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MATHEMATICS

E. V. KISSIN

DECOMPOSITION OF THE TENSOR PROD-
UCT OF IRREDUCIBLE MAXIMALLY DE-
GENERATE REPRESENTATIONS OF THE
GROUP OF COMPLEX MATRICES OF OR-
DER 𝑛 WITH DETERMINANT 1
(Presented by Academician I. N. Vekua on 17 VI 1969)

In representation theory, in connection with various applications, in particular
in theoretical physics, the problem arises of decomposing the tensor product of
irreducible representations of a certain group into irreducible representations of
this group. For the group of complex matrices of order 𝑛 with determinant 1,
the problem was solved by I. M. Gel’fand and M. I. Graev (4) in the case of
the tensor product of representations of the principal series. For 𝑛 = 2 an anal-
ogous problem was solved by another method by M. A. Naimark (3). For 𝑛 = 2
the problem was solved by M. A. Naimark for the case of the tensor product
of representations of the principal and supplementary series and for the case of
the tensor product of 2 representations of the supplementary series (5,6). In the
present article the problem is solved of decomposing into irreducible represen-
tations the tensor product of irreducible maximally degenerate representations
of the group of complex matrices of order 𝑛 with determinant 1. In doing so, a
modified method of I. M. Gel’fand and M. I. Graev (4) of transformation by
horospheres is used.

1. Statement of the problem. Let 𝐺 be the group of complex matrices of
order 𝑛 with determinant 1 (𝑛 ≥ 3). Let 𝐾 be the group of matrices 𝑘 = ‖𝑘𝑝𝑞‖ ∈
𝐺 such that 𝑘𝑝1 = 0, 𝑝 ≥ 2. Let 𝑍 be the group of matrices 𝑧 = ‖𝑧𝑝𝑞‖ ∈ 𝐺 such
that 𝑧𝑝𝑝 = 1, 𝑧𝑝𝑞 = 0, 𝑞 ≠ 1, 𝑞 ≠ 𝑝. It is known (1) that almost any matrix
𝑔 ∈ 𝐺 can be represented in the form 𝑔 = 𝑘 ⋅ 𝑧, where 𝑘 ∈ 𝐾, 𝑧 ∈ 𝑍. Recall
(1) that the maximally degenerate representation 𝔖𝑝,𝜌 (𝑝 an integer, 𝜌 a real
number) of the group 𝐺 is realized in the space of functions on the group 𝑍,
𝑓(𝑧) = 𝑓(𝑧21, … , 𝑧𝑛1), with integrable square and is given by the formula

𝑇𝑔𝑓(𝑧) = 𝛼(𝑧𝑔)𝑓(𝑧𝑔), (1)
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where

𝑧𝑔 = 𝑘 ⋅ 𝑧𝑔, 𝑘 ∈ 𝐾, 𝑧𝑔 ∈ 𝑍,

𝛼(𝑔) = 𝛼(𝑘 ⋅ 𝑧) = 𝛼(𝑘) = |𝑘11|−𝑝−𝑖𝜌+𝑛𝑘𝑝
11. (2)

The tensor product 𝔖𝑝1,𝜌1
× 𝔖𝑝2,𝜌2

of two representations 𝔖𝑝1,𝜌1
, 𝔖𝑝2,𝜌2

is real-
ized in the space 𝐿2(𝑍 × 𝑍) of functions 𝑓(𝑧, 𝑧′) = 𝑓(𝑧21, … , 𝑧𝑛1, 𝑧′

21, … , 𝑧′
𝑛1) on

the direct product 𝑍 × 𝑍, having integrable square, and is given by the formula

𝑇𝑔𝑓(𝑧, 𝑧′) = 𝛼1(𝑧𝑔)𝛼2(𝑧′𝑔)𝑓(𝑧𝑔, 𝑧′𝑔), (3)

where

𝛼1(𝑘) = |𝑘11|−𝑝1−𝑖𝜌1+𝑛𝑘𝑝1
11, 𝛼2(𝑘) = |𝑘11|−𝑝2−𝑖𝜌2+𝑛𝑘𝑝2+𝑖𝜌2

11 .

It is required to decompose the representation (3) into irreducible representa-
tions.

