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In representation theory, in connection with various applications, in particular
in theoretical physics, the problem arises of decomposing the tensor product of
irreducible representations of a certain group into irreducible representations of
this group. For the group of complex matrices of order n with determinant 1,
the problem was solved by I. M. Gel' fand and M. L. Graev (*) in the case of
the tensor product of representations of the principal series. For n = 2 an anal-
ogous problem was solved by another method by M. A. Naimark (3) For n =2
the problem was solved by M. A. Naimark for the case of the tensor product
of representations of the principal and supplementary series and for the case of
the tensor product of 2 representations of the supplementary series (5’6). In the
present article the problem is solved of decomposing into irreducible represen-
tations the tensor product of irreducible maximally degenerate representations
of the group of complex matrices of order n with determinant 1. In doing so, a
modified method of I. M. Gel' fand and M. I. Graev (%) of transformation by
horospheres is used.

1. Statement of the problem. Let G be the group of complex matrices of
order n with determinant 1 (n > 3). Let K be the group of matrices k = ||k, | €
G such that k,; =0, p > 2. Let Z be the group of matrices z = |z, € G such
that z,, =1, z,, =0, ¢ # 1, ¢ # p. It is known (') that almost any matrix
g € G can be represented in the form g = k- z, where k € K, z € Z. Recall
(1) that the maximally degenerate representation S,, (p an integer, p a real

number) of the group G is realized in the space of functions on the group Z,

f(z) = f(z91, ..., 2,1), with integrable square and is given by the formula
T,f(z) = alzg)f(Z9), (1)
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where

zg=k-zg, ke K, Zg € Z,

a(g) = alk-2) = a(k) = |ky |77k, (2)
The tensor product S, X6, 0, of two representations Sy Sp,p, I8 real-
ized in the space L?(Z x Z) of functions f(2,2") = f(291; -+, Zp1s Za1, -+ s 21 ) OL
the direct product Z x Z, having integrable square, and is given by the formula

T,f(22) = oy (29)as(2'9) (39, 79), (3)
where
oy (k) = [kyy [TPrieatn gy as(k) = |k11|7p27ip2+nk11?+ip2~

It is required to decompose the representation (3) into irreducible representa-
tions.

2. The manifold of pairs (z,z’) is not transitive with respect to the group G.
However, it is easy to show that after removing from it a submanifold of lower
dimension, a transitive manifold Y = G/C is obtained, where

C is the group of matrices ¢ = |[c, || € G such that c,; =0, p > 2; ¢j5 =
0, cpp =0, p>3. Let U be the group of matrices u = |lu,,| € G such that
Uy, = 1, u,y =0, p < q; u,, =0, 2 < g < p; = the group of matrices
§=¢,,l € G such that £, =1, £, =0, (p,q) # (1,2), and M the group of
matrices m = |m,,| € G such that m,; =0, p >2; m,, =0, p>3.

Then (1) almost every matrix g € G can be represented in the form
g = mu = c€u, me M, ueU, e, ceC. (4)
By virtue of (4), to each pair (§,u), £ € E, u € U, there corresponds a right

adjacency class in Y. The points in Y for which there is no such correspondence
form in Y a submanifold of lower dimension. Define on Y the measure

dy = d§ du = d&ypduy; -+ du,, dugy - di,y. (5)

Consider the representation of the group G which is realized in the space L?(Y)
of functions f(y) on the manifold Y, square-integrable with respect to the mea-
sure dy, and which is given by the formula
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Tys(y) = Tys (8§ u) = alug) f(yg), (6)

where

a(g) = a(mu) = a(m) = [my, | P11 mi] mg, [ P2~ P2t miz,

Let f(z,2") be a finite function equal to 0 in a neighborhood of the hyperplane
25y = 2b;. Put it in correspondence with the function ¢(y) € L?(Y) by the
formula:

_ +ipy—n ¢ P2
P(&r2s Ugts ooy Ung) = [§12]P> 772 71E 57 X
1
X f | ugp, Usp — Usglgy, ooy Uy — Upalay, Ugy + 7,
3P
U U
32 n2
Ugy — UgoUgy — Ty ey Upp — UpoUoy — ) . (7)
12 &
Then the inverse formula has the form
N — |/ +ipy—n( 7/ —
f(2,2") = |29y — 299 [P2TP27" (27 — 299) P2 X
/ / / /
1 Z31%21 — ?31%21 Zn1%21 — An1”%21
X 90 ’ ) 2213 /7 A / )
221 T %21 %21 T 21 221 T %21
_ / _ /
231 Z31 Zn1 an) (8)
: oy = .
F21 T 21 F21 T 21

Theorem 1. The mapping (7) defines an isomorphism of the spaces L?(Z x Z’)
and L?(Y). In this case the representations given by formulas (3) and (6) are
equivalent.

3. Consider the group H of matrices h = |h,, || € G such that hyy =1, h,,, =
L, p>4; hy,, =0, ¢ >p; hy,, =0, 3<q<p. Let ¥ be the group of
diagonal matrices such that o9y =1, 0,, =1, p > 4, and A the group
of matrices A = [A,,| € M such that A\;; = Ayy. Then (') almost every
g € G can be represented in the form
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g = Ah = dou, A EA, heH, ogeEx, ueU.

