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1°. Consider the integral equation describing a control system with n nonlinear
blocks ¢, = ¢;(t,0):

t
oy = alt) + / At — o dr. g =pltio),  t20. (1)
0

Here a(t), o, are vector random processes (of order m), ¢(t,0) = [p;(t,0)| is a
vector function of order n, continuous in the aggregate of the variables ¢t and o
(t >0, —00 < 0; < +00), and Q(t) is a matrix function of order m x n. We shall
assume that Q(t) is summable on the half-axis (|Q(t)| € L]0, +00))", and that
the measurable process (1) a(t) is, with probability 1 (w.p. 1), square-summable
on every finite interval (Ja(t)| € Ly[0,T] w.p. 1 for any T > 0).

A solution of system (1) on the interval [0, 7] will mean a pair of measurable pro-
cesses y, = (04, ¢;), square-summable w.p. 1 on [0,77], T” < T, and satisfying
(1) almost everywhere on [0, 7], w.p. 1.

By analogy with (2), we shall say that the strengthened local existence theorem
holds for system (1) if the following are true: (A) system (1) has a solution on
some interval [0, T;]; (B) if this solution is square-summable on [0, T;] w.p. 1,
then it is extendable to some wider interval [0,T}], T} > Ty,

The strengthened local existence theorem holds for a fairly broad class of systems
(1). Tt holds, for example, in the case when ¢(t, o) satisfies a Lipschitz condition
with respect to the argument ¢ with a constant independent of ¢, and

T
/ Ela(t)]? dt < +oo
0
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for any T' > 0**. The proof is carried out by means of the contraction mapping
principle for the operator

T
Alo,) = /0 Ot —7)p(r,0.) dr + alt)

in the space &[0,T] of measurable random processes o, (0 <t < T') such that

T
/ El|o,|? dt < +o0***.
0

Denote by 2 the set of external actions «(t) for which system (1) has a solution
on the half-axis [0,+00). System (1) defines a mapping U of the set 2 onto
the set Y of corresponding solutions y, = (o, ¢,). Suppose that nonnegative
functions r(«) and p(y) are given on 2 and Y, respectively, possibly taking the
value 400, with 7(0) = 0, p(0) = 0. We shall say that system (1) is stochastically
stable

* Here and below,

A= D lapl?
Joh

(A = |a ) is a rectangular matrix.
** Here and below, the symbol E denotes mathematical expectation.

*** Obviously, at the same time existence and uniqueness of the solution in
¢[0,T] will be proved. Below we also use the space &[0, +0c0) of measurable
random processes 0, (0 <t < 400) such that

+00
/ BElo,|* dt < +o0.
0

with respect to the functions r(«) and p(y), if the following hold: a) from the
condition () < +oo it follows that p(y) < +o0; b) from the condition r(a;) — 0
it follows that p(y) — 0.

We shall call the class of systems (1) absolutely stochastically stable with respect
to r(a) and p(y) if every system in the class is stochastically stable with respect
to r(a) and p(y).*

In Theorems 1-4 below, sufficient conditions are given for the existence of so-
lutions of system (1) on the half-axis [0,+00) and for the fulfillment, for any
T > 0, of one of the inequalities
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T T
By dt <0 [ Ela(of dt+ N1+ Q, (2)
0

[

T T
/O E(|y)? + |6,]?) dt < M2/0 E(la)]? + |a(t)]?)dt+ Ny+Q,  (3)

in which the nonnegative constants M, N, v, and @ do not depend on 7T'. Using
(2) and (3), it is easy to establish the stochastic stability of system (1) with
various r(«) and p(y). Namely:

Proposition 1. Suppose that for the solutions of system (1) on the half-axis
[0,4+00), (2) is satisfied. Then: (I) system (1) is stochastically stable with
respect to the seminorms

1/2

T T 1/2
=1 ! 2 dt li ! Ely,|?dt :
ne) = Jim |7 [ Bla®l )= (7 Bl :

(IT) if v = @ = 0, then the system is stochastically stable with respect to the
norms

and the norms

+o0 1/2 +oo
ry(a) = ( Ea(t)|2> A (/ ElytIth>
0 0

Proposition 2. Suppose that Q(¢) and «(t) (see Section 1) are absolutely
continuous; then, from Section 1, the process o, is absolutely continuous. If (3)
is satisfied, then assertions (I), (II) of Proposition 1 are valid, in which r;(«a)
and p;(y) (j = 1,2,3) are replaced respectively by 7;(&) and p;(¥), where

1/2

a(t) = Vla®P +[a@)?,  §1) = V] l? + 6,

Moreover, if a(t) € €[0,4+00), d(t) € €[0,+oc), then E|o,|? — 0 as t — oo.

