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TER

(Presented by Academician A. N. Tikhonov on April 9, 1970)
1. Consider the Cauchy problem for hyperbolic equations of the form:

0%u  O%u ou
5(W(r%g) *A(tvﬂﬁ,u)aJrB(taT/,U)v (1)
ou
U(t,l’)|t:0 - 90(1')7 ga o - 1/’(1% (2)

where € > 0 is a small parameter. Suppose that in the strip (t > 0, —co < z <
+00), for all u,

A(t,z,u) >~ > 0. (3)

In the present paper it is proved that the solution w of problem (1), (2), as
e — 0, will tend to the solution of the reduced equation

0= A, x,uo)% + B(t, , up), (4)

but, however, the solution of equation (4) does not satisfy the former initial
condition (2), and satisfies an entirely different condition:

up(t, x)],_, = ¢(x) + Ax), (5)

t=0

where the function A(z) will be called the initial jump of the function w, and it
is determined uniquely from the following equation:
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p(x)+A(x)
(z) = / A(0, 2, ) du. (6)
©

We now turn to the question of constructing the asymptotics, with respect to
the small parameter ¢, of the solution of problem (1), (2).

2. We shall seek an approximate solution of problem (1), (2) in the form of an
expansion in integral powers of the small parameter

u(t,z,e) = ug(t,x) = euy(t,x) + ... + wy(7, ) + ewy (1, 2) + ..., (7)

where 7 = t/. Substituting expansion (7) into equation (1), we obtain:

2 2 2 2
22 (8 ug(t, x) n 0%uq (t, x) - 0wy (7, ) n 0%w, (T, x) n )

0x2 ¢ Ox2 Ox2 € 0x?
0%uy (t 0%u4 (t 0? 0?
R R R e e R

= [A(eT,x, ug(eT, ) + euq (T, ) + ... + wo(r, x) + cwy (1, 2) + ...)%(UO(ET,ZL')

+euy (eT,x) + ... + wo (T, x) + ewy (1, 2) + ...)

—A(er,z,uy(er,x) + euy (e, x) + )6;97 (ug(eT, @) + euq(eT, ) + )}

+ eA(t, z, ug(t, x)+

+euy (t,x) + "-)%(uo(t,x) +euy(t,x) + ) + e[ BleT, z, uy(er, x)+

+euy(eT,x) + - + wo(T,x) + ewy (7, x) + ) — B(eT, x, ug(eT, )+
+ Eu1(87—7x) + )] + EB(t,.’L’, uo(t,x) + Eul(tw%') + ) =

= [Aler, 2, a9(7, 2) + wo (7, 2) + €(ay (7, 2) + wy (7, 2)) + "')a% (ag(7, 2)+

+wo(T,2) +elaqy (1,2) + wy (7, 2)) + ) — A(eT, z, ap (T, )+ (8)
+eay(T,x) + ) 3 (ag(T,2) + eay (1,2) + )] + €A(t, z, uy(t, z)+
0

+euy (t,z) + --~)E(u0(t,x) + euq (t, ) + ) + e[Bler, z, ao (1, 2)+

4wy (T, 2) +e(ay (1,2) +wy(1,2)) + ) — B(er,z,ay(T, 2)+
+eay(T,7) + )] + EB(t,x,uO(t’x) + euq(t,x) 4+ ),

where
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u_1(0,2) Lkakuo(o,ac)

ap(T,2) = uE(0,z) + 7 ot e

a (0, z) = u,(0, x).

From (8) we obtain two types of equations for determining the coefficients
uy(t,x) and wy(7,x), k > 0, of the expansion (7). For wy(t,z) we have the
following equation:

82u0+ 82u1+m B 82u0+ 32u1+m _
02 T o2 o T -

1o} 1o}
= A(t,z,up + cuy + ) (% +et+ ) + Blt,,ug +cuy +-),  (9)

and for wy (7, x):

9> 8 8> 8
&2 ( 6;0 +e 8;21 +> — ( aTu;O +e a;”; +> = [A(er, x, a9 + wo+

0 0
+elag +wy) + ) (E(ao + wp) + 53T<a1 +w) + ) -

0 0
—Aler,x,ay + €ay + ) <$ + 5% + )] +e[Bler,z,ay + wy+
+e(ay +wy) + ) — Bler, z,aq + ca; + )] (10)

For the unique determination of the coefficients u;, and w;, of the expansion (7),
we prescribe the initial conditions in the following way:

uo(t,2)],_y = #(0) + Az, (1)
Owy
wo(r o)y =ola) uo02). 20|y, ()
T7=0
T

T=

and the initial conditions for wuy(t,z) (k > 0) will be chosen in a special way
(see below).

Expanding the right-hand sides of equations (9) and (10) in powers of £ and
then equating coefficients of like powers of €, we obtain a sequence of equations
for u(t,z) and wy (7, x):
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0= A(t, m,uo)% + B(t, z,ug), (137

0w,
or?