2. The manifold of pairs (𝑧, 𝑧′) is not transitive with respect to the group 𝐺.
However, it is easy to show that after removing from it a submanifold of lower
dimension, a transitive manifold 𝑌 = 𝐺/𝐶 is obtained, where

𝐶 is the group of matrices 𝑐 = ‖𝑐𝑝𝑞‖ ∈ 𝐺 such that 𝑐𝑝1 = 0, 𝑝 ≥ 2; 𝑐12 =
0, 𝑐𝑝2 = 0, 𝑝 ≥ 3. Let 𝑈 be the group of matrices 𝑢 = ‖𝑢𝑝𝑞‖ ∈ 𝐺 such that
𝑢𝑝𝑝 = 1, 𝑢𝑝𝑞 = 0, 𝑝 < 𝑞; 𝑢𝑝𝑞 = 0, 2 < 𝑞 < 𝑝; Ξ the group of matrices
𝜉 = ‖𝜉𝑝𝑞‖ ∈ 𝐺 such that 𝜉𝑝𝑝 = 1, 𝜉𝑝𝑞 = 0, (𝑝, 𝑞) ≠ (1, 2), and 𝑀 the group of
matrices 𝑚 = ‖𝑚𝑝𝑞‖ ∈ 𝐺 such that 𝑚𝑝1 = 0, 𝑝 ≥ 2; 𝑚𝑝2 = 0, 𝑝 ≥ 3.

Then (1) almost every matrix 𝑔 ∈ 𝐺 can be represented in the form

𝑔 = 𝑚𝑢 = 𝑐𝜉𝑢, 𝑚 ∈ 𝑀, 𝑢 ∈ 𝑈, 𝜉 ∈ Ξ, 𝑐 ∈ 𝐶. (4)

By virtue of (4), to each pair (𝜉, 𝑢), 𝜉 ∈ Ξ, 𝑢 ∈ 𝑈 , there corresponds a right
adjacency class in 𝑌 . The points in 𝑌 for which there is no such correspondence
form in 𝑌 a submanifold of lower dimension. Define on 𝑌 the measure

𝑑𝑦 = 𝑑𝜉 𝑑𝑢 = 𝑑𝜉12𝑑𝑢21 ⋯ 𝑑𝑢𝑛1𝑑𝑢32 ⋯ 𝑑𝑢𝑛2. (5)

Consider the representation of the group 𝐺 which is realized in the space 𝐿2(𝑌 )
of functions 𝑓(𝑦) on the manifold 𝑌 , square-integrable with respect to the mea-
sure 𝑑𝑦, and which is given by the formula
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𝑇𝑔𝑓(𝑦) = 𝑇𝑔𝑓(𝜉, 𝑢) = 𝛼(𝑢𝑔)𝑓(𝑦𝑔), (6)

where

𝛼(𝑔) = 𝛼(𝑚𝑢) = 𝛼(𝑚) = |𝑚11|−𝑝1−𝑖𝜌1+𝑛𝑚𝑝1
11|𝑚22|−𝑝2−𝑖𝜌2+𝑛𝑚𝑝2

22.

Let 𝑓(𝑧, 𝑧′) be a finite function equal to 0 in a neighborhood of the hyperplane
𝑧21 = 𝑧′

21. Put it in correspondence with the function 𝜑(𝑦) ∈ 𝐿2(𝑌 ) by the
formula:

𝜑(𝜉12, 𝑢21, … , 𝑢𝑛2) = |𝜉12|𝑝2+𝑖𝜌2−𝑛𝜉−𝑝2
12 ×

× 𝑓 (𝑢21, 𝑢31 − 𝑢32𝑢21, … , 𝑢𝑛1 − 𝑢𝑛2𝑢21, 𝑢21 + 1
𝜉12

,

𝑢31 − 𝑢32𝑢21 − 𝑢32
𝜉12

, … , 𝑢𝑛1 − 𝑢𝑛2𝑢21 − 𝑢𝑛2
𝜉12

) . (7)

