D7V"2** We glue D7 """ with F*% by operation A (see §
4, a) along irreducible

* The module F_; ~ DY, is excluded, since by our classification this module is

. . 0,
nonspecial. For the same reason, in the second group the modules Dy ™2 o D:f?
are excluded.

** H/ consists of all pairs (0,h) € D72, where h ranges over the irreducible
Mo
submodule of D_,*.

submodules H) C D7V and F? | C F"%; we obtain the module Dml’mz’m3
In a natural way, to the irreducible quotient module }77r_1 /DTr_1 we asso-
ciate the irreducible quotient module D;nl’mz’m3/Hé*. We glue Dy
with D$4 by the operator B with respect to the irreducible quotient modules
DFv"2™s JHE and D:ﬁ“/D?‘rl; we obtain the module D7 V">™3™4 and so
on.
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3) The G-modules DJ'ty"™, D" ™2est - DItv™2e41 Lywhich in essence do
not differ in any way from Dy They are obtained by gluing the
chain (3) in which one or both end terms have been shortened. Namely, in
the construction of D?l’;"m’“ the first term of the chain F% is replaced

by the term F™ /FO | ~ DI in the construction of D™ the

last term F %" is replaced by the term D] 2" e Fm”’+1 finally, in

the COHStI‘uCthn of D'l "™271 the shortenings are made at both ends of
the chain (3).

4) The G-modules D2 (specified by a set of 2s (s > 0) integers
m,; > 0** by one more integer m > 0, and by a complex number \ # 0).
They are obtained by polymerizing m copies of the modules Dy """2s,
Namely, in the G-modules F _ and D /¢, which are the end terms of
the chain (3), irreducible submodules (1som0rphlc to F? ) are fixed. Let
H,, H, be the images of these submodules in D7 s after gluing the
chain (3). According to (3), the isomorphism a : H; — H, can be defined

canonically. We set
Dmh SMggim,A ( @Dml 77777 mzs)/H)\,

where H? is the submodule consisting of elements of the form (2).

On the sequences (my, ..., my,) considered in this construction there is imposed
the additional condition of aperiodicity: there is no divisor r of the number s
(r < s) such that m,, = m, for any p and ¢ congruent modulo 2r.

Theorem. 1) The modules constructed above are indecomposable. 2) They are
pairwise inequivalent, except for the case when both modules belong to the fourth

gyl psm’ N
class. Two modules from the fourth class D3 M2 o g Dm1 Mo/
are equivalent if and only if Ty = w5, A=X, m=m', s =s', and (m’l, ey M)
is obtained from (mq,...,my,) by a cyclic permutation by an even number of

positions. 3) The constructed G-modules exhaust, up to equivalence, all special
indecomposable Harish-Chandra G-modules.
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* H} is the image of D7'V"™? @ D:L_B’;l (F;nfl/DT_?’;l is an irreducible quotient

module) under the natural mapping D7'V"? @ F'% — Dz "™,

** In the case my; = 0, gluing F?_; ~ DY with D’* gives D"?. Therefore,
when m; = 0 one may assume that the chain (3) begins immediately with the
term D%

Note: Figure translations are in progress. See original paper for figures.
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