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RESONANCE PROBLEMS

(Presented by Academician A. N. Tikhonov on 30 XII 1969)

The paper gives a generalization of Lyapunov’ s second method. The usual re-
quirements imposed on the Lyapunov function and on its derivative are replaced
by considerably less restrictive requirements.

The generalized Lyapunov method obtained is applied to the study of resonance
problems; problems connected with estimating small denominators in Hamilto-
nian and more general systems in the “neutral case.”

1°. The subject of investigation in the paper is systems of equations

z2=f(t,2) + pR(t, 2), (1)

where the dot denotes differentiation with respect to time ¢; z, f, and R are
vectors with n 4+ m components

Z=Tqy Ty ey Tpy Ypyeoes YUy

 is a small parameter; uR(t,z) are perturbations. We shall assume that, with
respect to the variables x, the corresponding unperturbed system

i=f(t,z2) (2)

has an equilibrium point, i.e. f;(¢,0,y) =0, 1 <i < n. We shall study system
(1) for stability with respect to the variables z under

| <H, yeD, t>0 (3)
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(D is the domain of variation of y), where f(t, z) satisfies a Lipschitz condition in
z with constant M. We shall also assume that the right-hand sides of systems (1)
and (2) in the domain (3) satisfy conditions ensuring the existence of a unique
solution of the problem with initial conditions.

The possibility of studying stability only with respect to some of the variables
was indicated by A. M. Lyapunov in a note to the work (). Lyapunov’ s second
method is easily generalized to this case, and its possibilities are broadened if
the conditions relating to the Lyapunov function and its derivative are fulfilled
uniformly with respect to the variables y from the domain D.

In the paper, in order to study the stability of the equilibrium position of system
(2) in the neutral case with respect to the variables x under perturbations pR, it
is proposed to use a perturbed Lyapunov function v = vy(t, z) + u(t, z, p). Here
vy is a Lyapunov function of system (2), and the perturbation u is such that v
is not sign-definite and may not have a sign-constant derivative computed along
the equations of system (1):

dv _ dvy vy v, Oou Ou ou
ErARr T A el it A L )
_ 9y

v,
= —f6
5 T, 0wy
where 0(u) > 0 is a nondecreasing function, and the limit of 6(u) as p — 0 is
equal to 0. Stability in this case is determined by the smallness of u in some
neighborhood of the equilibrium point and by the properties of the function 1,
the mean value of ¢, computed along the integral curves of system (2), z = 2(¢),

to+T
ity 20rp) = lim ~ / ot Z0) ) dt, H) =z (5)
to

=1
T—oo T
Let us note that in the work (?) one condition of Lyapunov’ s second method—
the sign-definiteness of the derivative—was generalized.
2°. Theorem 1. Let:

a) there exist a Lyapunov function vy(t, z) of system (2), positive definite in
x, admitting an infinitely small upper bound with respect to the variables
x5

b) the total derivative vy, formed by virtue of the equations of system (2), is
nonpositive in the domain (3).

Let, for any € > 0 (¢ < g, < H), one be able to specify a v > 0 (y < &) such
that, for all n > v (n < ), there exist:
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c) 0 > 0 such that if n < |z| < &, then uniformly with respect to ¢, and
Yo €D
¢(t07x07y0’:u) <=0 < Oa

d) summable functions F(t) and M(t), constants F, and M, and also a
nondecreasing function x;(a) > 0, lim, ,;x;(a) = 0, such that for n <
|z| <& t>0,and y € D,

lo(t, 2") — @(t, 2")] < x1(]2" = 2"|) F(t); |R(t,z)| < M(t);

to [2)
/ F(t)dt < Fy(ty — t,), / M(t)dt < My(ty — )
ty ty

on any finite interval [¢,,];

e) a nondecreasing function x, () > 0, lim,,_,5 x5(¢) = 0, such that

ult, 2, p)| < xo(p)
forn < |z| <e, t>0,and y € D.

If these conditions are satisfied, one can specify a pg(¢) such that any solution
of system (1), x = z(t), y = y(t), with initial values 2(0) = =, satisfying the
condition |z,| < 7, for u < p, for all ¢ > 0 satisfies the inequality |z(t)| < e.

