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MATHEMATICS

L. A. MURAVEI

DECAY OF SOLUTIONS OF THE SECOND
EXTERIOR BOUNDARY-VALUE PROBLEM
FOR THE WAVE EQUATION WITH TWO
SPACE VARIABLES
(Presented by Academician A. N. Tikhonov on 30 I 1970)

Let the function 𝑢(𝑥, 𝑡) in the exterior Ω of a convex contour Γ satisfy the
conditions

𝜕2𝑢(𝑥, 𝑡)/𝜕𝑡2 − Δ𝑢(𝑥, 𝑡) = 0, 𝑥 ∈ Ω, 𝑡 > 0; (1)

𝑢∣𝑡=0 = 𝑓1(𝑥), 𝜕𝑢/𝜕𝑡∣𝑡=0 = 𝑓0(𝑥), 𝑥 ∈ Ω (2)

and, on the contour Γ, the condition

𝜕𝑢/𝜕𝑛 = 0, 𝑥 ∈ Γ, 𝑡 ⩾ 0, (3)

where 𝑥 = (𝑥1, 𝑥2), Δ = 𝜕2/𝜕𝑥2
1 + 𝜕2/𝜕𝑥2

2, and 𝑛 is the unit normal to the
contour Γ, exterior with respect to Ω.

This note is devoted to the study of the asymptotic behavior of the solution
𝑢(𝑥, 𝑡) of problem (1)—(3) as 𝑡 → ∞.

Problem (1)—(3) for the case of three space variables was studied by V. P.
Mikhailov in [1], where it was shown that if the functions 𝑓0, 𝑓1 are finite and
the surface Γ has positive Gaussian curvature, then the solution 𝑢(𝑥, 𝑡) decays
on every compact set in 𝑥 as 𝑒−𝛼𝑡. In the case of three space variables, for
the first boundary-value problem (𝑢|Γ = 0), K. Morawetz [2] proved that if the
functions 𝑓0, 𝑓1 are finite and the surface Γ is star-shaped, the solution 𝑢(𝑥, 𝑡)
decays on every compact set in 𝑥 as 1/𝑡. Using this result, P. Lax, K. Morawetz,
and R. Phillips [3] established, under the assumptions of [2], the exponential
decay of the solution on every compact set in 𝑥 as 𝑡 → ∞. A detailed survey
of results in this direction is given in the paper of T. I. Zelenyak and V. P.
Mikhailov [4].
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We shall consider the solution 𝑢(𝑥, 𝑡) of problem (1)—(3) under the following
assumptions: the contour Γ ∈ 𝐶3, and the radius of curvature 𝑅(𝑠) (𝑠 is arc
length of the curve) satisfies the inequalities

0 < 𝑅0 ⩽ 𝑅(𝑠) ⩽ 𝑅1 < ∞. (4)

The functions 𝑓𝛼(𝑥) ∈ 𝐶2+𝛼(Ω), 𝛼 = 0, 1, and satisfy the conditions

∣𝜕𝛼1+𝛼2𝑓𝛼(𝑥)/𝜕𝑥𝛼1
1 𝜕𝑥𝛼2

2 ∣ ⩽ 𝐶𝛼𝑒−𝐵𝛼|𝑥|, 𝑥 ∈ Ω; (5)

𝜕𝑓𝛼/𝜕𝑛 = 0, 𝑥 ∈ Γ, (6)

where 𝐵𝛼, 𝐶𝛼, 𝛼 = 0, 1, are certain positive constants. In what follows we shall
assume that the functions 𝑓𝛼(𝑥), 𝛼 = 0, 1, have been extended to the entire
plane 𝐸2 with preservation of smoothness and of estimate (5).

Represent the function 𝑢(𝑥, 𝑡) in the form

𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑢1(𝑥, 𝑡), (7)

where 𝑢𝛼(𝑥, 𝑡), 𝛼 = 0, 1, are the solutions of problem (1)—(3) for 𝑓1−𝛼 ≡ 0.

