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Abstract
Full Text
UDC 517.5+513.881

MATHEMATICS

M. D. RAMAZANOV

THEOREMS ON TRACES AND EXTENSIONS
OF FUNCTIONS FROM SURFACES
(Presented by Academician S. L. Sobolev on 28 V 1969)

1°. We shall use the following notation: the variables 𝑥, 𝑦, 𝜉, 𝜂 are vectors
of the 𝑛-dimensional Euclidean space 𝑅𝑛; 𝛼, 𝛽 are multi-indices with integer
nonnegative components; 𝑖𝐷 denotes differentiation with respect to 𝑥 or 𝑦, 𝑖𝜕
with respect to 𝜉 or 𝜂. Primed quantities refer to the case of dimension (𝑛 − 1).
For example,

𝐷𝛼 = (−𝑖)|𝛼|𝜕 |𝛼|/𝜕𝑥𝛼1
1 … 𝜕𝑥𝛼𝑛𝑛 ,

|𝛼| = 𝛼1 + … + 𝛼𝑛, 𝜕𝛽′ = (−𝑖)|𝛽′|𝜕 |𝛽′|/𝜕𝜉𝛽1
1 … 𝜕𝜉𝛽𝑛−1

𝑛−1 .

We consider functions of 𝑛 real variables from the Sobolev spaces 𝑊 𝑘̄
2 (𝑅𝑛) with

norm

‖𝑓(𝑥)‖𝑘̄ = (∫ | ̃𝑓(𝜉)|2
𝑛

∑
𝑗=1

(𝜉2
𝑗 + 1)𝑘𝑗 𝑑𝜉)

1/2

,

where
̃𝑓(𝜉) = (2𝜋)−𝑛/2 ∫ 𝑓(𝑥) exp(−𝑖𝑥𝜉) 𝑑𝑥

is the Fourier transform of the function 𝑓(𝑥), 𝑘̄ = (𝑘1, … , 𝑘𝑛).* Under the con-
dition

2min(𝑘1, … , 𝑘𝑛) > max(1, 𝑘1, … , 𝑘𝑛) (1)

we describe the properties of the values of functions from 𝑊 𝑘̄
2 on smooth (𝑛−1)-

dimensional surfaces.

The earlier known results concern mainly the cases when Γ is a hyperplane (1,2).
Some results for nonplanar surfaces of special types were presented in connection
with 𝑊 𝑘̄

𝑝,𝛼-spaces in (3). Arbitrary smooth surfaces Γ were considered only for
isotropic norms (𝑘1 = … = 𝑘𝑛) (1,4), since in this case Γ can be straightened
into a coordinate hyperplane without changing the space.

We use the main result of the work (5), which, as applied to the spaces 𝑊 𝑘̄
2

under the condition 2min(𝑘1, … , 𝑘𝑛) > 1, is formulated as follows.
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Let the (𝑛 − 1)-dimensional surface Γ be given by the functions 𝑥 = 𝜑(𝑦′),
𝑦′ = (𝑦1, … , 𝑦𝑛−1) ∈ 𝑅𝑛−1; the functions 𝜑𝑗(𝑦′) (𝑗 = 1, … , 𝑛) are assumed to be
such that there exists a smooth change of variables

𝑥 = Φ(𝑦), (2)

which maps Γ onto the hyperplane 𝑦𝑛 = 0, i.e. Φ(𝑦′, 0) = 𝜑(𝑦′), Φ𝑗(𝑦) ∈ 𝐶1(𝑅𝑛),
and the Jacobian of the change of variables

𝐷Φ = det(𝜕Φ𝑖/𝜕𝑦𝑗)

is uniformly bounded above and below:

0 < 𝑐1 ≤ 𝐷Φ ≤ 𝑐2 < ∞.

Put

𝑃(𝜉) = [
𝑛

∑
𝑗=1

(𝜉2
𝑗 + 1)𝑘𝑗]

1/2

,

𝐾(𝑥′, 𝑦′) = ∫ 𝑑𝜉 {exp 𝑖𝜉(𝜑(𝑥′) − 𝜑(𝑦′))}/|𝑃 (𝜉)|2. (3)

* We shall write 𝑊 𝑘
2 (without a bar over the index 𝑘) if 𝑘1 = … = 𝑘𝑛 = 𝑘.

