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MATHEMATICS

M. V. KOZLOV

ON RANDOM SUBSETS OF THE VERTICES
OF THE 𝑛-DIMENSIONAL CUBE
(Presented by Academician A. N. Kolmogorov, 26 V 1969)

In the set of all vertices of the 𝑛-dimensional unit cube, select a random subset
{a𝑖, 𝑖 = 1, … , 𝑚}, putting a𝑖 = (𝑎1

𝑖 , … , 𝑎𝑛
𝑖 ), where 𝑎𝑗

𝑖 , 𝑖 = 1, … , 𝑚; 𝑗 = 1, … , 𝑛,
are mutually independent random variables taking the values 1 and 0 with equal
probabilities. Define the distance 𝑟𝑖𝑗 between the vertices a𝑖 and a𝑗 as the num-
ber of nonzero coordinates of the vector a𝑖 ⊕a𝑗, where ⊕ denotes coordinatewise
summation modulo 2. In the present note we study some probabilistic charac-
teristics of the family of random variables 𝑟𝑖𝑗.

Let −1 ≤ 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑠 be arbitrary integers. Introduce random variables
𝜉𝛼, 𝛼 = 1, … , 𝑠, equal to the number of such 𝑟𝑖𝑗, 𝑖 < 𝑗, that 𝑡𝛼−1 < 𝑟𝑖𝑗 ≤ 𝑡𝛼.
Denote by 𝑥𝑖𝑗(𝛼) the characteristic function of the event 𝑡𝛼−1 < 𝑟𝑖𝑗 ≤ 𝑡𝛼; we
have

𝜉𝛼 = ∑
𝑖<𝑗

𝑥𝑖𝑗(𝛼).

The mathematical expectation 𝐸𝜉𝛼 is equal to 1
2 𝑚(𝑚 − 1)𝜇𝛼, where

𝜇𝛼 = 𝐸𝑥𝑖𝑗(𝛼) = 2−𝑛 ∑
𝑡𝛼−1<𝑘≤𝑡𝛼

𝐶𝑘
𝑛;

the variance of 𝜉𝛼 is equal to 1
2 𝑚(𝑚 − 1)𝜇𝛼(1 − 𝜇𝛼) (see Lemma 2).

Theorem 1. Suppose that, as 𝑛, 𝑚 → ∞, the variables 𝑡0, 𝑡1, … , 𝑡𝑠 (𝑠 fixed)
satisfy the condition

1
2𝑚(𝑚 − 1)𝜇𝛼 → 𝜆𝛼 < ∞, 𝛼 = 1, … , 𝑠. (1)

Then the quantities 𝜉𝛼, 𝛼 = 1, … , 𝑠, are asymptotically independent Poisson
variables with parameters 𝜆𝛼, 𝛼 = 1, … , 𝑠.
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Theorem 2. If, in the assumptions of Theorem 1, condition (1) is replaced by
the requirement

𝑚2𝜇1 → ∞, 𝜇𝑠 → 0 ((𝑛 − 2𝑡𝑠)/√𝑛 → ∞) ,

then the system of quantities

𝜂𝛼 = 𝜉𝛼 − 1
2 𝑚(𝑚 − 1)𝜇𝛼

( 1
2 𝑚(𝑚 − 1)𝜇𝛼)1/2 (2)

is asymptotically normal with the identity covariance matrix.

The proof of both theorems is based on estimating the multidimensional mo-
ments of the quantities 𝜉𝛼 with subsequent application of generating functions
in the case of Theorem 1 (cf. (1)) and of the second convergence theorem (2) in
the case of Theorem 2. Below the proof of Theorem 2 is given.

It will be useful for us, with each collection of random variables 𝑥𝑖1𝑗1
(𝛼1), … , 𝑥𝑖𝑟𝑗𝑟(𝛼𝑟),

where 𝑖𝜈 < 𝑗𝜈, but among the pairs (𝑖𝜈, 𝑗𝜈) there may also be identical ones,
to associate the graph Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟) of 𝑟 edges (𝑖𝜈, 𝑗𝜈), connecting vertices
with the corresponding numbers (so that, in this connection, ⋯

multiple connections of vertices). Denote by 𝜒(Γ) the number of connected com-
ponents of the graph Γ; call the index 𝐼(Γ) a nonnegative integer such that:
a) in the graph Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟) there are 𝐼(Γ) edges whose deletion from
Γ leads to a graph without cycles (closed paths of edges); b) this cannot be
achieved by deleting a smaller number of edges.

