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The article considers certain questions connected with estimates of the complex-
ity of algorithms performing a prescribed task for objects from a certain finite
set.

We shall use the terminology and concepts introduced in works (275, 8). In
particular, the length of the representation of a normal algorithm 8 in the
alphabet B will be called the complexity of the algorithm 8 and denoted by

the symbol B}.

1. Let A be an alphabet; 2l and % normal algorithms over the alphabet A;
n a natural number. By the symbol p(n,%,2) we denote the following
proposition: “the algorithm ‘B is applicable to all words in the alphabet
A whose lengths do not exceed the number n, and annihilates those and
only those of them to which the algorithm 2 is applicable.” A general re-
cursive function f will be called a lower estimate of the complexity
of deciding the algorithm 2, if for every natural number n and for ev-
ery normal algorithm 9% in the standard extension of the alphabet A, if
p(n,B,20), then

B} > f(n).

L.1. Let the letter a not be a letter of the alphabet A. By the symbol o,(P),
where j is a positive integer not exceeding the length of the word P, we shall
denote the j-th letter of the word P. Let the word S be an a-system in the
alphabet A; then by the symbol 6,(S) we shall denote the number of its (a, A)-
elements, and by the symbol §,(S), where i is a positive integer not exceeding
9y(S), we shall denote the i-th (a, A)-element of the a-system S.

We shall say that normal algorithms € and ® over the union of the alphabets
aA and 0| reduce the normal algorithm 9B over the alphabet A to the normal
algorithm 2 over the alphabet A, if for every word P in the alphabet A the
following conditions are satisfied: 1) the algorithm € is applicable to the word
P, and €(P) is an a-system in the alphabet A; 2) if some word R in the alphabet
0] is such that [R° = 6,(€(P))] and that for every positive integer j not exceeding
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the length of the word R, one has

o;(R) = | = 2(5;(€(P))),

J

then the algorithm ® is applicable to the word PaR and

B(P)=9(PaR) = A.

A normal algorithm 2( over the alphabet A will be called universal with re-
spect to reducibility if for every normal algorithm B over the alphabet A
one can indicate normal algorithms € and ® over the union of the alphabets
aA and 0] which reduce the algorithm B8 to the algorithm 2.

The indicated kind of reducibility was introduced in (°).

Theorem 1. A normal algorithm 2 over the alphabet A is universal with respect
to reducibility if and only if there exists an unbounded general recursive function
that is a lower estimate of the complexity of deciding the algorithm 2.

2.

Consider the problem of enumeration and decision for one-place predicates (in
a suitable language) over words in the alphabet 0|.

Let v be a predicate, n a natural number. A ®-algorithm B will be called (v, n)-
enumerating if, for every word P of length not greater than n in the alphabet
0,

A ®-algorithm € will be called (v, n)-deciding if, for every word P of length not
greater than n in the alphabet 0],

2.1.

The following two theorems show the close connection between the notions in-
troduced.

Theorem 2. There exists a natural number C' such that, for every ®-algorithm
9B, one can construct two ®-algorithms € and ®, each of complexity not exceed-
ing 2% + C, such that, whatever the predicate v and the natural number n
may be, if the algorithm 9B is (v,n)-deciding, then the algorithm € is (v,n)-
enumerating, and the algorithm ® is (—v, n)-enumerating.

Theorem 3. There exists a natural number C' such that, for every pair of
d-algorithms € and ©, one can construct a ®-algorithm B of complexity not
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exceeding 2(€ + ®) + C such that, whatever the predicate v and the natural
number n may be, if the algorithm € is (v, n)-enumerating and the algorithm
D is (—v,n)-enumerating, then the algorithm B is (v, n)-deciding.

2.2,

Nevertheless, estimates of the complexity of (v,n)-enumerating and (v,n)-
deciding algorithms do not always have the same value. This is shown by the
following two theorems.

