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Let in an N-dimensional domain G there be given the so-called Beltrami oper-
ator, i.e., a differential operator of the form

pum LS 0 () 0
VI 52 0y oz, )’

We shall assume that the coefficients g** of this operator are continuously dif-
ferentiable in the domain 2, and that the quantity 1/g is a strictly positive and
bounded determinant of the positive definite matrix ||g?*|.

As is well known, with each operator (1) there is associated a Riemannian metric
with line element

N

ds® = Z i dx; dxy,
ik=1

where the coefficients g** of the Beltrami operator B are equal to the algebraic
complements of the elements g;;, of the matrix |g;;|, divided by the determinant
of this matrix.

We introduce the concept of a fundamental system of functions of the Bel-
trami operator. Suppose that the domain ) is a subdomain of some other
N-dimensional domain G. Suppose further that the positive function g(x), de-
fined by the operator (1), has in some way been continued beyond the boundary
of the domain 2 and is a function defined in the whole domain G.
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Definition. A complete system {u,(z)}, orthonormal in the domain G with
weight /g(z), will be called a fundamental system of functions (f.s.f.) of
the Beltrami operator B in the subdomain 2, if each function u,(z) belongs
in the open domain Q to the class C? and, for some nonnegative number AL
satisfies inside ) the equation Buy, + A, uy, = 0.

The numbers A, will henceforth be called fundamental numbers, and the
corresponding functions wuy(z) fundamental functions.

The concept of an f.s.f. of the Beltrami operator includes as a special case both
the multiple trigonometric system and the system of eigenfunctions of any of the
boundary-value problems both for the Beltrami operator and for the Laplace
operator (corresponding to the “Euclidean” case). This concept also covers
the system of eigenfunctions of any nonnegative self-adjoint extension of the
minimal operator generated in L, by the operator —B.

At the same time, the study of an f.s.f. frees one from prescribing boundary
conditions in any form and makes it possible to make no assumptions

both on the smoothness of the fundamental functions outside the domain (2,
and on the smoothness of the boundary of the domain G.

If L is a self-adjoint elliptic operator

Lu= ivj % {aik(x)aa;j , (2)

ik=1

then, for N # 2, the fundamental functions corresponding to the equation
Lu + Mp(x)u = 0 with weight p(z) = a'/V=2) where 1/a = det |a;|, are
fundamental functions of the Beltrami operator (1) for ¢'* = o/ Mg, g =
1/det |g**|. Thus, for N # 2, an arbitrary self-adjoint elliptic operator (2) is
reduced to the Beltrami operator if the fundamental functions of this operator
are taken with a definite weight p(x) depending on its coefficients.

The first result of our work is the establishment, for the fundamental functions
of the Beltrami operator in the subdomain €2, of a mean-value formula gen-
eralizing the well-known Weber formula for regular solutions of the equation
Au+ Au = 0 (see (1), p. 289). To establish the indicated formula, we fix an
arbitrary point x of the open domain 2 and, keeping in mind the Riemannian
metric corresponding to the operator (1), fix a positive number R, smaller than
the minimum of the geodesic distance from the point x to the boundary of €.
In a neighborhood of the point x we introduce the polar geodesic coordinates
r,0q,...,05_; corresponding to the indicated Riemannian metric.

We note that the volume element in the indicated polar coordinate system can
be written in the form A(r)®(6,,...,05_1)drdb, ...d0y_,, where A(r) is the
area of the surface of the Riemannian sphere of radius r with center at the
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point z, and ®(6,,...,0,5_1) is a nonnegative function only of the “angular”
coordinates, moreover such that

/.../@(91,...,9%1)(191 wdly =1,

Let now u,(x) be a fundamental function of the Beltrami operator in the sub-
domain €, corresponding to the fundamental number A. In other words, u, (x)
is, in the domain 2, a regular solution of the equation Bu + Au = 0.

Denote by @, (z,r) the mean value of the fundamental function wu,(y) over all
“angular” coordinates on the surface of the Riemannian sphere of radius r with
center at the point z, i.e. set

@)\(x, T) = \/"'/U}\(T’, 01, ceey GNil)(I)(Ql, ooy 0N71) d01 oo d@Nfl.
We prove that for any r < R the mean-value formula is valid

Py (z,7) = uy(z)pA(T), (3)

in which @, (r) denotes that regular solution of the ordinary differential equation

(1) + e (1) + X(r) =0, 0

which becomes equal to unity at r = 0*.