Lemma 1. If 𝐼(Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟)) = 0, then the random variables

𝑥𝑖1𝑗1
(𝛼1), … , 𝑥𝑖𝑟𝑗𝑟(𝛼𝑟),

where (𝛼1, … , 𝛼𝑟) is an arbitrary set of numbers 0, 1, … , 𝑠, are mutually inde-
pendent.

To prove the lemma it suffices to show that the variables

a𝑖𝜈
⊕ a𝑗𝜈

, 𝜈 = 1, … , 𝑟,

are mutually independent. Choose in the graph Γ a vertex from which exactly
one edge issues. Let this be, say, the vertex numbered 𝑗𝑟. Then the quantity
a𝑗𝑟

does not enter into any other two-term sums

a𝑖𝜈
⊕ a𝑗𝜈

, 𝜈 < 𝑟.

But this means that the conditional probability that the quantity

𝑎1
𝑖𝑟

⊕ 𝑎1
𝑗𝑟
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takes the value 1, for any fixed values of

𝑎1
𝑖𝜈

⊕ 𝑎1
𝑗𝜈

, 𝜈 < 𝑟,

is unchanged and equal to 1/2; the same is true for the other coordinates of
the vector a𝑖𝑟

⊕ a𝑗𝑟
. Applying induction on the number of edges, we obtain the

assertion of Lemma 1.

In what follows we shall denote centering of a random variable by mathematical
expectation with the sign ∧:

̂𝑥𝑖𝑗(𝛼) = 𝑥𝑖𝑗(𝛼) − 𝜇𝛼, ̂𝜉𝛼 = 𝜉𝛼 − 1
2𝑚(𝑚 − 1)𝜇𝛼,

and so on.

Lemma 2. If 𝐼(Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟)) = 𝑙 > 0, then

E( ̂𝑥𝑖1𝑗1
(𝛼) … ̂𝑥𝑖𝑟𝑗𝑟(𝛼)) ⩽ 2𝑟𝜇 𝑟−𝑙

𝛼 . (3)

Indeed, suppose that the edges to be deleted are

(𝑖𝑟−𝑙+1, 𝑗𝑟−𝑙+1), … , (𝑖𝑟, 𝑗𝑟).

Substitute in (3)
̂𝑥𝑖𝜈𝑗𝜈

(𝛼) = 𝑥𝑖𝜈𝑗𝜈
(𝛼) − 𝜇𝛼

and expand the brackets. As a result we obtain 2𝑟 terms, of which the first is

E𝑥𝑖1𝑗1
(𝛼) … 𝑥𝑖𝑟𝑗𝑟(𝛼) ⩽ E𝑥𝑖1𝑗1

(𝛼) … 𝑥𝑖𝑟−𝑙𝑗𝑟−𝑙
(𝛼) = 𝜇 𝑟−𝑙

𝛼 .

Every other term is obtained from the first by replacing some 𝑥𝑖𝜈𝑗𝜈
(𝛼) by 𝜇𝛼.

Therefore, estimating by unity all the remaining

𝑥𝑖𝜈𝑗𝜈
(𝛼), 𝑟 − 𝑙 + 1 ⩽ 𝜈 ⩽ 𝑟,

we again arrive at the upper bound 𝜇 𝑟−𝑙
𝛼 , which gives (3).

Let us now turn to the estimation of the moments of ̂𝜉𝛼. Obviously,

E ̂𝜉 𝑟
𝛼 = ∑

𝑖1<𝑗1,…,𝑖𝑟<𝑗𝑟

E ̂𝑥𝑖1𝑗1
(𝛼) … ̂𝑥𝑖𝑟𝑗𝑟(𝛼). (4)

We split the sum in (4) into parts Σ𝑘
𝑙 , consisting of all terms

E ̂𝑥𝑖1𝑗1
(𝛼) … ̂𝑥𝑖𝑟𝑗𝑟(𝛼),

for which
𝜒(Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟)) = 𝑘, 𝐼(Γ) = 𝑙.
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Note that always 𝑘 + 𝑙 − 𝑟 ⩽ 0, since the number of edges 𝑟 − 𝑙 of the reduced
graph is not less than the number of its connected components, which coincides
with 𝜒(Γ) = 𝑘.

