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Abstract
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PHYSICS
A. Z. PATASHINSKII, A. A. KHAR’KOV

ON THE GRAVITATIONAL COLLAPSE OF A
WEAKLY NONSPHERICAL MASS
(Presented by Academician Ya. B. Zel’dovich, 23 VI 1969)

The gravitational collapse of a body whose shape differs little from spherical
was studied in work (1). In this case the general properties of the metric outside
the body turn out to be, in the main, the same as for the collapse of a sphere,
and are determined by the principal spherically symmetric static part of the
metric. There is also a small nonspherical addition to the metric, decaying with
time. In passing through the gravitational radius 𝑟𝑔 in the comoving frame of
reference, no field arises in it (2). The aim of the present note is a more detailed
consideration of the problem. It is assumed that all characteristics of the body
have axial symmetry. We choose a system of units in which 𝑐 = 1, 𝑘 = 1, 𝑟𝑔 = 1.
Since the deviation from spherical symmetry is assumed small, the equation for
the additions to the metric in vacuum may be taken in the linear approxima-
tion. This makes it possible at once to separate out the angular dependence of
the additions, since the metric of the zeroth approximation admits the group
of three-dimensional rotations 𝑂3. The following mathematical device is conve-
nient. We shall first consider a perturbation of the Schwarzschild metric, and
then transform the solution obtained by means of the Lemaître transformation
(3) for the zeroth approximation. The frame of reference obtained in this way
is not comoving for a test particle, but differs little from it. The symmetry of
the problem permits one to seek the Schwarzschild metric in diagonal form:

𝑑𝑠2 = (1 − 1
𝑟 ) (1+𝑑) 𝑑𝑡2 − 1 + 𝑎

1 − 1/𝑟 𝑑𝑟2 −𝑟2(1+𝑏) 𝑑𝜃2 −𝑟2 sin2 𝜃 (1+𝑐) 𝑑𝜑2. (1)

The field equations in vacuum 𝑅𝑖𝑘 = 0 give equations for the quantities 𝑎, 𝑏, 𝑐, 𝑑.
To separate the angular dependence, we expand these functions in the system of
generalized spherical functions, which for our case of independence of the angle
𝜑 have the form 𝑢𝑙

0𝑛(𝜃) = 𝑃 𝑙
0𝑛(cos 𝜃) (4). It turns out that

𝑑 = ∑
𝑙=2

𝑑𝑙𝑃 𝑙
00(cos 𝜃), 𝑎 = ∑

𝑙=2
𝑎𝑙𝑃 𝑙

00(cos 𝜃),
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𝑏 + 𝑐 = 𝜒 = ∑
𝑙=2

𝜒𝑙𝑃 𝑙
00(cos 𝜃), 𝑐 − 𝑏 = 𝜂 = ∑

𝑙=2
𝜂𝑙𝑃 𝑙

02(cos 𝜃). (2)

For analysis of the field equations, let us consider these equations at 𝑟−1 = 𝑦 ≪
1. Their solutions in this region have the form; for example, for the function 𝜒𝑙:

𝜒𝑙 = 𝑦𝐹+(𝑡 + ln |𝑦|) + 𝑦𝐹−(𝑡 − ln |𝑦|) + 𝜑(𝑡)√𝑦 + 𝑓(𝑦), (3)

where we have omitted the index 𝑙 on the function; in what follows we shall
consider some one value of 𝑙. In the solution (3), 𝐹− and 𝐹+ are respectively
the retarded and advanced solutions of the field equations, 𝜑(𝑡) is an arbitrary
—

wave function. The function 𝑓(𝑦) has the form

𝑓(𝑦) ≃ const ⋅ 𝑦 ln |𝑦| (4)

and is the asymptotic form of the known static solution (1). As 𝑦 → 0, all
quantities must have no singularity; therefore 𝜑(𝑡) = 0. A function 𝑓(𝑦) of the
form (4) can be obtained from 𝐹+ and 𝐹−. Thus we obtain

𝜒𝑙 = 𝑦 [𝐹+(𝑡 + ln |𝑦|) + 𝐹−(𝑡 − ln 𝑦)] , (5)

𝑎𝑙 = 𝑑𝑙 = −1
2√(𝑙 − 1)(𝑙 + 2)

𝑙(𝑙 + 1) 𝜂𝑙 =

= 1
2 [𝐹 ′

+ − 𝐹 ′
−] + 1

4 [𝐹+ + 𝐹−] .