Of course, it should be noted that the area A(r) of the Riemannian sphere
of radius r with center at the point = (and, consequently, also the coefficient
A’(r)/A(r) of equation (4)) is, when the point x varies, generally speaking a
function not only of r, but also of z.

The question naturally arises of studying the behavior of the above-mentioned
solution @, (r) of equation (4).

* Along the way, uniqueness of such a solution is established.

The second result of our work is the establishment, for 3, (r), of an asymptotic
formula uniform with respect to the collection z,r (for large values of \). To

obtain the indicated formula we used a method close to that developed in the
works (274).

We have proved the following assertion.

Theorem 1. Let the coefficients ¢** of the Beltrami operator B belong to the
class C%(Q), and let ' be an arbitrary strictly interior subdomain of the domain
Q, and let the positive number R be smaller than the minimum of the geodesic
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distance between the boundaries of the domains Q and Q. Then for any point
x of the subdomain Q' and any r from the segment 0 < r < R the formula

Ba(r) = 2072 [ () v Vi PO e p VR +8,(0)].
(5)

holds, and for 6,(r), uniformly with respect to the collection x,r, for x € Q,
0 < r < R, either of the following two estimates holds:

C log™ rv/A

B SO, 180 < 1 T (6)

(Here the symbol log" x has the following meaning: log" x = max{1l,logz}.)

Formula (5) consists of two terms, the first of which corresponds to the Euclidean
case (i.e., the case of the Laplace operator), while the second, by virtue of the
estimates (6), has higher order in 1/\. It should also be noted that the first of
the estimates (6) is effective for 7 < 1/v/\, and the second for r > 1/v/\.

Let us now consider a completely arbitrary fundamental system of functions of
the Beltrami operator in the subdomain €2, not excluding the existence of finite
points of condensation in the set of fundamental numbers {\.}.

With the aid of the mean-value formula (3) and Theorem 1 we have proved the
following assertion.

Theorem 2. For any p > 0, uniformly with respect to x in each strictly interior
subdomain Q' of the domain Q, the estimate

> @) =0 7)

[VAr—pl<1

holds.

If the geodesic distance from the point x to the boundary of the domain 2 is
denoted by p(x), then the estimate (7) can be sharpened as follows:

C
ui(r) < —— phN1L, C = const.
[ rrpl<1 p(z)

Let us note that the estimate (7) (in order with respect to p) is exact. The
order indicated on the right-hand side of (7) is attained even in the case when
on the left-hand side of (7) there stands only one term—one eigenfunction of
the first or the second boundary-value problem for the Laplace operator in an

sovietrxiv.org/items/ru-197001.21583 Machine Translation


https://sovietrxiv.org/items/ru-197001.21583

N-dimensional ball, possessing radial symmetry and taken at the center of this
ball.

In the case when, on the segment (1 —1)? < X\, < (u + 1)2, there lie points of
condensation of the set {A;}, the left-hand side of (7) is a convergent series.

Corollary of Theorem 2. For any d > 0 the series

ui (@)
D N ®)
k

Ap>1

possesses a uniformly bounded family of partial sums in every strictly interior
subdomain €.

If the fundamental numbers have no finite accumulation points, series (8) con-
verges uniformly in every strictly interior subdomain 2’. To this one should
add that, for 6 = 0, series (8) diverges at every interior point of the domain €.

Remark. All the results of the present paper remain valid if, in the definition
of f.f., instead of the domain G and its subdomain 2, one takes a closed IN-
dimensional Riemannian manifold G and a compact N-dimensional Riemannian
manifold 2 embedded in it, on which the Laplace-Beltrami operator is defined.
In this case formula (5), estimate (7), and the convergence of series (8) will be
uniform on any Riemannian submanifold ' embedded in €, the distance of
all points of which from the boundary of 2 exceeds a positive constant (and if
G = 1 is a compact manifold without boundary, then uniform on the whole
manifold Q).

In conclusion, we note that a number of works, beginning with the rather early
work of B. Feller (°) and ending with the recent work of B. Fussaro (°), have
been devoted to the study of mean-value formulas for regular solutions of elliptic
equations by introducing Riemannian metrics, but these works pursued quite
different aims.

The authors thank A. N. Tikhonov and E. G. Poznyak for a useful discussion
of the results.
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