3°. Under cruder assumptions, this theorem was proved in [3], where the func-
tion u was constructed in the form of a power series in p. The circumstance
that the conditions of the theorem are imposed not in the disk (3), but in an
annulus whose width depends on e, makes it possible to apply the theorem to
the investigation of the stability of various resonance problems and problems
connected with the estimation of small divisors.

4°. If condition c) of Theorem 1 is not fulfilled, then stability can be ensured by
the requirement ¥ = 0; in this case only the condition of positive definiteness of
the Lyapunov function is generalized, and the following theorem is valid.

Theorem 2. Let conditions a), b), e) of Theorem 1 be satisfied and let
o(t, z, ) = 0; then the assertion of Theorem 1 is valid.

5°. The apparatus of a perturbed Lyapunov function is also convenient for
investigating stability on a finite time interval. In those cases when the sign of
the mean v is not defined and ¢ # 0, the following holds.

Theorem 3. Let conditions a), b), and e) of Theorem 1 be satisfied, and let
@(t, z, ) be bounded for n < |z| < e, t > 0, y € D by a constant ¢,; then one
can specify a fy(g) such that all solutions whose initial moment satisfies the
condition |zy| <7, for all 0 <t < T < o(g) x [200(1)]* and p < py(e), satisfy
the inequality |z(t)| < e.

Remark. From the estimate given for T it follows that, by choosing sufficiently
small u, one can make T'(e, u) arbitrarily large. Theorem 3 is also valid in the
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case when ¢ is an increasing function of time; the estimate of T will then be
different.

6°. As an example of application of the theorems formulated above, consider
the system

i = pX(x,q), q=w(z)+ pd(z,q), (6)

where x and X are s-dimensional, while ¢, w, and ® are m-dimensional vectors.
The functions X and @ are periodic in ¢ with period 27. A point z, is called a
resonance point of system (6) if, for an integer vector n = {ny,ny,...,n,,},

nw(xy) = 0. (7)

The question of the applicability of the averaging method to systems of the form
(6) in the presence of resonances was considered in [4] (in the two-frequency
case). In [5, 6] the stability of resonance points of system (6) was investigated
in a certain special sense. Our aim is to

investigate the resonance points of system (6) for Lyapunov stability with re-
spect to the variables x.

Let x4 be an equilibrium position of the system obtained by the formal averaging
of the functions X(z,q) with respect to the angles ¢,

& = pXo(w), Xo(z) = 0. (8)

Suppose that, for system (8), the conditions of Lyapunov’ s theorem on asymp-
totic stability with the function vy(z) are satisfied. Conditions a) and b) of
Theorem 1 are then satisfied, since (6) is a system of the form (2), where f; =0,
1 < ¢ < n. First consider the case when at the point z, only one combination
frequency nw = A vanishes and has a strict extremum at z,. In the functions

X (z,q) separate a finite sum X and a remainder Ry

N =)
X(z,q) = Xo(@) + ) Xp()e™) + 3" X (2)e'™) = Xo(z) + X + Ry. (9)
k=1 k>N

Having fixed a number £ > 0, choose N(g) so that all terms with resonances
lying closer than 2¢ to z, enter the remainder R,. Then X contains only one
resonance frequency A, A(z,) = 0, which outside the n-neighborhood of z is
different from 0. Let v = vy(x), i.e. u = 0; then

b = pp = pVuo(Xo + Ry) + pVuyX. (10)

Impose a restriction relating the rate of growth of X,(z) to the rate of con-
vergence of the series X(z,q), requiring that in a neighborhood of z,, X,(z)

sovietrxiv.org/items/ru-197001.22227 Machine Translation


https://sovietrxiv.org/items/ru-197001.22227

increase faster than R ). Then one can choose £, so that condition c) of The-
orem 1 is fulfilled for e < €. Suppose also that the smoothness conditions d)
are satisfied. Thus, all the conditions of Theorem 1 are fulfilled; consequently,
the resonance point z is Lyapunov stable.

7°. Suppose equation (7) determines a certain resonance curve (surface). From
the sum X separate the terms X (z,Q), where @ = ng. X does not oscillate
on the resonance curve (7). Analogously, in the case of several combination
frequencies ), include in X the terms containing slowly varying angles Q. To
satisfy condition c) of Theorem 1, require that X (z, Q) vanish for r = x, and
grow more slowly than X,(z).