The group G acts on the group H. Define on H a right-invariant measure

dyp, = o] 72" D do du = |o| 2" do duy, - duy,,.

Consider the representation of the group G which is realized in the space L?(H)
of functions f(h) on H, square-integrable with respect to the measure d,,;, and
is given by the formula

T, (h) = ~v(hg) f(hg), 9)

where

hg = Ahg, A €A, hg € H, (10)

Y(g) = Y(Ah) = y(X) = [Age| P72 AL, exp[—i Re(A15/Agy)]-

Consider the mapping of the space L?(Y) into the space L?(H)

f(U,U)::Iaﬁ’p*““+”*2”plj(expﬁ1360£1ﬂ%KE,U)d€1@ (11)

The inversion formula has the form

P& u) = 5= [ lolrinn 2o flo,u) expl-iReaty)do. (1)

Theorem 2. The mapping (11) defines an isomorphism of the spaces L?(Y)
and L2(H). The representations defined by formulas (6) and (9) are equivalent
when py +py =p, p1+py = p.

Corollary. If p; + p, = p] + ph, p1 + pa = p1 + ph, then the tensor products

Sy X6y, ,, a0d &, x 6, are unitarily equivalent.

4. In order to decompose the representation obtained in § 3 in L?(H), it
is necessary in formula (10) to get rid of the exponent. For this we use
the transformation with respect to the orispherical subgroup =. Let z, =
|z, € G be a matrix such that z,, = 1, p > 3; 27 = 295 = 0; 297 =
—215 = 1; the remaining z,, = 0. Consider the mapping of L?(H) onto
itself
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Fib = 21, [ 2(z08h) £ Gof dés (13)

where

d —p+ip — _
= 20— —n—1 =.
L, 20da+< 5 n ), zoéhe H, ¢

The inversion formula has the form
1 . )
flo,u) = _Z|g‘(*p7w)/2+n+1ap/2 /exp[i Re /o |t]] |t|PFiP)/2—n=3¢—p/2x

X[ Lo f](t, Vot + gy, sy s .. s ), (14)

where Ly, =26 0/900+ ((p+ip)/2—n—1). The Plancherel formula has the form

1 1 <
5 [ WoPlo dodu= o [ 1F(o ol 2 do du.
™ s

The representation which was defined by formula (9), after the transformation
will be defined by the following formula:

T,f(h) = e(hg) f(Rg), (15)

where £(g) = e(Ah) = e(A) = |Agp| P27 AL,

Theorem 3. The mapping (13) is an isometric mapping of the space L?(H)
onto itself. Moreover, the representation defined by formula (9) is equivalent to
the representation defined by formula (15).

5. Let f(h) € L*(H). Consider the transformation

olu, ) = / Fo,upx (@)o] ™ du(o),

where x (o) = |o|"""o~! is a character on the group %, [ is an integer, v is a real

number, and du(o) is an invariant measure on the group ¥. The inversion and
Plancherel formulas have the form

fowlo =5 % / (.1, v)x(0) dv,
0
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s 1ol 2antoy = s 3 [ [t o] o

The operators of the representation take the form

Typ(u, x) = a, (ug)(ug, x), ug =mug, meM, ugel,

where

p+1)—i(p+v)+n—1, p+l

l+iv+n+1
1l Mg -

0, (9) = ay (mu) = a, (m) = |m i s

Thus, for fixed y, the functions ¢(u, x) are transformed according to the unitary
degenerate representation of the group G corresponding to the character x, with
stationary subgroup M. Using this and Theorems 1-3, we obtain the main
theorem.

Theorem 4. Let L denote the Hilbert space of all measurable functions ¢(u, x)
satisfying the condition

(w2 = 3 / "0 ([ Ietwnan) v <,

l=—00

where

1 ) 9
w(x) = W“)l + po+20—i(py + py +2v)|".

Using d-functions, we have that for any function f(z,2’) € L?(Zx Z) the integral
plux) = [ b2 0 (2,2 dz (16)

where

b(u, 2,2, X) = |2y — gy | PR (2 — gy ) P2

X |221 — uzl‘*(l+l71)*(l/+ﬁ1>*1(z21 o u21)l+p1 |Zél o Z2l|l+iu+n73x

X (291 — 321)45[1‘31 — UgnZgy — Z31] X 0 X O[Upy — UpoZoy — Zp1]

X Olugy — Uzgzyy — 231] X o X Oy — U2y — 2]
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converges in the sense of the norm in L, and the correspondence determined by
this integral is an isometric mapping of the space L?*(Z x Z) onto the space L.
The inverse mapping is given by the formula

f(zvzl) = /b(uv'zaz/7x> (p(u7X)w<X) dx, dx =dv.

When passing from f(z,2") to T, f(z,2"), the corresponding function ¢(u, x)
passes to T ¢(u, x); consequently, the mapping (16) realizes the decomposition

of the representation &, , x &, into irreducible representations.
, .
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