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MATHEMATICS

V. I. SEMYANISTYI

SYMMETRIC DOMAINS AND JORDAN AL-
GEBRAS
(Presented by Academician I. G. Petrovskii on 13 VI 1969)

In the present note there is proposed what seems to the author a natural gen-
eralization, to the real case, of I. I. Pyatetskii-Shapiro’s construction of Siegel
domains (1), and some results are announced concerning the case when the pro-
posed construction gives the standard realization of a broad class of Riemannian
symmetric spaces of noncompact type (this class contains all irreducible spaces
with the exception of thirteen).

We agree that, unless the contrary is stated, all vector spaces and algebras are
considered over the field of real numbers.

1. Let 𝔄 and 𝔛 be vector spaces and let ∗ be some involution in 𝔄. A
bilinear mapping 𝐹 ∶ 𝔛 × 𝔛 → 𝔄 is called Hermitian relative to ∗
if 𝐹(𝑥, 𝑦)∗ = 𝐹(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝔛. Put 𝔄+ = {𝑎 ∈ 𝔄 ∶ 𝑎 = 𝑎∗},
𝔄− = {𝑎 ∈ 𝔄 ∶ 𝑎 = −𝑎∗}. Suppose that in 𝔄+ a convex cone 𝑉 is given
which contains no straight lines. A Hermitian mapping 𝐹 is called 𝑉 -
definite if 𝐹(𝑥, 𝑥) ∈ 𝑉 for all 𝑥 ∈ 𝔛 (the bar denotes the operation of
closure) and if from 𝐹(𝑥, 𝑥) = 0 it follows that 𝑥 = 0. Suppose, finally,
that in 𝔄 there acts a certain group 𝑆 of affine transformations commuting
with ∗, transitive in 𝑉 (so that 𝑉 is homogeneous, cf. (2)). The mapping
𝐹 is called homogeneous relative to 𝑆 if in 𝔛 there is given some
representation of the group 𝑆 and 𝑠𝐹 (𝑥, 𝑦) = 𝐹(𝑠𝑥, 𝑠𝑦) for all 𝑥, 𝑦 ∈ 𝔛,
𝑠 ∈ 𝑆. We note that in this case 𝑇 𝐹(𝑥, 𝑦) = 𝐹(𝑇 𝑥, 𝑦) + 𝐹(𝑥, 𝑇 𝑦) for all
𝑇 ∈ 𝔣, where 𝔣 denotes the Lie algebra of the group 𝑆.

Definition. Let 𝐹 be a Hermitian 𝑉 -definite mapping 𝔛 × 𝔛 into 𝔄, and let
𝔓 = 𝔄 ⊕ 𝔛. The set 𝒫 = {𝑎 ⊕ 𝑥 ∈ 𝔄 ⊕ 𝔛 ∶ 𝑎 + 𝑎∗ − 𝐹(𝑥, 𝑥) ∈ 𝑉 } is called
the Siegel domain associated with the mapping 𝐹 , the involution ∗, and the
cone 𝑉 . If, moreover, 𝐹 is homogeneous, then the Siegel domain is also called
homogeneous.

The last term is justified by the following.

Theorem 1. Every homogeneous Siegel domain is affinely homogeneous.
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The latter means that some group 𝑅 of affine transformations acts transitively
in it. We note that the Lie algebra 𝔯 of this group, considered as an algebra of
infinitesimal affine transformations, acts on 𝑝 = 𝑎 ⊕ 𝑥 in the following way:

𝑎 ↦ 𝑇 𝑎 − 𝐹(𝑢, 𝑥) + 𝑐; 𝑥 ↦ 𝑇 𝑥 + 𝑢 (𝑇 ∈ 𝔣, 𝑢 ∈ 𝔛, 𝑐 ∈ 𝔄−),

so that the space 𝔯 coincides with 𝔣 ⊕ 𝔛 ⊕ 𝔄−.

