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Abstract
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MATHEMATICS

V. P. MASLOV

THE CANONICAL OPERATOR ON A LA-
GRANGIAN MANIFOLD WITH A COM-
PLEX GERM AND A REGULARIZER FOR
PSEUDODIFFERENTIAL OPERATORS AND
DIFFERENCE SCHEMES
(Presented by Academician A. N. Tikhonov on 27 VIII 1970)

For simplicity we begin with the consideration of the pseudodifferential equation

𝑖𝜕𝜓/𝜕𝑡 − 𝐿( ̂𝑝, 𝑥, 𝑡)𝜓 = 0, 𝑥 ∈ 𝑅𝑁 , 𝜓|𝑡=0 = 𝜓0(𝑥),

𝐿( ̂𝑝, 𝑥, 𝑡)𝜓(𝑥, 𝑡) = 1
(2𝜋)𝑁 ∫ 𝑒𝑖𝑝𝑥𝐿(𝑝, 𝑥, 𝑡) 𝑑𝑝 ∫ 𝑒−𝑖𝑝𝜉𝜓(𝜉, 𝑡) 𝑑𝜉, (1)

where 𝐿(𝑝, 𝑥, 𝑡) ∈ 𝐶∞[𝑅2𝑁+1] for |𝑝| ≠ 0 has the following properties.

1. There exists lim
ℎ→0

𝐿(ℎ𝑝, 𝑥, 𝑡) = 𝐿0(𝑥, 𝑡) ∈ 𝐶∞; 𝐿(ℎ𝑝, 𝑥, 𝑡) is a linear function
of the variable ℎ.

2. Let 𝐻̃(𝑝, 𝑥, 𝑡) def= Im[𝐿(𝑝, 𝑥, 𝑡) − 𝐿0(𝑥, 𝑡)] ≤ 0.
2a. Denote 𝐻(𝑝, 𝑥, 𝑡) = Re[𝐿(𝑝, 𝑥, 𝑡) − 𝐿0(𝑥, 𝑡)].

3. There exists, in the whole, a solution of the system

̇𝑥 = 𝜕𝐻/𝜕𝑝, ̇𝑝 = −𝜕𝐻/𝜕𝑥, 𝑥 = 𝑥0, 𝑝 = 𝑝0 ≠ 0. (2)

Theorem 1. Under conditions 1)—3), the solution 𝜓(𝑥, 𝑡), continuous in 𝑡, of
problem (1), for 𝜓0(𝑥, 0) ∈ 𝐻𝑠[𝑅𝑁 ], exists and is unique in 𝐻𝑠[𝑅𝑁 ].
Theorem 2. The solution of the Cauchy problem (1) will be infinitely differ-
entiable for any function 𝜓0(𝑥) belonging to 𝐶∞ outside the set Ω ⊂ 𝑅𝑁 , at
those and only those points (𝑥, 𝑡) of the space 𝑅𝑁+1 which do not belong to the
union of the bicharacteristics 𝑋(𝑥0, 𝑝0, 𝑡) for all 𝑥0 ∈ Ω and |𝑝0| ≠ 0.
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Theorems 1 and 2 generalize Theorem 2 of paper (1) to the complex case and
are proved also with the aid of constructing a regularizer in the whole. They are
readily generalized to the case of a polynomial in 𝑖𝜕/𝜕𝑡 on a smooth manifold
𝑀𝑁 .

Now consider a difference scheme with 𝑘 + 1 layers in 𝑡 and, generally speaking,
infinitely many layers in 𝑥 ∈ 𝑅𝑁 . In contrast to the deep results obtained with
the aid of energy estimates (2,3), here we construct a regularizer with the aid of
the characteristics of difference schemes introduced by the author in (4).
Consider a one-parameter family of grids with step ℎ in 𝑥 ∈ 𝑅𝑁 and 𝜏 = 𝛼ℎ in 𝑡
(0 < ℎ < 1). We smoothly extend functions on the grid 𝑢𝑛

𝑚, where 𝑚 is a multi-
index, 𝑚 = (𝑚1, … , 𝑚𝑁), to functions 𝑢𝑛(𝑥) (𝑢𝑛(𝑚ℎ) = 𝑢𝑛

𝑚). The operator
𝑇𝑥𝑙

𝑢𝑛
𝑚 = 𝑢𝑛

𝑚1,…,𝑚𝑙+1,…,𝑚𝑁
can be represented as 𝑇𝑥𝑙

𝑢 = 𝑒ℎ𝜕/𝜕𝑥𝑙𝑢. Therefore any
difference operator can be written as an operator of the form

