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In work (1) it was shown that in the theory of a nonideal Bose gas it is convenient
to use a method of decoupling chains of equations for Green’ s functions based
on projecting second-quantized operators in a space with scalar product

(4,B) = =(A | B") g0 (1)

where

(1B = [ e By @

is the Fourier component of the Green’ s function

(A(t); BY)) = —if(t)([A(t), B']), and

A(t) = exp{iHt}Aexp{—iHt} is the operator in the Heisenberg representation
for a system with Hamiltonian H (). In the present work it will be shown
that this method is also useful in the investigation of the asymptotics of the
Green’ s functions of a nonideal Bose gas for small values of the energy and
momentum of a particle. In this case, for the one-particle Green’ s functions
we obtain poles corresponding to ordinary and second sound, without resorting
to the usual construction of a kinetic equation in these cases (see, for example,
).

We shall consider the case of low temperatures, when the number of particles
in the condensate NV, is, in order of magnitude, equal to the total number of
particles N, and the interaction between particles is small. In accordance with
this, in the equations of motion for the annihilation and creation operators
a,(t) and a*,(t) we introduce a formal small parameter ¢, replacing the Fourier
component of the interaction potential v(k) by ev(k), and N and N, by e !N
and ' Ny. The equation of motion for a,(t) has the form
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da q> N N, €
27‘1 = [aqH} = (2777, — M + VU(O)) +7OU<Q) (aq+atq)+\ﬁAq+V Z ’U<k)a2)_ap+ka7k:+q7
k+#0,q; p#0,—k

3)

where
Ny
4, = VEYZE ST {(00) + vlk)at, + v(ka oy
ag, a,, ag, etc. are Bose creation and annihilation operators for particles in

a state with momentum # 0; V is the volume of the system. The chemical
potential y is determined from the condition

(ag) = 0404/ Ny and is equal to

3/2
b= T0(0) 4 5 S+ aa) -~ S k), ) (4

VNV

For € = (0 we obtain the result of work (%), which is expressed by the relations

2

TN, )

a,(t) = uqaqueq + vqafqeleq, E,= \/(qu> +
where a, and aiq are Bose operators of annihilation and creation of quasiparti-
cles with momentum ¢ and energy E,, and in the zeroth approximation

n, = (afa,) = (eF/? —1)71, (a_,a,) = 0. (6)

—q74q

The parameters u, and v, are related by

q

2
2 2 _ 2 o (4 Ny 1 Ny v(q)
uq—Uq = 1, uq+Uq = <27‘n+vy(q)> Eq 5 Uq,uq——W?q. (7)

Taking into account terms of higher order, in addition to the assumption made
about the smallness of the interaction characterized by the parameter e, we shall
assume that the range of the forces is large—greater than the mean distance
between particles, equal to (V/N)Y/3. In this case the Fourier components of
the potential v(k) under the summation sign will cut out a small region near
k =0, and as V — oo these terms may be neglected. As a result, for the
one-particle Green functions (their Fourier components (2)) we shall have the
equations
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Epy | ag)) =14 ((mg | ag)),

B, 1a) = 2+ B2, | af) 4 2VE VR AL S (e s | a1)), (8)

2m e

where the operators ¢, and 7, are equal to ¢, = a,+a*,, 7, = (¢°/2m)(a,—a",),
and possess the property ¢/ = ¢_,, 7 = —7n_,. Inclusion in equations (8) of
the discarded terms would not change their qualitative character and would
lead only to a renormalization of the mass m and the potential v(k) (see, for
example, (1)).

The Green function ((3~a’a ., | a})), entering the right-hand side of the last
of equations (8), is a collective variable. In a nonideal Bose gas the conserved
quantities are the flux and the total energy of the quasiparticles. Therefore, in
order to take into account the collective properties of the system, we supplement
the basis of operators ¢, and 7, used in (1), with the operators

1
99 = Z k'qaz,q/gamq/za hq: 5 Z (Ek—q/z+Ek+q/2)az,q/gak+q/2,
k#0,4+q/2 k#0,4q/2
)

which are the divergence of the flux density and the energy density of the quasi-
particles. Here g;’ = —g_, and h;; = h_,. We note that the total number of
quasiparticles is not conserved. Projecting the operator » az_q Jok1q/2 ONLO the
chosen subspace, we shall have

Z aZ—q/2ak'+q/2 = (Z aZ—q/zakJrq/?’ hq) (hg; hqr1 “hy (10)
k#0,4+q/2

The remaining projections either are equal to zero or give a small contribution
to the renormalization of the mass and the potential. The scalar products on the
right-hand side of (10) are computed in the approximation of free quasiparticles,
defined by relations (5), (6), and (7). Using definition (1), we find

q“ﬁ 20+ /27h+]>
al_.a Jhy) =Y (uf +0?) 92 B2 947
(Z k—q/2%k+q/2 Q) Z k k Equ/Q_Ek+q/2