2°. Quite often, the specific properties of the nonlinear blocks of system (1)
make it possible to assert that the solutions of the system in Section 1 satisfy,
on the interval of existence, the relation
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t
[ Fenaydr=—, (4)
0

where F' is a real quadratic form of its arguments and -y is a nonnegative constant.
Diverse examples of such relations are given in (), and the method of using them
to study the stability of deterministic systems (1) is set forth in (?). Following
(?), we extend each real quadratic form F(y, o, ) (the vectors ¢, o, & have orders
n,m,m) to complex values of the arguments, preserving Hermitian symmetry,
and define the function F'(p,¢) = F(o, —x(p)p, —px(p)p). Here p = iw, w €
(—00,+00), @ is a complex n-vector, and —x(p) is the Laplace transform of the
function Q(t).

* For the first time, as far as the author knows, a similar definition of absolute
stochastic stability was given in (®). There, under certain additional assump-
tions concerning «(t), theorems were proved that are special cases of Theorems
1 and 3 of the present paper.

Theorem 1. Suppose that for system (1) the strengthened local existence
theorem is satisfied. Let the solutions of (1) with p. 1 satisfy relation (4), in
which F' = F(p, o) does not depend on &. Let the following hold: (A4,) F'(0,0) >
0 for all real o; (B,) F(p,®) < 0 for all complex & and p = iw, —o0 < w < 400.
Then the solutions of system (1) are continuable to the half-axis [0, +00), and
(2) is valid for @ = 0.

Theorem 2. Suppose that for system (1) all the conditions of Theorem 1 are
satisfied, except for (A;). Let it be known that |p,| < const with p. 1, and that
Q(t) satisfies the relation

T jo0
lim / Q(1)] di dr < +oo0% .
T=0oJo  Jr s

Then the solutions of system (1) are continuable to the half-axis [0, +00), and
(2) is valid.

Theorem 3. Suppose that in system (1) Q(¢) and «(t) (with p. 1) are abso-
lutely continuous, moreover |2(t)| € L[0,+00), and |&(t)] € Ly[0,T], T > 0
with p. 1. Let the strengthened local existence theorem be satisfied. Let the
solutions of system (1) with p. 1 satisfy relation (4). Let the following hold:

(Ay) F(0,0,6) = 0 for all real o and &; (B,) F(p, @) < 0 for all complex @ and
p = iw, —00 < w < +0o. Then the solutions of system (1) are continuable to

the half-axis [0, +00), and (3) is valid for @ = 0.

Theorem 4. Suppose that for system (1) all the conditions of Theorem 3 are
satisfied, except for (A,). Let it be known that |p,| < const with p. 1 and
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T
lim
T—oo 0

Then the solutions of (1) are continuable to the half-axis [0, +00), and (3) is
valid.

/Too (1Q@)] + Q1)) dt dT < +o0.

3°. We shall briefly indicate the main points in the proofs of the formulated
assertions.

Proposition 1 is obvious. In Proposition 2 only the last assertion requires proof.
Note that from the conditions «(t) € €[0,+00), &(t) € €[0,4+00) and inequality
(3) it follows that o, € €[0,400), ¢, € €[0,+00). Then from

t
E(af? ~ o) =2 | Eloy.6)dr
0

we obtain that there exists a finite limit lim, ,  F|o,|?, and this limit is equal
to zero.

Theorems 1-4 are a probabilistic analogue of the results obtained in (?) for
deterministic systems (1). Therefore the proof of many points is based on the
same ideas and is carried out analogously.

Proof of Theorems 1 and 2. As in (?), if the transfer function y(iw) and
the quadratic form F(p, o) satisfy condition (Bj), then there exists a constant
0 > 0 such that

F(iw, ) + 26(1 + |x(iw)[*)|§I* < 0.
Consider the random variable
T
1T) = [ (o) + 20006, + €, 2)] .
0
Here T belongs to the interval of existence of the solution y, = (o, ¢,) of system

(1), & =0 —at) =Q(t) ¢, *.
Put of =, for 0<t < T, o] =0fort>Tort<0,& =Q(t) *p!. Then

I(T)=J(T) —/T (F(0,6T) 4+ 26|¢X1?) dr,  where J(T) =
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* Under the limit sign there is a function nondecreasing in T' and, consequently,
the limit exists.