By virtue of Lemma 1, Σ𝑘
𝑙 = 0 for all 𝑘. Moreover, Σ𝑘

𝑙 = 0 for 𝑙 < 𝑘, since in
this case at least one of the 𝑘 connected components of the graph Γ contains no
cycles. For 𝑙 ⩾ 𝑘, estimate every term in Σ𝑘

𝑙 by inequality (3). The number of
terms in Σ𝑘

𝑙 does not exceed 𝑐𝑟𝑚𝑟−𝑙+𝑘, where 𝑐𝑟 is some constant; this estimate
follows easily from the fact that 𝑟 − 𝑙 + 𝑘 is the number of vertices of a graph Γ
with 𝑟 edges, for which 𝜒(Γ) = 𝑘, 𝐼(Γ) = 𝑙. Thus,

(1/2 𝑚(𝑚 − 1)𝜇𝛼)−𝑟/2Σ𝑘
𝑙 ⩽ 𝑐𝑟𝑚𝑘−𝑙𝜇 𝑟/2−𝑙

𝛼 = 𝑐𝑟𝑚𝑘+𝑙−𝑟/(𝑚2𝜇𝛼) 𝑙−𝑟/2. (5)

Taking into account both forms of the right-hand side of (5) and considering
that

𝑘 − 𝑙 ⩽ 0, 𝑘 + 𝑙 − 𝑟 ⩽ 0, 𝜇𝛼 → 0, 𝑚2𝜇𝛼 → ∞,
we obtain that, for 𝑙 ≠ 𝑟/2
the left-hand side of (5) tends to zero. For odd 𝑟 this immediately leads to the
corresponding result for the odd moments (2). The asymptotic value of the even
moment (2) coincides with

lim
𝑛→∞

(1
2𝑚(𝑚 − 1)𝜇𝛼)

−𝑟/2
Σ𝑟/2

𝑟/2 = 1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑟 − 1).

Thus we have proved that each of the quantities 𝜂𝛼 is asymptotically normal
with parameters (0, 1). Further, for 𝛼 ≠ 𝛽, 𝑥𝑖𝑗(𝛼)𝑥𝑖𝑗(𝛽) = 0, and therefore

E ̂𝑥𝑖𝑗(𝛼) ̂𝑥𝑖𝑗(𝛽) = −𝜇𝛼𝜇𝛽, E ̂𝑥𝑖𝑗(𝛼)2 = 𝜇𝛼(1 − 𝜇𝛼). (6)

From this and from (2) it is not difficult to derive the assertion of Theorem 2
concerning the covariance matrix.

The proof of Theorem 2 will be completed if we show that, for any real constants
𝜆1, … , 𝜆𝑠, the random variable 𝜆1𝜂1+⋯+𝜆𝑠𝜂𝑠 is asymptotically normal. Bearing
in mind again to apply the method of moments, we write:

E(𝜆1𝜂1 + ⋯ + 𝜆𝑠𝜂𝑠)𝑟 = ∑
𝛼1,…,𝛼𝑟

𝜆𝛼1
⋯ 𝜆𝛼𝑟

E𝜂𝛼1
⋯ 𝜂𝛼𝑟

. (7)

In view of the asymptotic normality of each of the quantities 𝜂𝛼, it is enough
for us to show that, for any integers 𝑟1 ≥ 0, … , 𝑟𝑠 ≥ 0, 𝑟1 + ⋯ + 𝑟𝑠 = 𝑟,

E(𝜂𝑟1
1 ⋯ 𝜂𝑟𝑠𝑠 )/E𝜂𝑟1

1 ⋯ E𝜂𝑟𝑠𝑠 → 1, 𝑛 → ∞, (8)
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if all 𝑟𝛼 are even, and E𝜂𝑟1
1 ⋯ 𝜂𝑟𝑠𝑠 → 0 otherwise. We represent the mathematical

expectation of interest to us in the form

1
( 1

2 𝑚(𝑚 − 1))𝑟/2 ∑
𝑖1<𝑗1,…,𝑖𝑟<𝑗𝑟

𝐸 ∏
𝜈≤𝑟1

̂𝑥(1)
𝑖𝜈𝑗𝜈

(𝜇1)1/2 ⋯ ∏
𝑟1+⋯+𝑟𝑠−1<𝜈≤𝑟1+⋯+𝑟𝑠

̂𝑥(𝑠)
𝑖𝜈𝑗𝜈

(𝜇𝑠)1/2 . (9)