Then:

A. The equation

∫ 𝐾(𝑥′, 𝑦′) 𝑢(𝑦′) 𝑑𝑦′ = ℎ(𝑥′) (4)

is uniquely solvable with respect to 𝑢 ∈ ℒ2(𝑅𝑛−1) for any function
ℎ ∈ 𝐶∞

0 (𝑅𝑛−1). With the aid of the inverse operator 𝑢 = 𝐿ℎ, on func-
tions from 𝐶∞

0 (𝑅𝑛−1) one can define the norm

|||ℎ|||2 = (𝐿ℎ, ℎ) > 0 for ℎ ≠ 0. (5)

The closure of 𝐶∞
0 (𝑅𝑛−1) in this norm gives the space 𝐻(Γ).

B. Every function 𝑓(𝑥) from 𝑊 𝑘̄
2 (𝑅𝑛) takes on Γ the value 𝑓(𝜑(𝑦′)) = ℎ(𝑦′) ∈

𝐻(Γ). This result is unimprovable in the sense that every function ℎ(𝑦′) ∈ 𝐻(Γ)
can be extended from Γ to all of 𝑅𝑛 by a function 𝑣(𝑥) ∈ 𝑊 𝑘̄

2 (𝑅𝑛).
2∘. In the present paper we solve equation (4) under condition (1) and find
such an approximate expression for the operator 𝐿 which permits one to write
an explicit expression for the norm equivalent to the norm (5) of the space
𝐻(Γ) on functions with compact supports. Here the surface Γ is assumed to be
sufficiently smooth.
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Theorem. Let

𝑘0 = max(𝑘1, … , 𝑘𝑛), 𝜌 = min(𝑘1, … , 𝑘𝑛)/𝑘0,

𝜑(𝑦′) ∈ 𝐶𝑟, 𝑟 = 7𝑘0 + 2𝑛 + 𝑛/(2𝜌 − 1);
let 𝐴(𝑦′) be the value on Γ of the matrix (𝜕Φ𝑖/𝜕𝑦𝑗)−1, let 𝐴∗(𝑦′) be the transposed
matrix, and let

𝑝(𝑦′, 𝜉′) = ∫ 𝑑𝜉𝑛 / |𝑃 (𝐴∗(𝑦′)𝜉)|2,

where 𝑃(𝜉) is defined by formula (3). Then, if condition (1) is fulfilled, the
norm (5) is equivalent to the norm

|||ℎ|||′2 = ∫ |ℎ(𝑦′)|2𝑑𝑦′ + ∣∫ 𝑑𝑦′ 𝑑𝜉′ exp(𝑖𝑦′𝜉′) ℎ̃(𝜉′) ℎ(𝑦′)/𝑝(𝑦′, 𝜉′)∣ . (6)

More precisely, for any compact domain Ω ⊂ 𝑅𝑛−1, the spaces obtained by
closing 𝐶∞

0 (Ω) in the norms (5) and (6) coincide.

Proof. A function concentrated in Ω can be represented as a finite sum of
functions with small supports, and it is sufficient to establish the equivalence of
the norms (5) and (6) for each summand. Therefore one may regard the domain
Ω itself as small. In a sufficiently small domain the equation of the surface Γ
can be given as solved with respect to one of the variables. Taking this variable
to be 𝑥𝑛, let us define Γ by the equation

𝑥𝑛 = 𝜎(𝑥′).

We shall suppose 𝜎(𝑥′) to be finite, after smoothly deforming, if necessary, Γ
into the hyperplane 𝑥𝑛 = 0 outside some neighborhood of Ω. Obviously, such a
deformation will not change the properties of the function in the domain Ω.

We take the change of variables (2) in the form

𝑥 = Φ(𝑦) = (𝑦′, 𝑦𝑛 + 𝜎(𝑦′)).

This will allow us to work with less cumbersome formulas, although the proof
given is also valid for an arbitrary sufficiently smooth change of variables (2).

In what follows we shall deal only with functions of 𝑛 − 1 variables; only the
vector 𝜉 will remain 𝑛-dimensional. Therefore we agree to omit primes in all
notation, except 𝜉′. Thus, for example, below

𝑥 = (𝑥1, … , 𝑥𝑛−1) ∈ 𝑅𝑛−1, 𝛼 = (𝛼1, … , 𝛼𝑛−1).