𝑃𝑢𝑛 def=
𝑘

∑
𝑗=0

𝑎𝑗(ℎ ̂𝑝, 𝑥, 𝜏(𝑛 + 𝑗), ℎ) 𝑢𝑛+𝑗,

where 𝑎𝑗(𝑝, 𝑥, 𝑡, ℎ) ∈ 𝐶∞[𝑅2𝑁+2] for |𝑝| ≠ 0. Consider the difference problem

Cauchy

𝑃𝑢𝑛 = 0, 𝑢𝑖 = 𝑓 𝑖(𝑥), 𝑖 = 0, … , 𝑘 − 1. (3)

We shall call the following function the principal symbol:

𝜌(𝜆, 𝑝, 𝑥, 𝑡) =
𝑘

∑
𝑗=0

𝑎𝑗(𝑝, 𝑥, 𝑡, 0)𝜆𝑗.

Assume that

1) All roots 𝜆𝑖(𝑝, 𝑥, 𝑡), 𝑖 = 1, … , 𝑘, of the equation 𝜌(𝜆, 𝑝, 𝑥, 𝑡) = 0 do not
exceed unity in modulus.

2) In a neighborhood of the set |𝜆𝑗| = 1 the function

𝐻𝑖(ℎ𝑝, 𝑥, 𝑡) def= 1
𝛼 arg𝜆𝑖(ℎ𝑝, 𝑥, 𝑡) ∈ 𝐶∞[𝑅2𝑁+2]

for |𝑝| ≠ 0 and vanishes for ℎ = 0, while the surfaces 𝐻𝑖(ℎ𝑝, 𝑥, 𝑡) = 0 do
not intersect for |𝑝| ≠ 0 for any 0 ≤ ℎ ≤ 1.

3) The solution of the system

̇𝑥 = 𝜕𝐻𝑖/𝜕𝑝, ̇𝑝 = −𝜕𝐻𝑖/𝜕𝑥, 𝑖 = 1, … , 𝑘, (4)
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𝑥(0) = 𝑥0, 𝑝(0) = 𝑝0 ≠ 0
exists globally.

Definition. Let 𝑋𝑖(𝑥0, 𝑝0, 𝑡), 𝑃 𝑖(𝑥0, 𝑝0, 𝑡) be the solution of problem (4) satis-
fying the condition

𝐻𝑖(𝑃 𝑖, 𝑋𝑖, 𝑡) def= ln |𝜆𝑖(𝑃 𝑖(𝑥0, 𝑝0, 𝑡), 𝑋𝑖(𝑥0, 𝑝0, 𝑡), 𝑡)| = 0
for all 0 ≤ 𝑡 ≤ 𝑇 . The curve 𝑋𝑖(𝑥0, 𝑝0, 𝑡), 0 ≤ 𝑡 ≤ 𝑇 , will be called a bicharac-
teristic of the difference operator 𝑃 .

Theorem 3. 1) Under conditions 1)—3) the difference scheme (3) is stable in
𝐿2 on the grid in the sense that the solution 𝑢(𝑥, 𝑡) (𝑡 = 𝑛𝜏) of the problem

𝑃𝑢 = 0, 𝑢𝑖 = 𝑓 𝑖(𝑥), 𝑖 = 0, … , 𝑘 − 1,
satisfies the estimate

‖𝑢(𝑥, 𝑡)‖𝐿2
≤ 𝑀(𝑡)‖𝑓(𝑥)‖𝐿2

, 𝑓(𝑥) = (𝑓0(𝑥), 𝑓1(𝑥), … , 𝑓𝑘−1(𝑥)),
where 𝑀(𝑡) does not depend on ℎ.