The estimate of the sum (9) is carried out by partitioning it into parts Σ𝑘
𝑙 and

subsequently estimating these parts. For this we shall need the following

Lemma 3. If 𝐼(Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟)) = 𝑙 > 0, then

E( ̂𝑥𝑖1𝑗1
(𝛼1) ⋯ ̂𝑥𝑖𝑟𝑗𝑟(𝛼𝑟)) ≤ 2𝑟𝜇𝛽1

⋯ 𝜇𝛽𝑟−𝑙
, (10)

where (𝛼1, … , 𝛼𝑟) is an arbitrary set of numbers 0, 1, … , 𝑠, and the set
(𝛽1, … , 𝛽𝑟−𝑙) is obtained from (𝛼1, … , 𝛼𝑟) by deleting certain components. In
this case the following property is fulfilled: at least one of the deleted elements
is not smaller than some 𝛽𝜈.

Just as in the proof of Lemma 2, we come to the consideration of the mathemat-
ical expectation E𝑥𝑖1𝑗1

(𝛼1) ⋯ 𝑥𝑖𝑟𝑗𝑟(𝛼𝑟). We shall now exclude from the graph
Γ those 𝑙 edges whose existence is guaranteed by the condition of the lemma.
Removing one edge at each step, after the (𝑙 − 1)-st step we arrive at a graph
with one cycle. The operation of the last step ensures the fulfillment of the
additional property in Lemma 3.

To estimate the sum Σ1
𝑙 , we multiply the inequality (10) by ( 1

2 𝑚(𝑚 − 1))−𝑟/2

and transform its right-hand side into the form

𝑐″
𝑟

1
𝑚𝑟−𝑙+1

(𝜇𝛼1
⋯ 𝜇𝛼𝑟−𝑙−1

)1/2 𝑚(𝜇𝛼𝑟−𝑙
)1/2

𝑚𝑙(𝜇𝛼𝑟−𝑙+1
⋯ 𝜇𝛼𝑟

)1/2 , (11)

where, for convenience, we have assumed that 𝛽𝜈 = 𝛼𝜈, 𝜈 = 1, … , 𝑟 − 𝑙, and
𝛼𝑟−𝑙 does not exceed some 𝛼𝜈, 𝜈 = 𝑟 − 𝑙 + 1, … , 𝑟. In the only case 𝑟 = 2,
𝑙 = 1, nothing more can be said about the second factor in (11) than that it is
bounded. In all other cases it tends to zero (uniformly over all terms of the sum
Σ1

𝑙 , the number of which is ≤ 𝑐𝑟𝑚𝑟−𝑙+1).

When considering the other Σ𝑘
𝑙 , it is necessary to represent each term of Σ𝑘

𝑙 as
a product of 𝑘 mathematical expectations of products of the quantities

̂𝑥𝑖,𝑗𝜈
(𝛼)/(𝜇𝛼)1/2,

corresponding to one and the same connected component of the graph
Γ(𝑖1, 𝑗1; … ; 𝑖𝑟, 𝑗𝑟); then, for each of these 𝑘 factors, write an estimate of the
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form (11), in which the roles of 𝑟 and 𝑙 will be played, respectively, by the
number of edges of the connected component and its index. As a result, if 𝑟
is odd, then at least one of the components contains an odd (and hence > 2)
number of edges; therefore all odd moments (7) tend to zero.

For even 𝑟 in the sum (9) it is necessary to retain only the terms corresponding
to a graph consisting of 𝑟/2 connected components, each of which is a cycle of
two edges. Moreover, by virtue of (6) one may exclude all terms for which at
least one two-edge cycle joins edges corresponding to the quantities

̂𝑥𝑖,𝑗𝜈
(𝛼)/(𝜇𝛼)1/2

from (9) with different 𝛼. From this it is easy to derive the result (8) that we
need.
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