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Let X, be a subset of a topological space X. A system of sets {O, : a € T'},
where X; C intO, C X, is called a character of the set X; in X, if for every
open set U D X there exists O, (ay € I') such that O, C U. B. A. Pasynkov
calls a topological group almost metrizable (1) if it contains a bicompactum of
countable character.

Theorem.** Let G be a separable topological group and let H be its Weil-
complete almost metrizable normal subgroup. Then there exists a set A C G
such that m(A) = G/H, where m : G — G/H s the natural projection, and the
restriction 1/A : A — G/H is a perfect mapping.

Proof. Let {O,}°, be a character in H of a bicompact set B C H; we may
assume that B contains the identity element e of the group G. Choose a system
of neighborhoods {U;}3°; of the identity so that: a) U2, C U,; b) U,* = U,;
c)U,NHCO,, Put

L is a closed subgroup of the group G, and therefore the subgroup
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K=LNH= (ﬂUZ) NH=
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is bicompact.

Lemma 1. The system of sets {V;}3°,, where V; = U, N H, is a character of
the set K in H.

The proof of this lemma is left to the reader.

We shall denote the space of left cosets of the group G modulo the subgroup L
by G/L, and the natural mapping x  xL by

w:G — G/L.
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Every element s € G defines a mapping s : G/L — G/L by the formula

s(w(x)) = w(sz)

(sometimes we shall omit the parentheses and write sw(z)). It can be proved that
there exists a metric p on G/L with the following properties: 1) the mapping
w: G — (G/L,p) is continuous; 2) for s € G and 2,2, € G/L,

p(szy,823) = pl21, 22);
3) {w(U,,)}22, is a base of neighborhoods of the point w(e) in (G/L, p).

Lemma 2. w(H) is a complete subspace of the metric space (G/L,p).

Proof of Lemma 2. Let £ = {A} be any Cauchy filter in w(H), and let n
be an ultrafilter in H whose image w(n) majorizes £. We shall prove that
is a Cauchy filter. Let V be a neighborhood of the identity in H; there exists
U;, € {U,}52, such that U; NH C KV. Since w(U; .,) is a neighborhood of
w(e) in (G/L,p), for some h, € H the set

h0w<Ui0+1> = W<h0Ui0+1>
contains an element of the filter £&. Consequently,
wlw(hoUs 1) NH = hoU; . LOH €.
However
hoU;, 1 LN H C hoU; oy NH C ho(U; NH) C hyKV,

and from the bicompactness of hyK it follows that hy K C

* int O, is the interior of the set O,,.
** This theorem adjoins a result of B. A. Pasynkov ((?), Theorem 2).

C

P
hok;V, where k; € K (i=1,2,...,p).

i=1

Hence,
p p
hoKV C (U hokiv> x V| Jhok,V? €.
=1 i=1

The ultrafilter 7 must contain at least one term of the union

p

U hO kz V2 )
=1
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i.e. n is a Cauchy filter in H. Therefore it converges to some h € H; w(h) will
be a point of contact of the Cauchy filter £, and hence & converges to w(h). The
lemma is proved. Since w(xH) = zw(H), the sets w(xH) are also complete in

(G/L,p).
Let us note that

G/L = U w(zH) = U aw(H).

zeG zeG

Moreover, for z,,z, € G, either zyw(H) Nzyw(H) = 0, or zyw(H) = zyw(H).
Indeed, if z;w(H) Nzow(H) # O, then x, HL Nx5HL #+ (). Since HL = LH is
a subgroup of the group G (this follows from the normality of the group H), it
follows that o1 HL = 2, HL, i.e. w(z;H) = w(z,H).

Denote by X the quotient set corresponding to the partition

U w(zH),

e
and the quotient mapping w(z) = w(zH) by
A G/L— X.
For brevity put # = Aw(z), and define on X the metric

d(Zy,%y) = inf{p(hyw(x)), how(xy)) + hy € H} = inf{p(w(zy), hy how(xy)) : by € H} = inf{p(w(x,), hw(xy)) : h

Lemma 3. The mapping X : (G/L,p) — (X,d) is open.

