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(Presented by Academician A. N. Tikhonov on 30 I 1970)

Let the function wu(z,t) in the exterior  of a convex contour I' satisfy the
conditions

O%u(x,t)/0t? — Au(x,t) = 0, z€eQ, t>0; (1)

ul,_ =A@,  oufot|_ = folx), z€q (2)

and, on the contour I', the condition

Ou/On =0, zel, t>0, (3)

where © = (z1,25), A = 0%/02% + 02?/023, and n is the unit normal to the
contour I', exterior with respect to (2.

This note is devoted to the study of the asymptotic behavior of the solution
u(z,t) of problem (1)—(3) as t — oo.

Problem (1)—(3) for the case of three space variables was studied by V. P.
Mikhailov in [1], where it was shown that if the functions f,, f; are finite and
the surface T" has positive Gaussian curvature, then the solution u(z,t) decays
on every compact set in x as e”**. In the case of three space variables, for
the first boundary-value problem (u|r = 0), K. Morawetz [2] proved that if the
functions f, f; are finite and the surface I' is star-shaped, the solution u(z,?)
decays on every compact set in = as 1/t. Using this result, P. Lax, K. Morawetz,
and R. Phillips [3] established, under the assumptions of [2], the exponential
decay of the solution on every compact set in x as t — oco. A detailed survey
of results in this direction is given in the paper of T. I. Zelenyak and V. P.
Mikhailov [4].

sovietrxiv.org/items/ru-197001.20968 Machine Translation


https://sovietrxiv.org/items/ru-197001.20968

We shall consider the solution u(z,t) of problem (1)—(3) under the following
assumptions: the contour I' € C3, and the radius of curvature R(s) (s is arc
length of the curve) satisfies the inequalities

0< Ry < R(s) <R, < 0. (4)
The functions f, (z) € C?t*(Q), a = 0, 1, and satisfy the conditions

|90 +02 fo () /0 0257 | < CpePeltl, w el ()

of*/on =0, zel, (6)

where B,,C,, a = 0,1, are certain positive constants. In what follows we shall
assume that the functions f,(z), @ = 0,1, have been extended to the entire
plane F, with preservation of smoothness and of estimate (5).

Represent the function u(x,t) in the form

u(@,t) = ug(x, t) + uy (1), (7)

where u, (z,t), @« = 0,1, are the solutions of problem (1)—(3) for f;_, =0.

Theorem. If conditions (4)—(6) are fulfilled, then for every z € Q there exist
positive constants T' = T'(z,T', f,) < oo and C = C(z,T, f,) < oo such that,
for t > T, for the functions u,(z,t), a = 0,1,

from (7) the estimate holds

\ua(x,t)| < C/t1+a7 a=0,1. (8)

If the supports of the functions f,, a = 0,1, are contained in a compact set
Q C Q, the functions f, € C?7*(Q) and satisfy condition (6), then for any
x € Q there is a constant 0 < D = D(z,T, f,,Q) < oo such that, as t — oo, the
equality

_1)e .
ualost) = 3 [ o) iy + 1), )
mt o
holds, where

G, (x,t)| < DInt/t>t, a=0,1.
|t (@, )]
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Consider in E, the functions w,(z,t), o = 0,1, the solutions of the Cauchy
problem for equation (1) with the functions f,, « =0, 1, as the initial data; as
is known,

@ 1
wy,(z,t) = 0 {/ Mdyldyg}, a=0,1, ze€kE, t>0.
lyl<t

T ot | 2 NCamE

Lemma 1. For any = € E, there is a positive constant C}, = C/ (z, f,) such
that, as t — oo, for the functions w, (z,t), a = 0,1, the representations

wnlot) = gtk | £ v o0 (10)

are valid, where

[, (x,t)] < CL 3+, a=0,1.

We shall seek the functions u, (z,t) in the form

Uy (x,1) = wy, (z,t) + vy (2, 1), a=0,1. (11)
Then, for z € Q, the functions v, (z,t), a = 0,1, satisfy equation (1), the zero
initial conditions (2), and, for « € T, the condition dv,/On = —dw,/On, t > 0.

Denote by V, (z, k) the formal Laplace transform of the function v, (z,t), a =
0,1. The function V, (z, k) is a solution of the problem

AV, (2, k) + K>V, (2, k) = 0, x € (12)
oV, /On=F, (x,k), xely (13)
oV, )0\|x| — ikV,, = e™=lo(|z|~1/?) as |z| — oo, (14)

where o = 0,1, Imk > 0,

FQ(IE; k) — 7/ eik:t awa(x’t)
0

dt.
on

zel

Starting from the form of the functions F,, w, and properties (5)—(6) of the
functions f,, one proves
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Lemma 2. The functions F, (z,k), o = 0,1, are continuous in z € I" and
analytic in k in the domain

K,={k: -b<Imk<b, Rek#0, Imk<O0},

where 0 < b < min(B,,, B;) (By, By are the constants from (5)); moreover, for
k € K, N {|k| < b} the representations

-1 1+a ik 1+a n,
Fo(z,k) = %// fa(x+y)( IyTJ)H?)(klyl)dyldy% a=0,1,
B

and for k € K, N {|k| > b} the estimates

C//

F (z,k)| < ——o =0,1,

hold, where C/ = CZ(T, f,,,b) are certain positive constants.