2) Any difference derivative of the solution of the Cauchy problem (3) will be
bounded as ℎ → 0 for any function 𝜓(𝑥, 𝜏𝑖), 𝑖 = 0, … , 𝑘 − 1, 𝑥 = 𝑚ℎ, any
difference derivative of which is bounded as ℎ → 0 outside the set Ω ⊂ 𝑅𝑁 ,
at those and only those points (𝑥, 𝑡) of the space 𝑅𝑁+1 (𝑥 = 𝑚ℎ, 𝑡 = 𝑛𝜏)
which do not belong to the closure of the union of the bicharacteristics
𝑋𝑖(𝑥0, 𝑝0, 𝑡) for all 𝑖 = 1, 2, … , 𝑘, 𝑥0 ∈ Ω, 𝜋 ≥ 𝑝0

𝑖 > 0, 𝑖 = 1, … , 𝑘.
This theorem is generalized to the case when the operator 𝑃 is given on a
manifold 𝑀𝑁 , under the condition that it maps a function on the grid on this
manifold to a function on the same grid (for example, when 𝑀𝑁 is paralleliz-
able).

The constructions of the regularizer for (1) and (3) are carried out by means of
the construction of the canonical operator* (c.o.) on the Lagrangian manifold
with complex germ introduced below.

Consider, in the 2𝑁 -dimensional Euclidean real phase space 𝑝, 𝑞, an 𝑁 -
dimensional Lagrangian** manifold

Λ𝑁 = {𝑞 = 𝑥(𝛼), 𝑝 = 𝜉(𝛼)}, 𝛼 ∈ 𝑅𝑁

with a measure 𝜎 ∈ 𝐶∞ on it. On this manifold consider a smooth vector field
𝑦(𝛼), 𝜂(𝛼), vanishing on a submanifold Γ, such that on Γ the relations

{𝑦(𝛼), 𝜂(𝛼)}𝛼∈Γ = 0, {𝜂(𝛼), 𝑥(𝛼)}𝛼∈Γ = {𝑦(𝛼), 𝜉(𝛼)}𝛼∈Γ.

We shall call this field a complex germ. Let 𝐹(𝛼) be such a function on Λ𝑁 in
a neighborhood of Γ that

𝑑𝐹 = 𝜂 𝑑𝑥 − 𝑦 𝑑𝜉 + [𝑂(𝑦2)+
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* We have transferred this name from the real case, although in the complex
case the c.o. can no longer give a representation of the group of canonical
transformations [4].

** That is, the Lagrange brackets {𝑥(𝛼), 𝜉(𝛼)} are equal to zero.

+𝑂(𝜂2)](|𝑑𝑥| + |𝑑𝜉|), nonnegative and vanishing on Γ, and 𝑓(𝛼) is a function on
Λ𝑁 in a neighborhood of Γ such that 𝑑𝑓 = 𝑦 𝑑𝜂 + [𝑂(𝑦2) + 𝑂(𝜂2)]|𝑑𝜂|, vanishing
on Γ. The collection {Λ𝑁 , 𝑦(𝛼), 𝜂(𝛼), 𝐹(𝛼), 𝑓(𝛼)} will be called a Lagrangian
manifold with complex germ, or a 𝜇-manifold. The manifold Λ𝑁 can be covered
by charts with coordinates

𝛽𝑖1,…,𝑖𝑘
= 𝑞𝑖1

, … , 𝑞𝑖𝑘
, 𝑝𝑖𝑘+1

, … , 𝑝𝑖𝑁
, (5)

where ∗ 𝑖𝜈 ≠ 𝑖𝜇 for 𝜈 ≠ 𝜇. We define three zero-dimensional cochains with
values in the sheaf of complex-valued functions.

1) In the chart (𝑢𝑗, 𝛽𝑖1,…,𝑖𝑘
) define the 𝑆-action

𝑆(𝑢𝑗, 𝛼) = ∫
𝛼

𝛼0

𝜉(𝛼) 𝑑𝑥(𝛼) + 𝑓(𝛼) −
𝑁−𝑘
∑
𝜈=1

[𝑝𝑖𝑘+𝜈
𝑥𝑖𝑘+𝜈

(𝛼) + 𝜂𝑖𝑘+𝜈
(𝛼)𝑦𝑖𝑘+𝜈

(𝛼)] ,

where 𝛼0 is a fixed point on Λ𝑁 .

2) In the chart with coordinates 𝑞1, … , 𝑞𝑁 (a nonsingular chart) define the
𝜇-action

𝜇(𝑢𝑗, 𝛼) = −1
2 (𝑦(𝛼), ∥𝜕(𝜉𝑘(𝛼) + 𝑖𝜂𝑘(𝛼))

𝜕𝛼𝑗
∥ ⋅ ∥𝜕(𝑥𝑘(𝛼) + 𝑖𝑦𝑘(𝛼))

𝜕𝛼𝑗
∥

−1
𝑦(𝛼)) .