8nk 1

~ (g o) E, O = L { n u<k>}nk<1 Ty ~
; oFE, 0 0 2m V
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éZQ— (1+mn), (11)
k+0

where we have assumed that the momentum ¢ is small and in the last equality
neglected the term containing v(k) under the summation sign. Similarly we
obtain

(hgs hrg) ZE ) q/2Wa/2> Oy q/20k —a/2) ZEk”k L+ng). (12)

It remains for us now to construct equations for the collective Green’ s functions
{94 | ag)) and (R, | a;)). To this end, using equation (3) and the expression
of a, 1n terms of the operators a, and a* : o, = u,a, —v,a’ , we write the

q - % %~ Y-
equatlon of motion for the operator o a/2%%q/2

igaz_q/gamq/z = (Epyg2—Er_g/2) g j20sq2 Ve (4o Arign—A% 4 2%iqs2)
(13)

On the right-hand side of equation (13) we perform all possible contractions
of operators. This is equivalent to projecting the last term in (13) onto the
subspace spanned by the operators ¢, and 7, (allowance for scalar products
with the operators g, and &, gives a contribution ~ V). In addition, we retain
only those terms that contain v(g), so that in the subsequent summation over
k the potential is outside the summation sign. As a result, for the collective
Green’ s functions we shall have the equations

E(g, | af) = iZ(k @) (Brygja — Eq2) (g joQhiqra | ag )+

q) Z(uqu/2uk+q/2 +Uk7q/2vk+q/2)(k'CI)(”qu/z —”k+q/2)<<90q | GZ»,

+Ve \/jov(

1
E(h, | ar) = 3 Z(Ek+q/2 + Epqj2) (B gz — Er—gp2) {0y j00iqr2 | ag)-
(14)

The last term of the first equation for small ¢ can be represented in the form
Vv No OEy (k- q) Ony, ¢* Ny

2 2\ (1.. NIk N _ 4
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k2 N, L OE ¢ /N, k2
x>y (2m + V%(k)) Ekla—k’“ g (14 = — 25 2 20(0)) o (1),
(15)

where we have also used the fact that at low temperatures one may put

OE, N, v(0)
ok b V. om b By

and have neglected the term containing v(k).

Let us express the two-particle operators in the right-hand sides of equations
(14) in terms of g, and h,;:

Z (k- 0)(Epyqr2 — Brg2)0) g joChiqa =
k+0,1q/2

= Z(k : q)(Ek+q/2 - Equ/2)<azfq/2ak+q/2’ hq)(hq7 hq)ilhq; (16)

1
2 Z (Brrgjz + Erqr2) (B2 — B gpa) 0% q/2 =
k+0,1q/2

&~ Z(Ek+q/2 + Er_gp2) (Brpqra = Breqa) (04 100kiqr2:99)(9g: 99) 94 (17)

The scalar products entering the right-hand sides of (16) and (17) are equal to

(k- q)<Ek+q/2 - Ek—q/?)(azfq/Qak—O—q/Q? h’q) =

k#0,+q/2
1 +
~ Z (Erigr2 T Ergpo) (Errga = Bigp2) () 00higr2:94) =
k+#0,+q/2
2
q OE,
~ —E Z Ekﬁ k(Oleerq/zaqu/Q, az/+q/2ak/7q/2), (18)
k,k’#0
q2
(gq7gq> = ? Z k2(a2+q/20[k—q/2’OZZq_q/Qak’—q/Z)' (19)
kK40

The scalar product (h,, h,) was calculated in (12).
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At low temperatures (§ — 0), the main contribution to the sum is made by
0L ko Nyv(0) 1
ok V m

terms with small k. Therefore, in (18) and (19) E, ~ — k.

As a result, equations (14) are written in the form

Blgy | af) =Ly 1a0) ~ VeV LD S B 1m0,

whence we find

-1

(ol = VeV G { B -Lc3) el )

where

-1
v 2
A= ég) (Z Qk—mnk (1+my,) ) (ZEknk (1+mny) ) (22)

k#0 k0

Ny v(0
nd C2 = %ﬂ It is easy to see that A — 0 as 6 — 0.
m

Substituting (10) and (22) into equations (8), we find the one-particle Green’ s
functions. For small E' and ¢ we shall have

N, E? —1C22(1— )
N o~ ot +W) ~ 220,00 30 .
<<aq | a’q >> <<a7q | a’q >> IU( )E4 _ %Egcgqg + %quél(l _ A)

(23)

The Green’ s functions (23) have poles corresponding to first sound and second
sound,

1 1 2 1 3
EY = 1Cyq (1—&—1/\), B = £72Coa (1-3). (24)
Expressions (23), obtained within the framework of the theory of a weakly non-
ideal Bose gas, are the analogue of the Green’ s functions found in work (5) on
the basis of the hydrodynamics of a superfluid liquid.
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In conclusion, I express my deep gratitude to Acad. N. N. Bogolyubov for his
attention to the work.
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