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For simplicity we begin with the consideration of the pseudodifferential equation

18¢/8t - L(i)7x7t>7/} = 03 T e RN7 w|t:0 = 7/’0(1’)7

L@, (. £) = W / 7L (p, v, 1) dp / e, de, (1)

where L(p, z,t) € C*®°[R*N*1] for |p| # 0 has the following properties.
1. There exists ’ILILI(I) L(hp,x,t) = Ly(x,t) € C°°; L(hp, x,t) is a linear function
of the variable h.
2. Let H(p,z,t) aef Im[L(p,x,t) — Ly(x,t)] <O0.
2a. Denote H(p,z,t) = Re[L(p,z,t) — Ly(z,t)].

3. There exists, in the whole, a solution of the system

& = 0H /0p, p=—0H/0x, r =10, p=7p"#0. (2)

Theorem 1. Under conditions 1)—3), the solution t(x,t), continuous in ¢, of
problem (1), for 1 (x,0) € H,[RY)], exists and is unique in H [R"].

Theorem 2. The solution of the Cauchy problem (1) will be infinitely differ-
entiable for any function v,(z) belonging to C> outside the set O C RV, at
those and only those points (z,t) of the space R¥*! which do not belong to the
union of the bicharacteristics X (2, p°,¢) for all 2° € Q and |p°| # 0.
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Theorems 1 and 2 generalize Theorem 2 of paper (1) to the complex case and
are proved also with the aid of constructing a regularizer in the whole. They are
readily generalized to the case of a polynomial in ¢90/0t on a smooth manifold
MN.

Now consider a difference scheme with k+ 1 layers in ¢ and, generally speaking,
infinitely many layers in 2 € RY. In contrast to the deep results obtained with
the aid of energy estimates (>?), here we construct a regularizer with the aid of
the characteristics of difference schemes introduced by the author in (4).

Consider a one-parameter family of grids with step hinz € RN and 7 = ahint
(0 < h < 1). We smoothly extend functions on the grid u),, where m is a multi-
index, m = (mq,...,my), to functions u"(x) (u™(mh) = u?). The operator

n o _ ,n _ ,ho/ox
Ty Uy = Uy my41,...,m, €1 De represented as T, u = e tu. Therefore any

difference operator can be written as an operator of the form

k
Pur €N ay(hp, ., m(n+ ), h) unt,
=0

where a;(p, z,t,h) € C®[R*N*2] for [p| # 0. Consider the difference problem

Cauchy

Pu™ =0, ut = fi(x), 1=0,..,k—1. (3)

We shall call the following function the principal symbol:

k
p\p,x,t) =Y a;(p,a,t, 00N

Jj=0

Assume that

1) All roots A;(p,z,t), i = 1,...,k, of the equation p(A,p,z,t) = 0 do not
exceed unity in modulus.

2) In a neighborhood of the set [\;[ =1 the function
i def 1 oo P2N+2
H*(hp,z,t) = ~arg A (hp,x,t) € C°[R ]

for |p| # 0 and vanishes for h = 0, while the surfaces H*(hp,x,t) = 0 do
not intersect for |p| # 0 for any 0 < h < 1.

3) The solution of the system

i =0H!/dp, p=—-0Hdz, i=1,..,k (4)
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2(0) = 29, p(0) =pY £0
exists globally.
Definition. Let X*(z°,p°,t), P*(z° p°,t) be the solution of problem (4) satis-
fying the condition

H(PH X 1) S n |\ (P2, p°, 1), Xi(2, p°, 1), £)] = 0

for all 0 <t < T. The curve X*(z°,p°,t), 0 <t < T, will be called a bicharac-
teristic of the difference operator P.

Theorem 3. 1) Under conditions 1)—3) the difference scheme (3) is stable in
L, on the grid in the sense that the solution u(z,t) (t = n7) of the problem

Pu=0, u'=fi(z), i=0,..,k—1,
satisfies the estimate

lu(z, ), < MO (@)L,  fl@)= (@), (@), [ (@),
where M (t) does not depend on h.

2) Any difference derivative of the solution of the Cauchy problem (3) will be
bounded as h — 0 for any function ¢(x,7;), i =0, ...,k — 1, £ = mh, any
difference derivative of which is bounded as h — 0 outside the set Q C RV,
at those and only those points (z,t) of the space RN *! (z = mh, t = nr)
which do not belong to the closure of the union of the bicharacteristics
X% pYt)foralli =1,2,...,k 2° € Q,n>p? >0,i=1,..,k

This theorem is generalized to the case when the operator P is given on a
manifold MY, under the condition that it maps a function on the grid on this

manifold to a function on the same grid (for example, when M?¥ is paralleliz-
able).

The constructions of the regularizer for (1) and (3) are carried out by means of
the construction of the canonical operator* (c.0.) on the Lagrangian manifold
with complex germ introduced below.

Consider, in the 2N-dimensional Euclidean real phase space p,q, an N-
dimensional Lagrangian** manifold

AV ={g=2(a), p=§(a)}, a€RY

with a measure o € C'° on it. On this manifold consider a smooth vector field
y(a),n(a), vanishing on a submanifold T', such that on I" the relations

{y(@);n(@)}aer =0, {nla),z(a)}oer = {y(a), (@) }aer-

We shall call this field a complex germ. Let F(a) be such a function on A in
a neighborhood of T" that

dF =ndz —ydé+ [O(y*)+
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* We have transferred this name from the real case, although in the complex
case the c.o. can no longer give a representation of the group of canonical
transformations [4].