(6)

In the chart (𝑢𝑗; 𝛽𝑖1,…,𝑖𝑘
) define the 𝜇-action by making in (6) the substitution

𝜉𝑖𝑘+𝜈
→ 𝑥𝑖𝑘+𝜈

, 𝑥𝑖𝑘+𝜈
→ 𝜉𝑖𝑘+𝜈

, 𝜈 = 1, … , 𝑁 − 𝑘.
3) Define the Jacobian

𝐼1,2,…,𝑁(𝛼) def= det ∥𝜕(𝑥𝑘(𝛼) + 𝑖𝑦𝑘(𝛼))
𝜕𝛼𝑗

∥ × 𝑑𝛼1, … , 𝑑𝛼𝑁
𝑑𝜎

in a nonsingular chart. In an arbitrary chart (𝑢𝑗, 𝛽𝑖1,…,𝑖𝑘
) we replace

𝑥𝑖𝑘+𝑗
→ 𝜉𝑖𝑘+𝑗

, 𝑦𝑖𝑘+𝑗
→ 𝜂𝑖𝑘+𝑗

, 𝑗 = 1, … , 𝑁 − 𝑘. The argument of the Jacobian
−∞ < 𝛾𝑖1,…,𝑖𝑘

< ∞ is defined uniquely by means of the following procedure.
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Consider, on the intersection of two charts (𝑢𝑗, 𝛽𝑖1,…,𝑖𝑘
) and (𝑢𝑗, 𝛽𝑖1,…,𝑖𝑘−𝑛

), the
corresponding Jacobians 𝐼𝑖1,…,𝑖𝑘

(𝛼) and 𝐼𝑖1,…,𝑖𝑘−𝑛
(𝛼), and put

𝑣𝑖𝑘−𝜈
(𝑡) = (𝑥𝑖𝑘−𝜈

+ 𝑖𝑦𝑖𝑘−𝜈
) cos 𝑡 + (𝜉𝑖𝑘−𝜈

+ 𝑖𝜂𝑖𝑘−𝜈
) sin 𝑡.

Replacing in 𝐼𝑖1,…,𝑖𝑘
(𝛼)

𝑥𝑖𝑘−𝜈
+ 𝑖𝑦𝑖𝑘−𝜈

→ 𝑣𝑖𝑘−𝜈
, 𝜈 = 0, … , 𝑚 − 1, we obtain a Jacobian 𝐼(𝛼, 𝑡), which

for 𝑡 = 0 equals 𝐼𝑖1,…,𝑖𝑘
(𝛼), and for 𝑡 = 𝜋/2 equals 𝐼𝑖1,…,𝑖𝑘−𝑛

(𝛼). We make the
passage from 0 to 𝜋/2, bypassing the zeros of 𝐼(𝛼, 𝑡) on the left in the complex
𝑡-plane (in the direction of increasing phase). Thus we have joined the phases
of the Jacobians 𝛾𝑖1,…,𝑖𝑘

and 𝛾𝑖1,…,𝑖𝑘−𝑛
in the two charts. Having defined, in a

single-valued way, −𝜋 < arg 𝐼 ≤ 𝜋, we obtain the definition of the path index
𝑙[𝑎0, 𝛼] by setting
2𝜋 Ind 𝑙[𝑎0, 𝑎1] = 𝛾(𝑎0) − arg 𝐼(𝑎0) − [𝛾(𝑎1) − arg 𝐼(𝑎1)], where 𝑎0 and 𝑎 belong
to nonsingular charts. We now define the canonical operator.

Let 𝜑(𝑥, 𝛼) be a finite infinitely differentiable function of 𝛼, with support in the
(𝑢𝑗, 𝛽𝑖1,…,𝑖𝑘

)-chart and with values in some Hilbert space 𝐻.

* That is, each chart (𝑢𝑖; 𝛽𝑖1,…,𝑖𝑘
) is diffeomorphically projected onto one of the

𝑁 − 𝑘-dimensional (𝑁 ≥ 𝑘 ≥ 0) momentum planes parallel to the remaining
coordinate axes.