We now perform the Lemaître transformation. The metric takes the form:

𝑑𝑠2 = (1 + 𝑟𝑑 − 𝑎
𝑟 − 1 ) 𝑑𝜏2 + 2𝑎 − 𝑑

𝑟 − 1 𝑑𝑅 𝑑𝜏−

− (1
𝑟 − 𝑑 − 𝑟𝑎

𝑟(𝑟 − 1)) 𝑑𝑅2 − 𝑟2(1 + 𝑏)𝑑𝜃2−

−𝑟2 sin2 𝜃(1 + 𝑐)𝑑𝜑2. (6)

Fig. 1

All functions must then be expressed in terms of 𝜏 and 𝑅. Note that the
advanced and retarded solutions written above are not wave solutions over the
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Fig. 1

Figure 1: Fig. 1

entire range of values of 𝑦. In a certain sense the wave zone of the problem
has turned out to be the neighborhood of the gravitational radius (in ordinary
radiation problems this zone lies at large distances from the system). The region
of large values of |𝑦| in our case corresponds to the quasistatic zone. Our task
is to construct, in all space, a solution decreasing as 𝑅 → ∞. In the static case
such a solution is the Erez–Rosen type solution, given in (1) and having the
asymptotic form

𝜒 ∼ 𝑦 ln |𝑦|, 𝜂 ∼ ln |𝑦|. (7)

For analysis of the solution we shall use Fig. 1, which shows world lines in the
Lemaître picture. The world line of the boundary of the matter before entering
the region 𝑦 ≪ 1 is 𝑂𝐴. The solution in the region to the right of 𝑂𝐴, the
world line of a light ray emitted from point 𝐴, corresponds essentially to the
nonrelativistic problem and is clear from general considerations.

We assume, following (1), that collapse after passing over the gravitational ra-
dius near it proceeds essentially in the same way as in the spherical case.

If it were to turn out that for 𝑦 < 𝑦0 up to 𝑦 = 0 the solutions are almost static,
then throughout the whole region they would coincide with Erez–Rosen type
solutions, i.e., a singularity would appear at 𝑦 = 0. The linear approximation
would become incorrect, but the Erez–Rosen solution is exact. As will be seen
below, this would mean the appearance of a singularity in the motion of the
matter at 𝑦 = 0, for which we see no grounds. For |𝑦| ≪ 𝑦0 the solutions of our
equations have the form of a superposition of retarded and advanced functions
of the form

𝑛(𝜏, 𝑦) = 𝑓1(𝜏 − 2 ln |𝑦|) + 𝑓2(𝜏). (8)

Consider the metric at a point 𝑆, moving along the line 𝑦 = const. At the
moment when this point lies on the matter line 𝑂𝐵𝐷, the metric at it coincides
with the metric on the matter, so that 𝑛(𝜏, 𝑦(𝜏)) = 𝑞(𝜏). The line of moti-

of matter near 𝑦 = 0 is 𝑦 = 𝜏
√

2/2, if 𝜏 = 0 at 𝑦 = 0. The metric 𝑞(𝜏) is
assumed to be regular:

𝑞(𝜏) = 𝑛0 + 𝜏𝑛1. (9)

Therefore
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𝑓1(−2 ln |𝑦|) + 𝑓2(𝜏) = 𝑛0 + 𝜏𝑛1. (10)

We obtain

𝑓1(−2 ln |𝜏 |) = 𝑛0 − 𝑓2(0) + [𝑛1 − 𝑓 ′
2(0)]𝑒−1/2(2 ln |𝜏|),

i.e.