Proof of the lemma. Let O be an open set in (G/L, p), and let A"1\(O) = O.
For w(z) € O the number

e = inf{p(w(z),w()) : w(z) € G/L\ O} > 0.
If d(Z,7") < €, then there exists h’ € H such that
plw(z),h w(z’)) < e.

Hence h'w(z’) € O, i.e. w(z’) € O. In other words, &' € A(O). The openness of
the mapping
A (G/L,p) = (X,d)

now follows from the fact that the set
ATINW) =HW = ] bW
heH
is open whenever W is open. The lemma is proved.

As Michael proved (%), Theorem 1), there exists a set A’ C G/L such that
A(A’) = X and the mapping A\|[A" : A” — X is perfect. In what follows we shall
see that the set A = w™!(A’) satisfies all the conditions of the theorem.
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Consider the group G/H. The subgroup 7(L) decomposes G/H into left cosets.
Assigning to each element y € G/H the coset ym(L), we obtain the quotient
mapping

w: G/H =Y,
where Y is the set of left cosets endowed with the quotient topology. Consider
the diagram

¢ 5 G/L - X
L 1A T
a/H L v

Since the mapping pm is quotient, there exists a continuous mapping
v: Y =X

such that
Aw = vum.

Lemma 4. If an ultrafilter € in G is such that w(§) converges to w(x;) and w(§)
converges to w(xy), then & converges to some xy € G, with

m(xg) = 7(xy) and  w(zy) = w(@y).

Proof of the lemma.
Aw(zy) = Alimw(€) = lim Aw(§) = limopn(§) = vplim7(§) = Adw(z,),
i.e. z; € 2o HL. Hence there exist | € L and h € H such that
T h = x5l
Put x = 21h = x,l. Then
v HNayL=acHNzL=x(HNL)=2zK.

We shall prove that, for every neighborhood U of the identity of G, the set
KU € &. To this end take a neighborhood V' 5 e such that

VZcU.
There exists a set U; € {U,,}>°, for which
U,nHCKV.
Put
O=U,,NV.

The filter w(§) converges to w(xy) =
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= w(x), and therefore there is a set B, € & whose image w(B,) C w(xU;,,).
Similarly, there exists B; € & such that w(B;) C w(zO). Then B; N B, € &, and,
moreover,

B, N By C xOH N2U,,,L = 2(OH NU,,,L) C
Cz(OHNUZ,) Cx(HONU,,,) C
Ca{[(KVU(H\KV))O|NU,.,} C
Cz[(KVOU(HN\KV)O)NU;,,] C

Cax{KV2U[H\NKV)U;,;NU; 4]} CzKV? CazKU €.

Since ¢ is an ultrafilter, it has at least one point of adherence z, € K. Then &
converges to ;. The lemma is proved.

Let us return to the set A = w™1(A’). If for x € G we have tH N A =
rH Nw 1 (A) =0, then w(xH) N A" = ), which is impossible, since \(A") =
X. This proves that m(A) = G/H. The perfectness of the mapping 7/A :
A — G/H will follow from the following criterion ([3], p. 156, Theorem 1):
a continuous mapping ¢ : P — @ of a separable topological space P onto a
separable topological space @ is perfect if and only if every ultrafilter £ in P
whose image ¢(&) converges in ) converges in P. Let £ be an ultrafilter in A
for which lim m(§) = 7(z). Then w(§) is an ultrafilter in A’, and moreover

lim Aw(€) = limvpr(§) = vulim7(§) = vun(x).

Since the mapping A\/A” : A" — X is perfect, w(§) converges in A’. Let
limw(§) = w(z) € A’, and let 5 be some ultrafilter in G' containing the system
of sets ¢. The filter 7(€) = m(¢) converges in G/H to m(z), while w(£) converges
in G/L to w(Z). From Lemma 4 it follows that the filter £ converges in G to
some x, € G, with m(z,) = 7(z) and w(xy) = w(Z), i.e. 7y € wlw(z,) C A.
Then the filter £ converges in A to z;. The theorem is proved.
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