Let us note that if 𝔄 and 𝔛 are vector spaces over the field of complex numbers
and ∗ denotes passage to the complex-conjugate coordinates, then we obtain
exactly the complex Siegel domains considered in (1). Further, if 𝔄+ = 𝔄 and ∗
is the identity transformation, then, as was shown by E. B. Vinberg (2), Siegel
domains in this case realize all affinely homogeneous domains containing no
straight lines.

The definition given above does not exclude the case 𝔛 = {0}, 𝐹(𝑥, 𝑦) = 0. By
analogy with the definitions adopted in (1), such domains are naturally called
Siegel domains of the first kind, while domains for which 𝔛 = {0} are
Siegel domains of the second kind.

2. Let us consider one specialized case of Siegel domains. Suppose that 𝔄 is
a semisimple Jordan algebra, the multiplication law in which is denoted
by a dot, 𝔄+ is its maximal compact subalgebra, and ∗ is an involutive
automorphism of the algebra 𝔄 whose set of fixed elements is 𝔄+. By 𝑅
denote the regular representation of the algebra 𝔄: 𝑅𝑎𝑏 = 𝑎 ⋅ 𝑏 (𝑎, 𝑏 ∈ 𝔄).
Let 𝑉 be the interior of the set {𝑎2, 𝑎 ∈ 𝔄}. As is known (3), 𝑉 is a
self-adjoint cone, homogeneous with respect to the (connected) group 𝑆
generated by the Lie algebra

𝔣 = 𝑅(𝔄+) ⊕ [𝑅(𝔄+), 𝑅(𝔄+)].

A 𝑉 -definite Hermitian mapping 𝐹 ∶ 𝔛 × 𝔛 → 𝔄 is called homogeneous
with respect to the algebra 𝔄 if 𝔛 is an 𝔄-module, i.e. if a general Jordan
representation 𝐿 of the algebra 𝔄 is given in 𝔛 (for definitions see (6)) and
for all 𝑥, 𝑦 ∈ 𝔛, 𝑎 ∈ 𝔄

𝑅𝑎𝐹 (𝑥, 𝑦) = 𝐹(𝐿𝑎𝑥, 𝑦) + 𝐹(𝑥, 𝐿𝑎𝑦).

Proposition 1. If the Hermitian mapping 𝐹 is homogeneous with respect to 𝔄,
then it is also homogeneous with respect to 𝑆.

This proposition makes it possible, with the aid of a 𝑉 -definite Hermitian map-
ping 𝐹 homogeneous with respect to 𝔄, to construct a homogeneous Siegel do-
main 𝒫. We shall call it a Siegel domain associated with the semisimple
Jordan algebra 𝔄.

Theorem 2. A Siegel domain associated with a semisimple Jordan algebra 𝔄
is a symmetric Riemannian space of noncompact type.
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The proof of this theorem is based on the construction of a semisimple Lie alge-
bra 𝔤, generating a transitive group 𝐺 of transformations of the Siegel domain
𝒫. This construction is carried out differently for Siegel domains of the first and
of the second kind. For domains of the first kind it was in fact carried out in (4)
(see also (5), where the same idea is developed in greater detail). Let us note
that the Siegel domain does not coincide with the model constructed in (4), but
can be transformed into it by a transformation of the form exp 𝑋, where 𝑋 is
some element of the Lie algebra of the family 𝐷2 generated by 𝔄. Here we shall
outline the scheme for constructing the Lie algebra 𝔤 for a Siegel domain of the
second kind. First of all, the following holds.

Proposition 2. If the Hermitian mapping 𝐹 is homogeneous with respect to 𝔄
and if 𝐹(𝑥, 𝑥) ≠ 0 for at least one 𝑥 ∈ 𝔛, then 𝔄 is a special Jordan algebra and
𝐿 is its special representation.