𝑓1(𝑧) = 𝑛0 − 𝑓2(0) + [𝑛1 − 𝑓 ′
2(0)]𝑒−𝑧/2. (11)

Thus,

𝑛(𝜏, 𝑦) = 𝑛0 + 𝜏𝑓 ′
2(0) + [𝑛1 − 𝑓 ′

2(0)]𝑒−1/2(𝜏−2 ln |𝑦|). (12)

The metric changes slowly as one moves away from the matter. Let us now
consider the case when 𝜏 is large, while 𝑦 ≪ 𝑦0, and the point 𝑆 has moved
to the position 𝐾. Let us compare the metric at two points 𝐿 and 𝐾, where
the point 𝐿 lies on the same line of advanced potential as 𝐾, but with 𝑦 < 0,
|𝑦| ≪ 𝑦0. Then

Δ𝑛𝐾,𝐿 = 𝑛(𝜏𝐾, 𝑦𝐾) − 𝑛(𝜏𝐿, 𝑦𝐿) = 𝑓1(𝜏𝐾 − 2 ln |𝑦𝐾|) − 𝑓1(𝜏𝐿 − 2 ln |𝑦𝐿|). (13)

The value of the retarded function is found by moving backward in time along
the geodesic line going from the matter to the points 𝐾 and 𝐿 (see (11)):

Δ𝑛𝐾𝐿 = (𝑛1 − 𝑓 ′
2(0))(𝑦𝐾 − 𝑦𝐿)𝑒−𝜏𝐾/2. (14)

We thus find that for very large 𝜏 , in the region |𝑦| ≪ 1, the metric is constant
up to the small quantity (14). Everything is determined by the behavior of the
metric at 𝑦 ∼ 1 on the boundary of our wave zone.

The correct linear combination for the advanced and retarded functions must
be chosen from the considerations that at spatial infinity the field should con-
tain only an outgoing wave of gravitational radiation. Let us represent, in
Schwarzschild coordinates, the corrections to the metric in the form of harmonic
components in time,

𝑛𝜔(𝑡, 𝑦) = 𝐶+(𝜔)𝑒𝑖𝜔(𝑡+ln |𝑦|) + 𝐶−(𝜔)𝑒𝑖𝜔(𝑡−ln |𝑦|). (15)

First consider small frequencies 𝜔 ≪ 1. For these frequencies, at large distances
there is a quasi-static zone of gravitational radiation. Therefore the solution for
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this frequency range, for small but finite 𝑦, must have the form corresponding
to the Erez–Rosen solution:

𝑛𝜔 ≃ 𝐶(𝜔)𝑒𝑖𝜔𝑡 ln |𝑦|. (16)

From this we find that in formula (15), for 𝜔 ≪ 1,

𝐶+(𝜔) = −𝐶−(𝜔), 𝐶(𝜔) = 2𝑖𝜔𝐶+(𝜔). (17)

In the region of very high frequencies 𝜔 ≫ 𝑙, where 𝑙 is the number of the
spherical harmonic, the wave zone at 𝑦 ≪ 1 immediately passes into the wave
zone of radiation extending to spatial infinity. In this case the solution is mainly
of the form of an outgoing wave, and the amplitude 𝐶+(𝜔) of the advanced
function in (15) is small compared with 𝐶−(𝜔) by the parameter 1/𝜔.

The behavior of the retarded function was defined above by formula (11). Thus
the effects of nonsphericity disappear in the external space exponentially in time
(regardless of whether it is Schwarzschild or Lemaître).

The continuation of the solution into the region of large values of |𝑦| for 𝑦 < 0,
after determining the solution in a neighborhood of 𝑦 = 0, must determine the
motion of the boundary of the matter and is not considered in the present paper.
The behavior of the metric in the region of small |𝑦| and for 𝑟 > 𝑟𝑔 is not affected
by the character of the motion of the matter after it has passed far below the
gravitational radius.
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University
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