Then the inverse formula has the form

𝑓(𝑧, 𝑧′) = |𝑧′
21 − 𝑧21|𝑝2+𝑖𝜌2−𝑛(𝑧′

21 − 𝑧21)−𝑝2×

× 𝜑 ( 1
𝑧′

21 − 𝑧21
, 𝑧21, 𝑧31𝑧′

21 − 𝑧′
31𝑧21

𝑧′
21 − 𝑧21

, … , 𝑧𝑛1𝑧′
21 − 𝑧′

𝑛1𝑧21
𝑧′

21 − 𝑧21
,

𝑧31 − 𝑧′
31

𝑧′
21 − 𝑧21

, … , 𝑧𝑛1 − 𝑧′
𝑛1

𝑧′
21 − 𝑧21

) . (8)

Theorem 1. The mapping (7) defines an isomorphism of the spaces 𝐿2(𝑍 ×𝑍′)
and 𝐿2(𝑌 ). In this case the representations given by formulas (3) and (6) are
equivalent.

3. Consider the group 𝐻 of matrices ℎ = ‖ℎ𝑝𝑞‖ ∈ 𝐺 such that ℎ22 = 1, ℎ𝑝𝑝 =
1, 𝑝 ≥ 4; ℎ𝑝𝑞 = 0, 𝑞 > 𝑝; ℎ𝑝𝑞 = 0, 3 ≤ 𝑞 < 𝑝. Let Σ be the group of
diagonal matrices such that 𝜎22 = 1, 𝜎𝑝𝑝 = 1, 𝑝 ≥ 4, and Λ the group
of matrices 𝜆 = ‖𝜆𝑝𝑞‖ ∈ 𝑀 such that 𝜆11 = 𝜆22. Then (1) almost every
𝑔 ∈ 𝐺 can be represented in the form
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𝑔 = 𝜆ℎ = 𝜆𝜎𝑢, 𝜆 ∈ Λ, ℎ ∈ 𝐻, 𝜎 ∈ Σ, 𝑢 ∈ 𝑈.

The group 𝐺 acts on the group 𝐻. Define on 𝐻 a right-invariant measure

𝑑𝑟ℎ = |𝜎|−2(𝑛+2)𝑑𝜎 𝑑𝑢 = |𝜎|−2(𝑛+2)𝑑𝜎 𝑑𝑢21 ⋯ 𝑑𝑢𝑛2.

Consider the representation of the group 𝐺 which is realized in the space 𝐿2(𝐻)
of functions 𝑓(ℎ) on 𝐻, square-integrable with respect to the measure 𝑑𝑟ℎ, and
is given by the formula

𝑇𝑔𝑓(ℎ) = 𝛾(ℎ𝑔)𝑓(ℎ𝑔), (9)

where

ℎ𝑔 = 𝜆ℎ𝑔, 𝜆 ∈ Λ, ℎ𝑔 ∈ 𝐻, (10)

𝛾(𝑔) = 𝛾(𝜆ℎ) = 𝛾(𝜆) = |𝜆22|−𝑝−𝑖𝜌+2𝑛𝜆𝑝
22 exp[−𝑖 Re(𝜆12/𝜆22)].

Consider the mapping of the space 𝐿2(𝑌 ) into the space 𝐿2(𝐻)

𝑓(𝜎, 𝑢) = |𝜎|−𝑝−𝑖𝜌1+𝑛+2𝜎𝑝1 ∫ exp[𝑖 Re 𝜎𝜉12]𝜑(𝜉, 𝑢) 𝑑𝜉12. (11)

The inversion formula has the form

𝜑(𝜉, 𝑢) = 1
2𝜋 ∫ |𝜎|𝑝1+𝑖𝜌1−𝑛−2𝜎−𝑝1𝑓(𝜎, 𝑢) exp[−𝑖 Re 𝜎𝜉12] 𝑑𝜎. (12)

Theorem 2. The mapping (11) defines an isomorphism of the spaces 𝐿2(𝑌 )
and 𝐿2(𝐻). The representations defined by formulas (6) and (9) are equivalent
when 𝑝1 + 𝑝2 = 𝑝, 𝜌1 + 𝜌2 = 𝜌.

Corollary. If 𝑝1 + 𝑝2 = 𝑝′
1 + 𝑝′

2, 𝜌1 + 𝜌2 = 𝜌′
1 + 𝜌′

2, then the tensor products
𝔖𝑝1,𝜌1

× 𝔖𝑝2,𝜌2
and 𝔖𝑝′

1,𝜌′
1

× 𝔖𝑝′
2,𝜌′

2
are unitarily equivalent.