+ A(0,2,uo (0, 2) + wo(, x))% =0, (13”)

At ug) L [ QAL 2, 0) g | OB(L 2, o)

ot e ot T o w, = Oty ),  (14)

0%w 0
5'7-2k + or [A(0, 2, g + wp ) (), + wy) — A0, 2, )y ] = ¥y (1,2),  (147)

where the functions ®, and ¥, are expressed in terms of u,(¢,z) and o, (7, ),
w,(T,2), 1 < k.

The initial conditions for uy (¢, z) (k > 0) have not yet been determined. We shall
choose them so that the function w, (7, ) and its first derivative with respect
to 7 are functions of boundary-layer type (1). In this connection, assuming that
wy,, Qw,, /07, and W, (7, ) are functions of boundary-layer type, while A(¢, z,u),
0A/Ou are continuous and |0A/d0u| < ¢ = const for t > 0, —o0 < & < 400,
—00 < u < +00, we integrate equation (14) with respect to 7 from 0 to co and,
taking into account

0wy
or

_ 8uk71 (Oa $)

(0, 2) = uk(0, ), u(0,z) + wy(0,z) = 0, = 5t )
7=0

we obtain the initial condition for u(t,z), k > 0:

o * O, (0,7)
uk(t,x)’tzo = m <l \I/k(T,J?) dr — kat) . (15)

Suppose that in the strip t > 0, —co < & < 400, for all u the following conditions
are satisfied:

a) derivatives of the form

OPA(t, z,u) OPB(t,x,u)
OtPoOzP1Oup2’ OtPoOzP1Oup2’

(16)

are continuous, where p = py+p;+p5, 0 <p < N+1,0<p, < N+1,i=0,1,2;

b) the following are continuous:
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where : =0,1,...,N+1,57=0,1,..., N.
The following assertions are valid.

Lemma 1. The solution wy(7,x) of problem (13), (12) and the derivatives of
the form
O™, /0T Ox™ are functions of boundary-layer type

m+1
O™ w,

—~T
|w0(7—a 37)| < CO(Ta $)6 ) ‘ T Ox™m

’ < Cy(ryx)e 7, (18)
where Cy(7,z) and C,(7,x) are polynomials in 7 with bounded coefficients de-

pendingon z, 0 < m < N + 1.
Proof. Denote dw,/01 by vy(7,2). Then from (13”), (12) we have

vy = () exp (- /O A0, 7,10 (0, ) + wy) ds> .

Hence, bearing (3) in mind, we obtain the estimate (18) for vy(7, ), while

wo(r,2) = p(x) — (0, 2) + / vols,2) ds,

and consequently, as 7 — oo, we obtain

wo(00, ) = p(x) — ug(0, ) +/O vo(s, ) ds,

where fooo vo($, ) ds, by virtue of the estimate (18) for vy (7, x), converges. In-
tegrating now equation (13”) and passing to the limit as 7 — oo, we obtain

ug(0,2)+wg(00,x)

(z) = / ) A(0,,€) de.

Hence, taking into account (6) and the expression for wy (0o, x), we obtain

Az) = /000 vo(s,x) ds.

Then from the expression
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wy(T, ) = —/TOO vo(s,z) ds

directly-

Consequently, estimate (18) follows for wy(r,z). By differentiating equa-
tion (13”) and using induction, one can verify the validity of (18) for
O™ rwy(r,2) /0T 0™, 1 <m < N + 1.

Lemma 2. The solution wy(7,x) of problem (14”),(12”) and its derivatives of

the form 0™ tw, /0T 0z™, 1 <k < N+1, 0<m < N +1—k, are functions
of boundary-layer type.

Lemma 2 is proved by the method of mathematical induction.

Theorem. If conditions (3), (16), (17) are satisfied and, for —oo < u <
+00, OA/Ou, OB/Ou, 9*°B/0u? are bounded in Q (the characteristic triangle
of equation (1)), then in Q there exists a unique'®3) solution of problem (1), (2),
and it admits the following asymptotic expansion:

N+1

N
t
u(t,z,e) = Zskuk(t,x) + Z skwk(g,x> + Ry(t,x,€), (19)
k=0 k=0

where wu(t, x) is the solution of equation (4) with initial condition (5), u(t, )
is the solution of problem (14"), (15); wy,(t/e, x) are functions of boundary-layer
type, constructed with the help of problems (13”),(12") and (14”), (12”). For
Ry everywhere in ) the estimate holds

||RNHL2(Q) = O(eNHh). (20)

Remark. The investigation also carries over to the case u(t, zq, ..., x,).

’ n

In conclusion I express my sincere gratitude to Corresponding Member of the
Academy of Sciences of the USSR L. A. Lyusternik for posing the problem and
for his constant attention to the work.
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