8. If the curves X,(z) = 0 (or Xy;(z) = 0) coincide with the resonance curve
(surface) nw(z) = 0, then it is natural to investigate for stability this curve,
rather than a point. For this purpose it is expedient to pass to new coordinates
associated with the resonance curve, one of which is measured along the normal
to the curve, and then to carry out the stability investigation with respect to
this coordinate.

9°. Suppose that, for system (8), the conditions of Lyapunov’ s theorem on
stability with the function vy(z) are satisfied, i.e. Vv X,(z) < 0. Suppose that
the point x, is an isolated resonance point, as defined in item 6°. For ¢ > 0
introduce X and Ry ey, just as in item 6°. Let u = pU, where U is a solution,
bounded in the annulus n < |z| < &, of the equation

ou Oy =
aqu(fl?) =" X(z,q). (11)
In this case
oy oU - oU
= — — (X X —d| = .
V= |5 By g (Xo + +RN)+:an pp(x, q, s €)

Negative definiteness of the average of ¢ makes it possible to apply Theorem 1
in the first approximation, while positive definiteness makes it possible to detect
instability. If, however, ¢ is bounded in modulus, then, applying Theorem 3,
we obtain an estimate for a finite interval on which the solution in the variable
x does not leave the e-neighborhood of the point z.

10°. Theorems 2 and 3 make it possible to investigate, for stability with respect
to the variables p, a system with Hamiltonian function

H(p,q) = Hy + pH, = Hy(p) + p Y _ Iy (p)e’*. (12)
k

The corresponding system of equations is a particular case of system (6). In
particular, here p and ¢ have the same dimension m, and X,(x) = 0. Therefore
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everything said in §§ 8 and 9 applies to the system with Hamiltonian function
(12).

Let us dwell on the case when H(p,q) depends on one phase ¢ = kyq,

H,y(p,q) = Hy(p,v) = Z Ry €™+ By e
n=0

Introduce the notation k,0H,/0p = wy, kyOhy/0p = €, and require uniform
convergence of the series in the right-hand sides of the equations

p = —pko0H, /0y, ¥ = wo + p8dy + pkoOH, /Op. (13)

It is evident from this that the variables p vary in the direction of the vector kg,
so that in this direction it is convenient to introduce the variable x, measured
from the point p, being investigated for stability. Consider the most interesting
case, when the point p, lies on the resonance curve (surface) wy(p) = 0. Require
that the angle o formed by the vector k, with the tangent to the resonance curve
be everywhere strictly greater than 0: 0 < ay < a. At the same time let it also
be the case that for every n > 0 there exists a ¢ > 0 such that if n < |z|, then
§ < |w(z)|. As vy(p) choose vy(p) = 22, and define the function u by means of
a power series in

o0

u=y pv,p,¢), (14)
s=1
where v, is a bounded solution of the recurrent system of equations

ov, Ovy 0H,
—wy=kyg—— ——, -
v 0 op

v, Ov,_1\ 0H, 3H1> v, 4 v,
" = — Sy —=—. 1
g (gt) - () Tt -t a9

Here ¢ = 0. The functions v, are obtained in the form of polynomials of degree
s with respect to H,. It is easy to show that for sufficiently small x4 and for
7 < |z| the series (14) converges, and thereby the conditions of Theorem 2 are
satisfied. The estimates improve if the point p, lies to the side of the line of
resonance.

Remark. If the indicated restriction on the angle « is not introduced, stability
may fail even in the two-dimensional case. This can be shown on the two-
dimensional example of a system with Hamiltonian function
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1 .
H(p,q) = 5lpt — p3] + pAsin(q, + o), (16)

where A is a constant. Hamilton’ s equations have the form

= —pAcosty,  py=—pAcosty, P =p; —p,. (17)

Here ¢y = q; + ¢,. The resonance line is the straight line p; = p,; along it the
change of p; and p, takes place. Therefore, if the initial point is chosen on the
resonance line, all trajectories will lie on it; in this case 1 is preserved, while p,
for values of 1 for which cos # 0, tends to oco.

The author expresses gratitude to E. G. Poznyak and N. N. Kuznetsov for
discussing the results.
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