Theorem. If conditions (4)—(6) are fulfilled, then for every 𝑥 ∈ Ω there exist
positive constants 𝑇 = 𝑇 (𝑥, Γ, 𝑓𝛼) < ∞ and 𝐶 = 𝐶(𝑥, Γ, 𝑓𝛼) < ∞ such that,
for 𝑡 ⩾ 𝑇 , for the functions 𝑢𝛼(𝑥, 𝑡), 𝛼 = 0, 1,

from (7) the estimate holds

|𝑢𝛼(𝑥, 𝑡)| ≤ 𝐶/𝑡1+𝛼, 𝛼 = 0, 1. (8)

If the supports of the functions 𝑓𝛼, 𝛼 = 0, 1, are contained in a compact set
𝑄 ⊂ Ω, the functions 𝑓𝛼 ∈ 𝐶2+𝛼(𝑄) and satisfy condition (6), then for any
𝑥 ∈ Ω there is a constant 0 < 𝐷 = 𝐷(𝑥, Γ, 𝑓𝛼, 𝑄) < ∞ such that, as 𝑡 → ∞, the
equality

𝑢𝛼(𝑥, 𝑡) = (−1)𝛼

2𝜋𝑡1+𝛼 ∬
𝑄

𝑓𝛼(𝑦) 𝑑𝑦1𝑑𝑦2 + 𝑢̃𝛼(𝑥, 𝑡), (9)

holds, where

|𝑢̃𝛼(𝑥, 𝑡)| ≤ 𝐷 ln 𝑡/𝑡2+𝛼, 𝛼 = 0, 1.
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Consider in 𝐸2 the functions 𝑤𝛼(𝑥, 𝑡), 𝛼 = 0, 1, the solutions of the Cauchy
problem for equation (1) with the functions 𝑓𝛼, 𝛼 = 0, 1, as the initial data; as
is known,

𝑤𝛼(𝑥, 𝑡) = 𝜕𝛼

𝜕𝑡𝛼 { 1
2𝜋 ∫

|𝑦|≤𝑡

𝑓𝛼(𝑥 + 𝑦)
√𝑡2 − |𝑦|2

𝑑𝑦1𝑑𝑦2} , 𝛼 = 0, 1, 𝑥 ∈ 𝐸2, 𝑡 ≥ 0.

Lemma 1. For any 𝑥 ∈ 𝐸2 there is a positive constant 𝐶′
𝛼 = 𝐶′

𝛼(𝑥, 𝑓𝛼) such
that, as 𝑡 → ∞, for the functions 𝑤𝛼(𝑥, 𝑡), 𝛼 = 0, 1, the representations

𝑤𝛼(𝑥, 𝑡) = (−1)𝛼

2𝜋𝑡1+𝛼 ∬
𝐸2

𝑓𝛼(𝑦) 𝑑𝑦1𝑑𝑦2 + 𝑤̃𝛼(𝑥, 𝑡), (10)

are valid, where

|𝑤̃𝛼(𝑥, 𝑡)| ≤ 𝐶′
𝛼/𝑡3+𝛼, 𝛼 = 0, 1.

We shall seek the functions 𝑢𝛼(𝑥, 𝑡) in the form

𝑢𝛼(𝑥, 𝑡) = 𝑤𝛼(𝑥, 𝑡) + 𝑣𝛼(𝑥, 𝑡), 𝛼 = 0, 1. (11)

Then, for 𝑥 ∈ Ω, the functions 𝑣𝛼(𝑥, 𝑡), 𝛼 = 0, 1, satisfy equation (1), the zero
initial conditions (2), and, for 𝑥 ∈ Γ, the condition 𝜕𝑣𝛼/𝜕𝑛 = −𝜕𝑤𝛼/𝜕𝑛, 𝑡 ≥ 0.

Denote by 𝑉𝛼(𝑥, 𝑘) the formal Laplace transform of the function 𝑣𝛼(𝑥, 𝑡), 𝛼 =
0, 1. The function 𝑉𝛼(𝑥, 𝑘) is a solution of the problem

Δ𝑉𝛼(𝑥, 𝑘) + 𝑘2𝑉𝛼(𝑥, 𝑘) = 0, 𝑥 ∈ Ω; (12)

𝜕𝑉𝛼/𝜕𝑛 = 𝐹𝛼(𝑥, 𝑘), 𝑥 ∈ Γ; (13)

𝜕𝑉𝛼/𝜕|𝑥| − 𝑖𝑘𝑉𝛼 = 𝑒𝑖𝑘|𝑥|𝑜(|𝑥|−1/2) as |𝑥| → ∞, (14)

where 𝛼 = 0, 1, Im 𝑘 > 0,

𝐹𝛼(𝑥; 𝑘) = − ∫
∞

0
𝑒𝑖𝑘𝑡 𝜕𝑤𝛼(𝑥, 𝑡)

𝜕𝑛 ∣
𝑥∈Γ

𝑑𝑡.