** That is, the Lagrange brackets {z(a),{(a)} are equal to zero.

+O(n)](|dz| + |d€|), nonnegative and vanishing on I'; and f(«) is a function on
A in a neighborhood of T such that df = ydn+[O(y?) + O(n?)]|dn|, vanishing
on I'. The collection {AY,y(a),n(c), F(a), f(a)} will be called a Lagrangian
manifold with complex germ, or a p-manifold. The manifold AV can be covered
by charts with coordinates

ﬁil,m,ik ZQila--.7qik’ pik+1""’piN7 (5)
where x i, # i, for v # p. We define three zero-dimensional cochains with
values in the sheaf of complex-valued functions.

1) In the chart (uj,5; ;) define the S-action

N—k
/ Ea) dulo) + (@) = 3 [pa i, (@) + iy (@), ()]

v=1

0

where oY is a fixed point on A%,

2) In the chart with coordinates ¢, ...,qy (a nonsingular chart) define the

p-action
-1
‘ y(@)) :

(6)
In the chart (u;; 3; | ;) define the p-action by making in (6) the substitution
6, — T, T, *)é~ ,I/Zl,...,N*k’.

kv kv Yhtv Yty

Oz (a) + iy, ()
Oa;

J

@

plug, ) = —% (y(a), ”a(fk(a)(; i (c

3) Define the Jacobian

I = det
1,2,...,N( a) = o

J

def Ha(wk(a) + iy (a))
do

’ o dog, ..., day

in a nonsingular chart. In an arbitrary chart (u;,3; _; ) we replace

Ti, = fi;w’ Yie,, = Mipyy j=1,...,N — k. The argument of the Jacobian

—00 < Y4, < 00 is defined uniquely by means of the following procedure.
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Consider, on the intersection of two charts (u;,8; ;) and (u;,53; _; ), the
corresponding Jacobians I; ; (a)and I; ; («), and put

v, (t) = (xik,l, + iyikiy) cost + (5ik,u + inik,u) sint.

Replacing in [; _; (@)

T, +y, —> v, v=>0..,m—1, we obtain a Jacobian I(a,t), which
for t =0 equals I . i (a),and for t = m/2 equals I; ; (). We make the
passage from 0 to 7r/ 2, bypassing the zeros of I(«,t) on the left in the complex
t-plane (in the direction of increasing phase). Thus we have joined the phases
of the Jacobians v; ; and v, ; in the two charts. Having defined, in a
single-valued way, —m < argl < m, we obtain the definition of the path index
l[a®, a] by setting

27 Ind [a, a'] = v(a®) — arg I (a®) — [y(at) — arg I(a')], where a® and a belong
to nonsingular charts. We now define the canonical operator.

Let ¢(z, ) be a finite infinitely differentiable function of «, with support in the
(uj, By, .4, )-chart and with values in some Hilbert space H.

* That is, each chart (u;8; . ; ) is diffeomorphically projected onto one of the
N — k-dimensional (N > k > 0) momentum planes parallel to the remaining
coordinate axes.

Let A be a self-adjoint operator in H having an inverse. Put

COSYi, iy kg Yiy e sgn A

Ly iy (a)|

exp{iA[S(u;, @)+

+Re iy, 0)] = |A|[F () + Tm (g, )] o, ),

Pip sy Piy

where &, is the A-Fourier transform (**) with respect to the arguments

plk:}l"“ ?p’LN'
Let K, be the Hilbert space with norm

1713 = / [(V=A T A2 +)° 12, da.

The operator K ZO maps infinitely differentiable functions on A" into the space
K,. We shall call it the canonical operator (c.o0.).

Theorem 4. The c.o. K9° in the factor space K, /K, is independent of the
division into charts if and only if the eigenvalues A of the operator A satisfy the
relation

sovietrxiv.org/items/ru-197001.20800 Machine Translation


https://sovietrxiv.org/items/ru-197001.20800

)\%pdx: glndy

for any cycle on I', where Ind « is the index of the path along this cycle.

In the case of interest to us, all § pdx and Ind~y are equal to zero; therefore
there are no conditions on the spectrum of A.

The Lagrangian manifold generated by system (2) is defined as the solution
x(a,t),&(a,t) of the problem

i=0H( x,t)/0¢,  &=—0H(&x,1)/0x, z(0)=2 ¢&©0)=7"

where |p°| = 1, and the complex germ y(a, t), n(a,t) as the solution of the system

%

M = — Z(mekgi + yszkacl) - kaa y(a,0) =n(a,0) = 0.

%

Similarly to (1), using the c.o. with H = Ly[r], A = i0/07, a regularizer for
problem (1) is constructed on the resulting Lagrangian manifolds with complex
germ. The boundedness of the regularizer is proved by shifting backward in time
along the same trajectories by a Weyl pseudodifferential operator with symbol
po — H(p,z,t), which does not change the norm. In exactly the same way, for
problem (3) a regularizer is constructed, where as the space H one takes the
space of functions of two variables 7, h with norm

hg w/h
w@:/ M/
0 —7/h

and as A, the operator i9/0T.

2
dn,

/6”’Tg(h, T)dT
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