Let us write for 𝜎(𝑦) the Taylor series in a neighborhood of the point 𝑥, with
the remainder term in integral form:
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𝜎(𝑦) = 𝜎(𝑥) + ∑
1≤|𝛼|≤𝑎

(𝑖𝐷)𝛼𝜎(𝑥)(𝑦 − 𝑥)𝛼/𝛼! + 𝜎𝑎,

𝜎𝑎 = ∫
1

0
𝑑𝑡 (𝑎 + 1)(1 − 𝑡)𝑎 ∑

|𝛼|=𝑎+1
(𝑖𝐷)𝛼𝜎(𝑥 + 𝑡(𝑦 − 𝑥))(𝑦 − 𝑥)𝛼/𝛼!.

Corresponding to this, the operator 𝐾, defined on 𝐶∞
0 (Ω) by the formula ⋯

(3), can be decomposed into the sum of two operators 𝐾ℎ = 𝐾1ℎ + 𝐾𝑎ℎ,

𝐾1ℎ = ∫ 𝑑𝑦 ℎ(𝑦) ∫ 𝑑𝜉 {exp [𝑖 (𝜉′ + 𝜉𝑛∇𝜎(𝑥)) (𝑥 − 𝑦)] −

−𝑖𝜉𝑛 ∑
2≤|𝛼|≤𝑎

(𝑖𝐷)𝛼𝜎(𝑥)(𝑦 − 𝑥)𝛼/𝛼!
⎫}
⎬}⎭

/|𝑃(𝜉)|2, (7)

where ∇𝜎 is the gradient of the function 𝜎,

𝐾𝑎ℎ = ∫ 𝑑𝑦 ℎ(𝑦) ∫ 𝑑𝜉 (1−exp(−𝑖𝜉𝑛𝜎𝑎)){exp[𝑖𝜉′(𝑥−𝑦)+𝑖𝜉𝑛(𝜎(𝑦)−𝜎(𝑥))]}/|𝑃 (𝜉)|2.

It can be computed that if 𝑎 > 𝑚 − 1 − 𝑘0 + (𝑚 + 𝑛 + 1)/𝜌, then

the operator 𝐾𝑎 ∶ 𝑊 𝑟
2 → 𝑊 𝑟+𝑚/2

2 is bounded for −𝑚/2 ≤ 𝑟 ≤ 𝑚/2 and 𝑚 ≥ 2.
(8)

Here we assume 𝜎 ∈ 𝐶𝑎+1+𝑚.

We now consider 𝐾1ℎ, given by formula (7). Denote

Σ = − ∑
2≤|𝛼|≤𝑎

(𝑖𝐷)𝛼𝜎(𝑥)(𝑦 − 𝑥)𝛼/𝛼!.

We represent the function exp 𝑖𝜉𝑛Σ, which stands under the integral in the
expression for the kernel of the operator 𝐾1, by Taylor’s formula with the
remainder term in integral form,

exp 𝑖𝜉𝑛Σ =
𝑏

∑
𝑗=0

(𝑖𝜉𝑛Σ)𝑗/𝑗! + 𝑒𝑏.

Accordingly, we write 𝐾1 as the sum of two operators: 𝐾1ℎ = 𝐾2ℎ+𝐾𝑏ℎ, where
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𝐾𝑏ℎ = ∫ 𝑑𝑦 ℎ(𝑦) ∫ 𝑑𝜉
|𝑃 (𝜉)|2 {exp[𝑖(𝜉′ + 𝜉𝑛∇𝜎(𝑥))(𝑥 − 𝑦)]}×

× ∫
1

0
𝑑𝑡 (1 − 𝑡)𝑏

𝑏! (𝑖𝜉𝑛Σ)𝑏+1 exp 𝑖𝑡𝜉𝑛Σ.

If 𝑏 > 𝑚 + 1 + (𝜌 − 1
2 )(𝑚 + 𝑛 + 1 − 𝜌𝐾0) and 𝜎 ∈ 𝐶𝑎+𝑚, then

the operator 𝐾𝑏 ∶ 𝑊 𝑟
2 → 𝑊 𝑟+𝑚/2

2 is bounded for −𝑚/2 ≤ 𝑟 ≤ 𝑚/2 and 𝑚 ≥ 2.
(9)

Let us turn to the operator 𝐾2ℎ:

𝐾2ℎ = ∫ 𝑑𝑦 ℎ(𝑦) ∫ 𝑑𝜉 (
𝑏

∑
𝑗=0

Σ𝑗/𝑗!) [exp 𝑖(𝜉′ + 𝜉𝑛∇𝜎(𝑥))(𝑥 − 𝑦)]/|𝑃 (𝜉)|2 =

=
𝑏

∑
𝑗=0

[(2𝜋)𝑛/2/𝑗!] ∫ 𝑑𝜉′
⎧{
⎨{⎩

∫ 𝑑𝜉𝑛 ⎛⎜
⎝

𝑖𝜉𝑛 ∑
2≤|𝛼|≤𝑎

(+𝑖𝐷)𝛼𝜎(𝑥)
𝛼! 𝜕𝛼

𝜉′⎞⎟
⎠

𝑗

× 1
|𝑃(𝜉′ − 𝜉𝑛∇𝜎(𝑥), 𝜉𝑛)|2 } ℎ̃(𝜉′) exp 𝑖𝜉′𝑥.

Bringing under the integral sign the sum over 𝛼 to the 𝑗-th power, we decompose
𝐾2ℎ into a finite sum of operators corresponding to the individual monomials

𝐾2ℎ = 𝑝ℎ +
𝑁

∑
𝑠=1

𝑐𝑠(𝑥)𝑝𝑠ℎ, 𝑝ℎ = (2𝜋)𝑛/2 ∫ 𝑑𝜉′ 𝑝(𝑥, 𝜉′)ℎ̃(𝜉′) exp 𝑖𝜉′𝑥,

the coefficients 𝑐𝑠(𝑥) are products of various derivatives of 𝜎(𝑥) with constant
factors,

𝑝𝑠ℎ = ∫ 𝑑𝜉′ 𝑝𝑠(𝑥, 𝜉′)ℎ̃(𝜉′) exp 𝑖𝜉′𝑥,

where the functions 𝑝𝑠(𝑥, 𝜉′) have the form

𝑝𝑠(𝑥, 𝜉′) = ∫ 𝑑𝜉𝑛 𝜉𝑗𝑠𝑛 𝜕𝛼𝑠
𝜉′ (1/|𝑃 (𝜉′ − 𝜉𝑛∇𝜎(𝑥), 𝜉𝑛)|2) ,

1 ≤ 𝑗𝑠 ≤ 𝑏, 2𝑗𝑠 ≤ |𝛼(𝑠)| ≤ 𝑎𝑏.
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Lemma 1.

∣𝜕𝛼𝐷𝛽𝑝(𝑥, 𝜉′)∣ ≤ 𝐶𝛼,𝛽𝑝(𝑥, 𝜉′)(|𝜉′| + 1)−𝜌|𝛼|+(1−𝜌)|𝛽|,

∣𝜕𝛼𝐷𝛽𝑝𝑠(𝑥, 𝜉′)∣ ≤ 𝐶𝛼,𝛽,𝑠𝑝(𝑥, 𝜉′)(|𝜉′| + 1)−𝜌|𝛼|+(1−𝜌)|𝛽|−(𝜌−1)𝑠.

These estimates are not difficult to obtain, taking into account the simple ex-
pressions of the functions 𝑝(𝑥, 𝜉′), 𝑝𝑠(𝑥, 𝜉′) in terms of 𝑃(𝜉) and the definition
of 𝑃(𝜉).
Let

𝑞ℎ = 𝜁(𝑥) ∫ 𝑑𝜉′ ∫ 𝑑𝑦 |𝜁(𝑦)ℎ(𝑦) exp 𝑖𝜉′(𝑥 − 𝑦)|/𝑝′(𝑥, 𝜉′),

where 𝜁(𝑥) ∈ 𝐶∞
0 (𝑅𝑛−1) and is equal to 1 on Ω.

Lemma 2. If 𝜎 ∈ 𝐶𝑟, 𝑟 = 7𝑘0 + 2𝑛 + 𝑛/(2𝜌 − 1), then the operator 𝑞 ∶ 𝑊 𝑟
2 →

𝑊 𝑟−𝑘0
2 is bounded for 0 ≤ 𝑟 ≤ 𝑘0, 𝑞𝐾 = 𝜉2 + 𝑞1, 𝐾𝑞 = 𝜉2 + 𝑞2, where the

operator 𝜉2ℎ = 𝜉2(𝑥)ℎ(𝑥), and 𝑞1 ∶ 𝑊 𝑟
2 → 𝑊 𝑟+2𝜌−1

2 is bounded for −𝑘0 ≤ 𝑟 ≤ 0,
the operator 𝑞2 ∶ 𝑊 𝑟

2 → 𝑊 𝑟+2𝜌−1
2 is bounded for 0 ≤ 𝑟 ≤ 𝑘0.