4. In order to decompose the representation obtained in § 3 in 𝐿2(𝐻), it
is necessary in formula (10) to get rid of the exponent. For this we use
the transformation with respect to the orispherical subgroup Ξ. Let 𝑧0 =
‖𝑧𝑝𝑞‖ ∈ 𝐺 be a matrix such that 𝑧𝑝𝑝 = 1, 𝑝 ≥ 3; 𝑧11 = 𝑧22 = 0; 𝑧21 =
−𝑧12 = 1; the remaining 𝑧𝑝𝑞 = 0. Consider the mapping of 𝐿2(𝐻) onto
itself
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̌𝑓(ℎ) = 1
𝜋 𝐿1 ∫ 𝛾(𝑧0𝜉ℎ)𝑓(𝑧0𝜉ℎ) 𝑑𝜉12, (13)

where

𝐿1 = 2𝜎 𝑑
𝑑𝜎 + (−𝑝 + 𝑖𝜌

2 − 𝑛 − 1) , 𝑧0𝜉ℎ ∈ 𝐻, 𝜉 ∈ Ξ.

The inversion formula has the form

𝑓(𝜎, 𝑢) = −1
4|𝜎|(−𝑝−𝑖𝜌)/2+𝑛+1𝜎𝑝/2 ∫ exp[𝑖 Re

√𝜎 |𝑡|] |𝑡|(𝑝+𝑖𝜌)/2−𝑛−3𝑡−𝑝/2×

×[𝐿2 ̌𝑓 ](𝑡,
√

𝜎𝑡 + 𝑢21, 𝑢31, … , 𝑢𝑛2), (14)

where 𝐿2 = 2𝜎̄ 𝜕/𝜕𝜎̄ +((𝑝+𝑖𝜌)/2−𝑛−1). The Plancherel formula has the form

1
4𝜋2 ∫ |𝑓(𝜎, 𝑢)|2|𝜎|−2𝑛−4 𝑑𝜎 𝑑𝑢 = 1

8𝜋2 ∫ | ̌𝑓(𝜎, 𝑢)|2|𝜎|−2𝑛−4 𝑑𝜎 𝑑𝑢.

The representation which was defined by formula (9), after the transformation
will be defined by the following formula:

𝑇𝑔 ̌𝑓(ℎ) = 𝜀(ℎ𝑔) ̌𝑓(ℎ𝑔), (15)

where 𝜀(𝑔) = 𝜀(𝜆ℎ) = 𝜀(𝜆) = |𝜆22|−𝑝−𝑖𝜌+2𝑛𝜆𝑝
22.

Theorem 3. The mapping (13) is an isometric mapping of the space 𝐿2(𝐻)
onto itself. Moreover, the representation defined by formula (9) is equivalent to
the representation defined by formula (15).

5. Let ̌𝑓(ℎ) ∈ 𝐿2(𝐻). Consider the transformation

𝜑(𝑢, 𝜒) = ∫ ̌𝑓(𝜎, 𝑢)𝜒−1(𝜎)|𝜎|−𝑛−1 𝑑𝜇(𝜎),

where 𝜒(𝜎) = |𝜎|𝑙+𝑖𝑣𝜎−𝑙 is a character on the group Σ, 𝑙 is an integer, 𝑣 is a real
number, and 𝑑𝜇(𝜎) is an invariant measure on the group Σ. The inversion and
Plancherel formulas have the form

̌𝑓(𝜎, 𝑢)|𝜎|−𝑛−1 = 1
2𝜋2

∞
∑

𝑙=−∞
∫

∞

0
𝜑(𝑢, 𝑙, 𝑣)𝜒(𝜎) 𝑑𝑣,
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1
8𝜋2 ∫ | ̌𝑓(𝜎, 𝑢)|2|𝜎|−2𝑛−2 𝑑𝜇(𝜎) 𝑑𝑢 = 1

(2𝜋)4

∞
∑

𝑙=−∞
∫

∞

0
[∫ |𝜑(𝑢, 𝑙, 𝑣)|2 𝑑𝑢] 𝑑𝑣.