Let 𝐴 be a self-adjoint operator in 𝐻 having an inverse. Put

𝐾𝑎0
𝐴 𝜑(𝑥, 𝛼) = Φ𝑝𝑖𝑘+1 ,…,𝑝𝑖𝑁

𝐴
cos 𝛾𝑖1,…,𝑖𝑘

+ 𝑖 sin 𝛾𝑖1,…,𝑖𝑘
sgn𝐴

√∣𝐼𝑖1,…,𝑖𝑘
(𝛼)∣

exp{𝑖𝐴[𝑆(𝑢𝑗, 𝛼)+

+Re𝜇(𝑢𝑗, 𝛼)] − |𝐴|[𝐹 (𝛼) + Im𝜇(𝑢𝑗, 𝛼)]}𝜑(𝑥, 𝛼),

where Φ𝑝𝑖𝑘+1 ,…,𝑝𝑖𝑁
𝐴 is the 𝐴-Fourier transform (1,4) with respect to the arguments

𝑝𝑖𝑘+1
, … , 𝑝𝑖𝑁

.

Let 𝐾𝑠 be the Hilbert space with norm

‖𝑓‖2
𝐾𝑠

= ∫ ‖(√−Δ + 𝐴2𝑞2 + 𝑖)𝑠𝑓‖2
𝐻 𝑑𝑞.

The operator 𝐾𝑎0
𝐴 maps infinitely differentiable functions on Λ𝑁 into the space

𝐾𝑠. We shall call it the canonical operator (c.o.).

Theorem 4. The c.o. 𝐾𝑎0
𝐴 in the factor space 𝐾𝑠/𝐾𝑠+1 is independent of the

division into charts if and only if the eigenvalues 𝜆 of the operator 𝐴 satisfy the
relation
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𝜆 ∮ 𝑝 𝑑𝑥 = 𝜋
2 Ind 𝛾

for any cycle on Γ, where Ind 𝛾 is the index of the path along this cycle.

In the case of interest to us, all ∮ 𝑝 𝑑𝑥 and Ind 𝛾 are equal to zero; therefore
there are no conditions on the spectrum of 𝐴.

The Lagrangian manifold generated by system (2) is defined as the solution
𝑥(𝑎, 𝑡), 𝜉(𝑎, 𝑡) of the problem

̇𝑥 = 𝜕𝐻(𝜉, 𝑥, 𝑡)/𝜕𝜉, ̇𝜉 = −𝜕𝐻(𝜉, 𝑥, 𝑡)/𝜕𝑥, 𝑥(0) = 𝑥0, 𝜉(0) = 𝑝0,

where |𝑝0| = 1, and the complex germ 𝑦(𝑎, 𝑡), 𝜂(𝑎, 𝑡) as the solution of the system

̇𝑦𝑘 = ∑
𝑖

(𝜂𝑖𝐻𝜉𝑘𝜉𝑖
+ 𝑦𝑖𝐻𝜉𝑘𝑥𝑖

) + 𝐻𝜉𝑘
, 𝑘 = 1, … , 𝑁,

̇𝜂𝑘 = − ∑
𝑖

(𝜂𝑖𝐻𝑥𝑘𝜉𝑖
+ 𝑦𝑖𝐻𝑥𝑘𝑥𝑖

) − 𝐻𝑥𝑘
, 𝑦(𝑎, 0) = 𝜂(𝑎, 0) = 0.

Similarly to (1), using the c.o. with 𝐻 = 𝐿2[𝜏 ], 𝐴 = 𝑖𝜕/𝜕𝜏 , a regularizer for
problem (1) is constructed on the resulting Lagrangian manifolds with complex
germ. The boundedness of the regularizer is proved by shifting backward in time
along the same trajectories by a Weyl pseudodifferential operator with symbol
𝑝0 − 𝐻(𝑝, 𝑥, 𝑡), which does not change the norm. In exactly the same way, for
problem (3) a regularizer is constructed, where as the space 𝐻 one takes the
space of functions of two variables 𝜏, ℎ with norm

‖𝑔‖2
𝐻 = ∫

ℎ0

0
𝑑ℎ ∫

𝜋/ℎ

−𝜋/ℎ
∣∫ 𝑒𝑖𝜂𝜏𝑔(ℎ, 𝜏) 𝑑𝜏∣

2
𝑑𝜂,

and as 𝐴, the operator 𝑖𝜕/𝜕𝜏 .
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