Theorem 4. For every unbounded general recursive function f one can specify
a predicate v such that, for every natural number n:

1) every (v, n)-deciding ®-algorithm has complexity not less than the number
n/3;

2) there exists a natural number m, not less than n, such that there quasi-
exists a (v, m)-enumerating ®-algorithm of complexity not exceeding the
number f(m);

3) there exists a natural number k, not less than n, such that there quasi-
exists a (—w, k)-enumerating ®-algorithm of complexity not exceeding

f (k).
Theorem 5. One can specify a predicate v such that:

1) for every natural number n, every (v,n)-deciding ®-algorithm has com-
plexity not less than the number n/3;

2) there is no such unbounded general recursive function f that, for every nat-
ural number m, the complexity of every (v, m)-enumerating ®-algorithm
is not less than f(m);

3) there is no such unbounded general recursive function g that, for every nat-
ural number &, the complexity of every (—v, k)-enumerating ®-algorithm
is not less than g(k).
2.3.

In order to formulate theorems on lower estimates of the complexity of enumer-
ation for predicates satisfying certain conditions, we shall need the following
definitions.

Let us define a method of writing ®-algorithms in the alphabet 0] as follows.

[0 2 000,  [|> = 00],

@200, Peoll (e,
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2200, P, [Pl

We assume

(P is a word in the alphabet O|abcxyz, & is a letter of the alphabet 0|abcxyz).

Let 2 be a ®-algorithm. The word [2( will be called the record of the algorithm
2 and denoted by the symbol 2.

Let v be a predicate, and let 2 and B be ®-algorithms. The predicate v will
be called (2, B)-nontrivial if, for every ®-algorithm € equivalent, relative to
the alphabet 0|, to the algorithm 2, ¥(€) holds, while for every ®-algorithm
D equivalent, relative to the alphabet 0|, to the algorithm B, it is false that
v(®). The predicate v will be called strictly (2, B)-nontrivial if it is (2, B)-
nontrivial and, for any word P in the alphabet 0|, from 2((P) it follows that
B(P) ~A(P).

Theorem 6. There exists a natural number C' such that, whatever the predicate
v and the ®-algorithms 2 and B may be, provided that v is strictly (2A,B)-
nontrivial, for every natural number n the complezity of any (v, n)-enumerating
®-algorithm is not less than the number

n/6—2RA+%B)-C.
We give an example showing that Theorem 6 cannot be substantially strength-
ened.

Denote by v,(P) the following predicate: “there exists an empty ®-algorithm
2 such that ) ~ P.”

There exists a natural number C such that, for every natural number n, there
quasi-ezists a (vy,n)-deciding ®-algorithm of complexity not greater than n+C.

Let 2 be a ®-algorithm. By the symbol 2, (where m is a natural number)
we shall denote the union of the algorithm 20 and the normal algorithm in the
alphabet 0| defined by the scheme

0 — |
|m+1 - |m+17

| —
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It is not difficult to see that, whatever the natural number m and the ®-
algorithm 2 may be, for all words P in the alphabet 0] whose lengths do not
exceed the number m, the equality

holds, while to words in the alphabet 0| whose lengths are greater than m, the
algorithm %, , is inapplicable.

Let v be a predicate, 2 a ®-algorithm, and k£ a natural number. The predicate
v will be called strongly (2, k)-nontrivial if:

1) the number k is the Goédel number of an unbounded general recursive
function;

2) whatever the natural number m may be, the predicate v is (2, gy )-
nontrivial.

Theorem 7. There exists a natural number C' such that, whatever the predicate
v, the ®-algorithm A, and the natural number k may be, provided that v is
strongly (A, k)-nontrivial, for every natural number n the complexity of any
(v, n)-enumerating ®-algorithm is not less than the number

92n/3-A—2log, (k+1)-C _ 1

2.4. It is not difficult to see that there exists a natural number C such that,
whatever the predicate v may be, for every natural number n there quasi-exists
a (v,n)-deciding ®-algorithm of complexity not greater than 2™ + C.

Theorem 7 indicates the impossibility of a substantial improvement of this esti-
mate.

2.5. According to Theorem 2, one can obtain theorems on lower bounds for the
complexity of deciding predicates analogous to Theorems 6 and 7 (an example
of a predicate “difficult” to decide is given in ).

3. Analogous results also hold for other criteria of algorithm complexity (for the
definition of a complexity criterion, see 7). As a consequence, one can obtain the
theorem on a lower bound for the complexity of decision for nontrivial invariant
properties stated in .
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