Thus, one may assume that 𝑎 ⋅ 𝑏 = 𝑎𝑏 + 𝑏𝑎, where the product 𝑎𝑏 is associative.
Put

𝑇𝑏(𝑎 ⊕ 𝑥) = 𝑏𝑎 ⊕ 𝐿𝑏𝑥.
Then 𝑇 is a special representation of 𝔄 in 𝔅 = 𝔄 ⊕ 𝔛. To each pair 𝑧1 =
𝑎1 ⊕𝑥1, 𝑧2 = 𝑎2 ⊕𝑥2 of elements of 𝔅 we associate transformations of the space
𝔅:

𝜑(𝑧1, 𝑧2) = 𝑇𝑎1
𝑇𝑎∗

2
+ 𝑇𝐹(𝑥1,𝑥2), Φ(𝑧1, 𝑧2)𝑧 = 𝜑(𝑧1, 𝑧2)𝑧 + 𝜑(𝑧, 𝑧2)𝑧1.

The Lie algebra generated by all Φ(𝑧1, 𝑧2), 𝑧1, 𝑧2 ∈ 𝔅, will be denoted by 𝔮.
Introduce in 𝔮 the anti-involution #, putting Φ(𝑧1, 𝑧2)# = Φ(𝑧2, 𝑧1), and let

𝔲′ = {𝑌 ∈ 𝔮 ∶ 𝑌 = −𝑌 #}.

Then the commutation operation in 𝔤 = 𝔲 ⊕ 𝔅, defined by the rule

[𝑌1 ⊕ 𝑧1, 𝑌2 ⊕ 𝑧2] = 𝑌 ⊕ 𝑧,

where
𝑌 = [𝑌1, 𝑌2] + Φ(𝑧1, 𝑧2) − Φ(𝑧2, 𝑧1), 𝑧 = 𝑌1𝑧2 − 𝑌2𝑧1,

turns 𝔤 into the desired Lie algebra.

Let us note that the mapping Φ ∶ 𝔅×𝔅 → 𝔮 (in the case of a Siegel domain of the
first kind, when 𝔅 = 𝔄, it is defined by the equality 2Φ(𝑎, 𝑏) = 𝑅𝑎⋅𝑏∗ +[𝑅𝑎, 𝑅𝑏∗ ])
generally plays an important role in the geometry of the spac—

properties 𝒫. With its help one can obtain convenient expressions for the
Riemannian metric in 𝒫, the curvature, and so on. Further, the operation
𝑧1 ⋅ 𝑧2 = Φ(𝑧1, 𝑧)𝑧2 (𝑧 fixed) turns 𝔅 into a Jordan algebra (without identity
in the case of a Siegel domain of the second kind). The mapping Φ makes it
possible to embed 𝔅 in a certain Lie algebra in the same way in which, for a
Jordan algebra with identity, the Lie algebra of the family 𝐷2 is constructed
(see (5,7 )).
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3. A natural question arises: what are those symmetric spaces which admit
models in the form of Siegel domains? It turns out that the answer admits
a simple and natural formulation in terms of the roots of the symmetric
space.

Let 𝑃 = 𝐺/𝑈 be a Riemannian symmetric space of noncompact type, 𝔤 the
Lie algebra of the group 𝐺, 𝔲 the subalgebra corresponding to 𝑈 , 𝔤 = 𝔲 ⊕ 𝔭
the Cartan decomposition of the algebra 𝔤, and 𝜎 an antiautomorphism of the
algebra 𝔤 such that 𝔲 = {𝑋 ∈ 𝔤 ∶ 𝑋 = −𝜎𝑋}, 𝔭 = {𝑋 ∈ 𝔤 ∶ 𝑋 = 𝜎𝑋}. A
Cartan subalgebra 𝔥 of the space 𝑃 is defined as a maximal Abelian subalgebra
contained in 𝔭. Its dimension is called the rank of the space 𝑃 . In the usual
way, roots and root subspaces relative to 𝔥 are defined. They possess all the
properties of the root systems of complex semisimple algebras, on which the well-
known classification of irreducible root systems into the classes 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛
(classical systems), 𝐸6, 𝐸7, 𝐸8, 𝐹4, 𝐺2 (exceptional systems) is based. Let us
note here that the class of the root system of an irreducible symmetric space
does not, generally speaking, coincide with the class of the root system of the
complex extension of its group of motions.