** The existence of such an interval is guaranteed by the strengthened local
existence theorem.

*** The symbol * denotes the convolution operation.

+o00
= [ IR v st I ar.
—o0
Since |pf| € L(—00,+00) N Ly(—00,4+0c0) as., it follows that [¢f] €
L(—00,+00) N Ly(—00,+00) a.s.; moreover, for their Fourier transforms the

equality &7 = —x(iw)@T holds a.s. Applying Parseval’ s equality to J(T), we
obtain that, by the choice of §, J(T') < 0 a.s. Consequently,

I(T) < —/Tm F(0,¢7)dr

a.s. Similarly to (2), it is easy to show the existence of constants k; > 0, ky > 0
such that, for any ¢ > 0, the inequality

—F(p,0—a) —c(lpf’ + |0 — o) < =F(p,0) + (ky + ky/e)|of?

is valid. Take ¢ =0, k = k; = ky/0. We obtain

5 / (lpsl? — €. dr = I(T) — / [Flpr &) + 8(lon? + €.)] dr

+o0 T T
g—/ F(0,€7) dT_/ F(apT,aT)dT+k/ la(7)|2dr
T 0 0

a.s. Applying to the last inequality relation (4) for the form F(p, o), we obtain
that, under the conditions of Theorem 1 or 2, a.s. for all T" from the interval of
existence of the solution the relation

T +00 T
1) 2 2)d — F Tyd k 2dr.
/Ow 2 dr <4 /T (0,€7) dr + / () 2dr

Let the conditions of Theorem 2 be satisfied. Then

+oo
[ Frognar
T

T ptoo
< Const/ / |Q(t)] dt dT < const.
0 T—1

Therefore there exist nonnegative constants M, N, and @, independent of T,
such that a.s.
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T T
/)Wm”HﬁDMSAF/‘meﬁ+NW+Q (5)
0 0

Under the conditions of Theorem 1, however, from (A, ) there follows inequality
(5) with @ = 0. From (5) and the strengthened local existence theorem it follows
that the solutions can be continued to the half-axis [0, +00). Since ¢,, o;, and
a(t) are measurable processes, estimate (2) follows from (5).

Proof of Theorems 3 and 4. Let the conditions of Theorem 3 be satisfied.
By the strengthened local existence theorem, system (1) has a solution y, on
some interval. Differentiating the first equation of system (1), we obtain that
the process g, = (4, ¢;), where

will be a solution of a system of the form (1), in which the roles of «(t) and Q(¢)

are played by
0= (a) =0 20-(50)

For the system thus obtained all the conditions of Theorem 1 are valid. Then
from (5), for some M and N, it follows a.s. that

T T
[ o+ o+l e < 2 [ (a0 + 6 e + o
0 0

Hence, as before, the solutions y, can be continued to the half-axis [0, +00), and
(3) is valid. Theorem 4 follows in the same way from Theorem 2.

Leningrad State University
named after A. A. Zhdanov

Received
21 IV 1969

CITED LITERATURE

1. I. I. Gikhman, A. V. Skorokhod, Introduction to the Theory of Random
Processes, Nauka, 1965.

2. V. A. Yakubovich, Vestnik Leningrad Univ., No. 7, issue 2 (1967).

sovietrxiv.org/items/ru-197001.23638 Machine Translation


https://sovietrxiv.org/items/ru-197001.23638

3. V. A. Brusin, M. L. Tai, Izv. vyssh. uchebn. zaved., Radiofizika, 10,
No. 7 (1967).
4. V. A. Yakubovich, Avtomatika i telemekhanika, 27, No. 6 (1967).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.23638 Machine Translation


https://sovietrxiv.org/items/ru-197001.23638

	Abstract
	Full Text
	MATHEMATICS
	M. V. LEVIT
	FREQUENCY CONDITIONS FOR ABSOLUTE STOCHASTIC STABILITY OF AUTOMATIC CONTROL SYSTEMS WITH RANDOM EXTERNAL ACTION
	CITED LITERATURE