This assertion can be established by the method developed in Hörmander’s paper
(6) (proof of Theorem 3.1). In doing so we use the decomposition obtained by
us

𝐾 = 𝑝 + ∑ 𝑐𝑠𝑝𝑠 + 𝐾𝑎 + 𝐾𝑏.

For the operators 𝑞(𝐾𝑎 + 𝐾𝑏) and (𝐾𝑎 + 𝐾𝑏)𝑞, the boundedness of their action
from 𝑊 𝑟

2 to 𝑊 𝑟+2𝜌−1
2 for −𝑘0 ≤ 𝑟 ≤ 0 and 0 ≤ 𝑟 ≤ 𝑘0, respectively, follows

from formulas (8) and (9) with 𝑚/2 = 𝑘0 + 2𝜌 − 1, 𝑎 = 5𝑘0 + 2𝑛 − 1, 𝑏 =
3𝑘0 + 4 + (𝑛 + 1)/2. The action of the operators 𝑞, 𝑝, 𝑝𝑠 is studied on the basis
of the estimates of Lemma 1.

Lemma 2 means that the operator 𝑞 may be taken approximately as the inverse
of 𝐾, the operator 𝐿.
We complete the proof of the theorem. On functions concentrated in Ω,

𝐿 = 𝐿𝜁2 = 𝐿(𝐾𝑞 − 𝑞2) = 𝑞 − 𝐿𝑞2, ‖ℎ‖2 = (𝐿ℎ, ℎ) = (𝑞ℎ, ℎ) − (𝐿𝑞2ℎ, ℎ).

If supℎ ⊂ 𝜔, then
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|(𝑞ℎ, ℎ)| = (2𝜋)−𝑛/2 ∣∫ 𝑑𝑥 𝑑𝜉′ exp(𝑖𝜉′𝑥) ℎ̃(𝜉′)ℎ(𝑥)/𝑝(𝑥, 𝜉′)∣ .

The equivalence of the norms (5) and (6) will be established if we show that

|(𝐿𝑞2ℎ, ℎ)| ≤ ‖|ℎ|‖2/2 + 𝐶‖ℎ‖2
ℒ2

. (10)

The last estimate is indeed valid. Note that (𝐿ℎ, 𝑔) defines the scalar product
in the Hilbert space 𝐻(Γ). For any 𝛿 > 0 we have

|(𝐿𝑞2ℎ, ℎ)| ≤ ‖|ℎ|‖ ⋅ ‖|𝑞2ℎ|‖ ≤ 𝛿‖|ℎ|‖2 + (4𝛿)−1‖|𝑞2ℎ|‖2 =

= 𝛿‖|ℎ|‖2 + (4𝛿)−1(𝐿𝐾𝑞∗
2𝐿𝑞2ℎ, ℎ) ≤ 2𝛿‖|ℎ|‖2 + (4𝛿)−3‖|𝐾𝑞∗

2𝐿𝑞2ℎ|‖2 ≤ ⋯

⋯ ≤ 𝑠𝛿‖|ℎ|‖2 + (4𝛿)1−2𝑠‖|(𝐾𝑞∗
2𝐿𝑞2)2𝑠−1ℎ|‖2,

𝐿𝑞2 = 𝐿 − 𝑞 = 𝑞1𝐿, 𝐾𝑞∗
2𝐿 = 𝑞∗

1.

Thus,

|(𝐿𝑞2ℎ, ℎ)| ≤ 𝑠𝛿‖|ℎ|‖2 + (4𝛿)1−2𝑠‖|(𝑞∗
1𝑞2)2𝑠−1ℎ|‖2. (11)

The operator (𝑞∗
1𝑞2)2𝑠−1 ∶ ℒ2 → 𝑊 𝑘0

2 is bounded for 𝑠 ≥ ln(𝑘0/(2𝜌 − 1))/ ln 2.
Consequently, we obtain inequality (10) by putting in (11)

𝑠 = [ln(𝑘0/(2𝜌 − 1))/ ln 2] + 1

and 𝛿 = 1/2𝑠.
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