The solution of problem (12)—(14) can be represented in the form

V(2. k) = / Fo(y.k) Gy, k) dy, (15)

where G(z,y, k) is the Green’ s function of problem (12)—(14) (its existence for
Imk > 0 follows from [5]).

Under assumptions (4) on the contour I', the following basic lemma 3 holds.

Lemma 3. For any y € I and fixed z € Q, the function G(z,y, k) is analytic in
the domain K/, for some 0 < b = b’(T"). Moreover, in the domain K,, N {|k| >
b’} the estimate

C |k|71/6

|G(Iaya k)l < ‘x _ y|1/2

(1 + efDImk)ethcfy\ Irnk7 (16)
holds, and in the domain K, N {|k| < b’} the representation
1
G(Iv Y, k) = G(())(J,‘, y) - 27 ln(’yk) + G(l)(xv Y, k)a
™

holds, where G(©)(x,y) is the Green’ s function of the corresponding problem
for the Laplace equation; G(l)(x, y, k) is a function analytic in the domain K, N
{|k| < b'}, for which the estimate
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G (2, y, k)| < CY[kInk]

holds; the constants B, C', D > 0 depend on z,T',b’; C) = CV(z,T) is a certain
positive constant, and « is a certain complex number.

The main difficulty in proving the lemma is establishing estimate (16) as k — oo.
For this purpose an analytic continuation of the Green’s function of problem (12)
—(14) is constructed for a circle of curvature to the contour I' at an arbitrary
point of it. For sufficiently large |Rek|, this continuation can be obtained
in a certain strip containing the axis Imk = 0. Using the properties of this
continuation, for the function G(x,y, k) in this strip one can obtain an integral
equation of the type introduced in [6] in the study of the short-wave diffraction
problem. For the kernel of the integral equation an estimate is established
that makes it possible to solve it by the method of iterations and to establish
inequality (16).

From lemmas 2, 3 it follows that the functions V, (z,k), @« = 0,1, in (15) are
analytic in the domain K4, 8 = min{b,b'}, and for k € Kz N {|k] > B} the
estimate

Vol k)| < (14 e PImbye-Blrlimk o = 0,1, (17)

|k\7/6| Rek|1/2

holds for them; the constants B,C, D > 0 depend on z, T, f,,.

The functions v, (x,t) from (11) are represented in the form

1

v, (x,t) = Py

/ e RV (2, k) dk, a=0,1,
Im k=e

where ¢ is an arbitrary number from the interval (0, 5).

On the basis of estimate (17), for any ¢ > 0 the integral over the contour Imk = ¢
can be transformed to the form

. B
) = 5 [V, lane ) < Vo) dpt
0

e Pt

21

/ IV, (2, B+ i6) = Vy(a, =B — i€)] d€ = ol (@,1) + vi) (2,1)
0

(a=0,1).
For ¢t > T = 2(D + Blz|) (B, D are the constants from (17)) the estimate

W (z,8)] < CW(x, T, f,)e Pt/2. (18)

sovietrxiv.org/items/ru-197001.20968 Machine Translation


https://sovietrxiv.org/items/ru-197001.20968

Using the form of the function G(z,y, k) and of the functions F,(x, k), a = 0,1,
for k € Kz N {|k| < B}, as well as the restrictions (5)—(6) on the functions f,,
a = 0,1, we arrive, as t — oo, at the estimate

o (x,8)] < C(,T, f)/t4%,  a=0,1. (19)

If the functions f,, a = 0, 1, have compact support ), then as ¢ — oo one can
obtain the expansion

1+a
(0)
v (2, t) - // y) dy,dys + U, (z, ), (20)
27T151+ R 17z

where _
|9, (z,t)| < C(x,T, f,, Q) Int/t>", a=1,0. (21)

We shall now establish the properties, formulated in the theorem, of the solution
u(z,t) of problem (1)—(3). Estimate (8) follows from representation (11) for
the functions u, and from the properties (10), (18), (19) of the functions w,,v

a’ ra’

a = 0,1. Equality (9) follows from the form (11) of the functions u, and from
the properties (10), (18), (20)—(21) of the functions w,,v,, a = 0,1, valid as
t — oo.
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