The operators of the representation take the form

𝑇𝑔𝜑(𝑢, 𝜒) = 𝑎𝜒(𝑢𝑔)𝜑(𝑢𝑔, 𝜒), 𝑢𝑔 = 𝑚𝑢𝑔, 𝑚 ∈ 𝑀, 𝑢𝑔 ∈ 𝑈,

where

𝑎𝜒(𝑔) = 𝑎𝜒(𝑚𝑢) = 𝑎𝜒(𝑚) = |𝑚11| 𝑙+𝑖𝜈+𝑛+1𝑚−𝑙
11|𝑚22|−(𝑝+𝑙)−𝑖(𝜌+𝜈)+𝑛−1𝑚𝑝+𝑙

22 .

Thus, for fixed 𝜒, the functions 𝜑(𝑢, 𝜒) are transformed according to the unitary
degenerate representation of the group 𝐺 corresponding to the character 𝜒, with
stationary subgroup 𝑀 . Using this and Theorems 1–3, we obtain the main
theorem.

Theorem 4. Let 𝐿 denote the Hilbert space of all measurable functions 𝜑(𝑢, 𝜒)
satisfying the condition

‖𝜑(𝑢, 𝜒)‖2 =
∞

∑
𝑙=−∞

∫
∞

0
𝜔(𝜒) (∫ |𝜑(𝑢, 𝜒)|2 𝑑𝑢) 𝑑𝜈 < ∞,

where

𝜔(𝜒) = 1
(2𝜋)4 |𝜌1 + 𝜌2 + 2𝑙 − 𝑖(𝜌1 + 𝜌2 + 2𝜈)|2 .

Using 𝛿-functions, we have that for any function 𝑓(𝑧, 𝑧′) ∈ 𝐿2(𝑍×𝑍) the integral

𝜑(𝑢, 𝜒) = ∫ 𝑏(𝑢, 𝑧, 𝑧′, 𝜒)𝑓(𝑧, 𝑧′) 𝑑𝑧 𝑑𝑧′, (16)

where

𝑏(𝑢, 𝑧, 𝑧′, 𝜒) = |𝑧′
21 − 𝑢21|−(𝑙+𝑝2)−𝑖(𝜈+𝜌2)−1(𝑧′

21 − 𝑢21)𝑙+𝑝2×
× |𝑧21 − 𝑢21|−(𝑙+𝑝1)−(𝜈+𝜌1)−1(𝑧21 − 𝑢21)𝑙+𝑝1 |𝑧′

21 − 𝑧21|𝑙+𝑖𝜈+𝑛−3×
× (𝑧′

21 − 𝑧21)−𝑙𝛿[𝑢31 − 𝑢32𝑧21 − 𝑧31] × ⋯ × 𝛿[𝑢𝑛1 − 𝑢𝑛2𝑧21 − 𝑧𝑛1]
× 𝛿[𝑢31 − 𝑢32𝑧′

21 − 𝑧′
31] × ⋯ × 𝛿[𝑢𝑛1 − 𝑢𝑛2𝑧′

21 − 𝑧′
𝑛1]
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converges in the sense of the norm in 𝐿, and the correspondence determined by
this integral is an isometric mapping of the space 𝐿2(𝑍 × 𝑍) onto the space 𝐿.
The inverse mapping is given by the formula

𝑓(𝑧, 𝑧′) = ∫ 𝑏(𝑢, 𝑧, 𝑧′, 𝜒) 𝜑(𝑢, 𝜒)𝜔(𝜒) 𝑑𝜒, 𝑑𝜒 = 𝑑𝜈.

When passing from 𝑓(𝑧, 𝑧′) to 𝑇𝑔𝑓(𝑧, 𝑧′), the corresponding function 𝜑(𝑢, 𝜒)
passes to 𝑇𝑔𝜑(𝑢, 𝜒); consequently, the mapping (16) realizes the decomposition
of the representation 𝔖𝑝1,𝜌1

× 𝔖𝑝2,𝜌2
into irreducible representations.

The author expresses deep gratitude to M. A. Naimark for discussion of the work
and useful advice, and also to A. I. Shtern, who read the work in manuscript
and made a number of valuable comments.

Moscow Institute of Physics and Technology
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