Starting from the form of the functions 𝐹𝛼, 𝑤𝛼 and properties (5)—(6) of the
functions 𝑓𝛼, one proves
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Lemma 2. The functions 𝐹𝛼(𝑥, 𝑘), 𝛼 = 0, 1, are continuous in 𝑥 ∈ Γ and
analytic in 𝑘 in the domain

𝐾𝑏 ≡ {𝑘 ∶ −𝑏 ≤ Im 𝑘 ≤ 𝑏, Re 𝑘 ≠ 0, Im 𝑘 ≤ 0},

where 0 < 𝑏 < min(𝐵0, 𝐵1) (𝐵0, 𝐵1 are the constants from (5)); moreover, for
𝑘 ∈ 𝐾𝑏 ∩ {|𝑘| ≤ 𝑏} the representations

𝐹𝛼(𝑥, 𝑘) = (−1)1+𝛼(𝑖𝑘)1+𝛼

4 ∬
𝐸′

2

𝑓𝛼(𝑥 + 𝑦)(𝑛, 𝑦)
|𝑦| 𝐻(1)

1 (𝑘|𝑦|) 𝑑𝑦1𝑑𝑦2, 𝛼 = 0, 1,

and for 𝑘 ∈ 𝐾𝑏 ∩ {|𝑘| ≥ 𝑏} the estimates

|𝐹𝛼(𝑥, 𝑘)| ≤ 𝐶″
𝛼

|𝑘| | Re 𝑘|1/2 , 𝛼 = 0, 1,

hold, where 𝐶″
𝛼 = 𝐶″

𝛼(Γ, 𝑓𝛼, 𝑏) are certain positive constants.

The solution of problem (12)—(14) can be represented in the form

𝑉𝛼(𝑥, 𝑘) = ∫
Γ

𝐹𝛼(𝑦, 𝑘) 𝐺(𝑥, 𝑦, 𝑘) 𝑑𝑦, (15)

where 𝐺(𝑥, 𝑦, 𝑘) is the Green’s function of problem (12)—(14) (its existence for
Im 𝑘 ≥ 0 follows from [5]).

Under assumptions (4) on the contour Γ, the following basic lemma 3 holds.

Lemma 3. For any 𝑦 ∈ Γ and fixed 𝑥 ∈ Ω, the function 𝐺(𝑥, 𝑦, 𝑘) is analytic in
the domain 𝐾𝑏′ , for some 0 < 𝑏′ = 𝑏′(Γ). Moreover, in the domain 𝐾𝑏′ ∩ {|𝑘| ≥
𝑏′} the estimate

|𝐺(𝑥, 𝑦, 𝑘)| ≤ 𝐶 |𝑘|−1/6

|𝑥 − 𝑦|1/2 (1 + 𝑒−𝐷 Im 𝑘)𝑒−𝐵|𝑥−𝑦| Im 𝑘, (16)

holds, and in the domain 𝐾𝑏′ ∩ {|𝑘| ≤ 𝑏′} the representation

𝐺(𝑥, 𝑦, 𝑘) = 𝐺(0)(𝑥, 𝑦) − 1
2𝜋 ln(𝛾𝑘) + 𝐺(1)(𝑥, 𝑦, 𝑘),

holds, where 𝐺(0)(𝑥, 𝑦) is the Green’s function of the corresponding problem
for the Laplace equation; 𝐺(1)(𝑥, 𝑦, 𝑘) is a function analytic in the domain 𝐾𝑏′ ∩
{|𝑘| ≤ 𝑏′}, for which the estimate
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|𝐺(1)(𝑥, 𝑦, 𝑘)| ≤ 𝐶(1)|𝑘 ln 𝑘|

holds; the constants 𝐵, 𝐶, 𝐷 > 0 depend on 𝑥, Γ, 𝑏′; 𝐶(1) = 𝐶(1)(𝑥, Γ) is a certain
positive constant, and 𝛾 is a certain complex number.

The main difficulty in proving the lemma is establishing estimate (16) as 𝑘 → ∞.
For this purpose an analytic continuation of the Green’s function of problem (12)
—(14) is constructed for a circle of curvature to the contour Γ at an arbitrary
point of it. For sufficiently large | Re 𝑘|, this continuation can be obtained
in a certain strip containing the axis Im 𝑘 = 0. Using the properties of this
continuation, for the function 𝐺(𝑥, 𝑦, 𝑘) in this strip one can obtain an integral
equation of the type introduced in [6] in the study of the short-wave diffraction
problem. For the kernel of the integral equation an estimate is established
that makes it possible to solve it by the method of iterations and to establish
inequality (16).