Proposition 3. If the root system of a symmetric space is classical, then in
the Cartan subalgebra of this space there exists an element 𝐸 such that:

1∘. ad 𝐸, as eigenvalues, can have only 0, ±1/2, ±1.

2∘. If 𝔤𝑘 is the eigenspace of ad 𝐸 corresponding to the eigenvalue 𝑘/2, then the
decomposition

𝔤 =
2

⨁
𝑘=−2

𝔤𝑘

is a grading of the algebra 𝔤:

[𝔤𝑘, 𝔤𝑙] ⊂ 𝔤𝑘+𝑙

(it is assumed that 𝔤𝑚 = {0} for |𝑚| > 2), and moreover 𝜎𝔤𝑘 ⊂ 𝔤−𝑘.

3∘. The subspace 𝑉 = exp(𝔤0 ∩ 𝔭) is a self-dual convex cone, and this is the
maximal cone contained in 𝑃 .

It follows from 3∘ that the subspace 𝔄+ = 𝔤0 ∩ 𝔭 can be endowed with the
structure of a semisimple compact Jordan algebra (the multiplication in it will
be denoted by 𝑎+ ⋅ 𝑏+; 𝑎+, 𝑏+ ∈ 𝔄+). Put 𝔄− = 𝔤2, 𝔄 = 𝔄+ ⊕ 𝔄−, and define in
𝔄 the operation

(𝑎+
1 ⊕ 𝑎−

1 ) ⋅ (𝑎+
2 ⊕ 𝑎−

2 ) = 𝑎+ ⊕ 𝑎−,
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𝑎+ = 𝑎+
1 ⋅ 𝑎+

2 + [𝑎−
1 , 𝜎𝑎−

2 ] + [𝑎−
2 , 𝜎𝑎−

1 ], 𝑎− = [𝑎+
1 , 𝑎−

2 ] + [𝑎+
2 , 𝑎−

1 ].

Proposition 4. The subspace 𝔄 ⊂ 𝔤 with the operation just defined is a
semisimple Jordan algebra, in which 𝔄+ is a maximal compact subalgebra.

Put now 𝔛 = 𝔤1,

𝐹(𝑥, 𝑦) = 1
2{[𝑥, 𝜎𝑦] + [𝑦, 𝜎𝑥]} + [𝑥, 𝑦] (𝑥, 𝑦 ∈ 𝔛).

Proposition 5. The mapping 𝐹 ∶ 𝔛 × 𝔛 → 𝔄 is Hermitian, 𝑉 -definite, and
homogeneous with respect to 𝔄. The Siegel domain 𝒫 associated with 𝔄 is
isomorphic to the original symmetric space 𝑃 .

The final result is formulated as follows.

Theorem 2. Every Riemannian symmetric space of noncompact type with a
classical root system admits a model in the form of

Siegel domain and thereby is a symmetric affinely homogeneous domain. Here
the following Siegel domains correspond to irreducible rank spaces greater than
one:

to the class 𝐴𝑛 of the root system—Siegel domains of the second kind associated
with compact simple Jordan algebras (these are affinely homogeneous domains
containing no lines);

to the class 𝐵𝑛—Siegel domains of the second kind associated with noncompact
simple Jordan algebras;

to the class 𝐶𝑛—complex or quaternionic Siegel domains of the first kind associ-
ated with simple Jordan algebras;

to the class 𝐷𝑛—Siegel domains of the first kind associated with simple Jordan
algebras that do not admit a complex or quaternionic structure.

Let us note that in the class 𝐵𝑛 the criterion for the existence of a complex or
quaternionic structure is the simultaneous presence in the root system of roots
𝛼 and 2𝛼.

It is very likely that symmetric spaces with exceptional root systems are not
domains; however, the author has not been able to prove this fact.

The author thanks P. K. Rashevskii and the participants of his seminar for
discussing the present work.

Kolomna Pedagogical
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