From lemmas 2, 3 it follows that the functions 𝑉𝛼(𝑥, 𝑘), 𝛼 = 0, 1, in (15) are
analytic in the domain 𝐾𝛽, 𝛽 = min{𝑏, 𝑏′}, and for 𝑘 ∈ 𝐾𝛽 ∩ {|𝑘| ≥ 𝛽} the
estimate

|𝑉𝛼(𝑥, 𝑘)| ≤ 𝐶
|𝑘|7/6| Re 𝑘|1/2 (1 + 𝑒−𝐷 Im 𝑘)𝑒−𝐵|𝑥| Im 𝑘, 𝛼 = 0, 1, (17)

holds for them; the constants 𝐵, 𝐶, 𝐷 > 0 depend on 𝑥, Γ, 𝑓𝛼.

The functions 𝑣𝛼(𝑥, 𝑡) from (11) are represented in the form

𝑣𝛼(𝑥, 𝑡) = 1
2𝜋 ∫

Im 𝑘=𝜀
𝑒−𝑖𝑘𝑡𝑉𝛼(𝑥, 𝑘) 𝑑𝑘, 𝛼 = 0, 1,

where 𝜀 is an arbitrary number from the interval (0, 𝛽).
On the basis of estimate (17), for any 𝑡 > 0 the integral over the contour Im 𝑘 = 𝜀
can be transformed to the form

𝑣𝑎(𝑥, 𝑡) = 𝑖
2𝜋 ∫

𝛽

0
𝑒−𝜂𝑡[𝑉𝑎(𝑥, 𝜂𝑒−𝑖𝜋/2) − 𝑉𝑎(𝑥, 𝜂𝑒3𝜋/2)] 𝑑𝜂+

+𝑒−𝛽𝑡

2𝜋 ∫
∞

0
𝑒𝑖𝑡𝜉[𝑉𝑎(𝑥, −𝛽 + 𝑖𝜉) − 𝑉𝑎(𝑥, −𝛽 − 𝑖𝜉)] 𝑑𝜉 = 𝑣(0)

𝑎 (𝑥, 𝑡) + 𝑣(1)
𝑎 (𝑥, 𝑡)

(𝑎 = 0, 1).

For 𝑡 ≥ 𝑇 = 2(𝐷 + 𝐵|𝑥|) (𝐵, 𝐷 are the constants from (17)) the estimate

|𝑣(1)
𝑎 (𝑥, 𝑡)| ≤ 𝐶(1)(𝑥, Γ, 𝑓𝑎)𝑒−𝛽𝑡/2. (18)
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Using the form of the function 𝐺(𝑥, 𝑦, 𝑘) and of the functions 𝐹𝑎(𝑥, 𝑘), 𝑎 = 0, 1,
for 𝑘 ∈ 𝐾𝛽 ∩ {|𝑘| ≤ 𝛽}, as well as the restrictions (5)—(6) on the functions 𝑓𝑎,
𝑎 = 0, 1, we arrive, as 𝑡 → ∞, at the estimate

|𝑣(0)
𝑎 (𝑥, 𝑡)| ≤ 𝐶(𝑥, Γ, 𝑓𝑎)/𝑡1+𝑎, 𝑎 = 0, 1. (19)

If the functions 𝑓𝑎, 𝑎 = 0, 1, have compact support 𝑄, then as 𝑡 → ∞ one can
obtain the expansion

𝑣(0)
𝑎 (𝑥, 𝑡) = (−1)1+𝑎

2𝜋𝑡1+𝑎 ∬
𝐸2∖𝑄

𝑓𝑎(𝑦) 𝑑𝑦1𝑑𝑦2 + ̃𝑣𝑎(𝑥, 𝑡), (20)

where
| ̃𝑣𝑎(𝑥, 𝑡)| ≤ 𝐶(𝑥, Γ, 𝑓𝑎, 𝑄) ln 𝑡/𝑡2+𝑎, 𝑎 = 1, 0. (21)

We shall now establish the properties, formulated in the theorem, of the solution
𝑢(𝑥, 𝑡) of problem (1)—(3). Estimate (8) follows from representation (11) for
the functions 𝑢𝑎 and from the properties (10), (18), (19) of the functions 𝑤𝑎, 𝑣𝑎,
𝑎 = 0, 1. Equality (9) follows from the form (11) of the functions 𝑢𝑎 and from
the properties (10), (18), (20)—(21) of the functions 𝑤𝑎, 𝑣𝑎, 𝑎 = 0, 1, valid as
𝑡 → ∞.
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