Soviet-era science, translated into English

ON THE STABILITY OF
RELAXATION
PROCESSES

MATHEMATICS
1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.18792

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-197001.18792

Abstract

Full Text

UDC 518:517.948

MATHEMATICS

Yu. I. LYUBICH, G. D. MAISTROVSKII

ON THE STABILITY OF RELAXATION PRO-
CESSES

(Presented by Academician L. V. Kantorovich, July 8, 1969)

Let ¢(z) be a functional in a real Hilbert space, defined in some convex domain
W. Suppose that ¢(z) has in W a derivative F(x) and

mly|* < (F(z +y) — Fz,y) < M|y|?, (1)
where M > m > 0 are constants. We denote the minimum point of the func-

tional by z° and put A(z) = ¢(z) — @(2°). An operator I' : W — W will be
called relaxation™® if p(T'z) < p(z) for all z € W.

Consider a process of the form
L1 = Fkxk (k = 07 17 27 )’ (2)

where {I';,} is a sequence of relaxation operators. We shall be interested in the
behavior of the perturbed process

Zp =Dpzp v, (F=0,1,2,..), (3)

where {v, } is noise. By convergence of a process we shall mean its convergence
to the point 2°, which, by virtue of (1), is equivalent to

lim A(z,) =0.

k—o0

We shall say that linear convergence takes place if

A(z41)
Alzy)

lim,,_, <1

Everywhere below the family of operators {T';} is assumed to be wuniformly
relaration in the sense that
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S(e) =sup sup <1 (e >0) (4)

ko Alm)ze AT)

(this condition is introduced by us only to simplify the formulations). The
process (2) is relaxation, i.e. p(z;. 1) < ¢(x;,) (k=0,1,2,...). The process (3)
may already fail to be relaxation.

Consider the ray I'y z;,+Avy, (A > 0) and denote by Z; the point of its intersection
with the level surface p(x) = p(z,). Put v, = 2, — I';,z;,. We shall characterize
the magnitude of the perturbation v, by the ratio

P = lvgl = [7,]-

The relaxation property of the process (3) is, obviously, equivalent to the in-
equality p, <1 (k=0,1,2,...).

Theorem 1. Let the perturbed process be relaxation. Then, for its convergence,
it is necessary and sufficient that

S (- py) = oo )

k=0

* With respect to the functional ¢.

To prove Theorem 1, note that Taylor’ s formula implies

Alzir) — Alzy) = —(1 = pp){Azy,) — A(Tyz) + akpk||5k||2}’ (6)

where m < a;, < $M. If the process does not converge, then by (4) there
exists p < 1 such that A(T',z,) < pA(z,) (k=0,1,2,...). Therefore

A(szrl) - A(Zk:) < _(1 - pk)(l - N)A<Zk) (k = 0’ 17 27 )7 (7)

whence, if (5) is satisfied, convergence follows. The contradiction proves the
sufficiency of condition (5). On the other hand,

5517 < 8m ™ A(z), (8)
whence

Alzpr) = Alzp) 2 =(1 = p) (1 + 4h)A(z), (9)

where h = Mm ™! is the condition number. From (7) follows the necessity of
condition (5).
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Theorem 2. Let there exist a constant p < 1 such that

A(T,z) < pAx)  (k=0,1,2,..). (10)

Then, for the linear convergence of the perturbed process* it is necessary and
sufficient that

lim p,, < 1. (11)
k—oo

This result follows immediately from estimates (7), (9). We note that condition
(11), as a sufficient condition, can be replaced by the more effective condition

1—yn
ol < =2 1Pa] k=012,

Until now we have measured the noise level in terms of relative error. Let us
now consider the question of the influence of noise that is small in the sense of
absolute error. In this case the relaxational nature of the perturbed process can
no longer be assumed.

We shall say that the process {z,} converges with accuracy up to ¢ if

lim A(z,) <e

k—o0 -

Put

8o(e) = Ve/2M (1 —+/S(e/4)), 5,(e) = 24/2¢/m.

Theorem 3. In order that the perturbed process converge with accuracy up
to €, it is necessary that

T o, < 6,(e),
— 00
and sufficient that
klim vl < g (e).
—00

The necessity follows from estimate (8). To prove sufficiency, take such a p < 1
that

lvgl < pdo(e), (12)
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starting from k = ky. Then p, can be estimated. Namely, if A(z,) > 1, then
pi < p. Therefore it follows from Theorem 1 that A(z,) < €/4 for some n > k.
By virtue of (12) and the inequality

1
Alzer) < Alz) + V2IMA(z) o] + 5 M o [?

* Still under the assumption that it is relaxational.

there is the implication

Az,) <e/d= A(zp,) <e.

Consequently, A(z,) <e (k> n).

Remark. Under condition (10) one may set

So(e) = (1= VAW2e/M,  §(e) = (1+ y)v/2/m.

Thus, the resulting error of the process has exactly the same order as the error
of each step.

Corollary 1. If condition (10) is satisfied, then there exist constants cgy,cy,
(0 < ¢y <¢y), such that

¢y lim Jug | < lim oy, — 2% < ¢q Tim fo].
k—o00 k—o00 k—o00
One may set

o =1(WE+DVh e =Vh/(1— V).

Corollary 2. For convergence of the perturbed process it is mecessary and
sufficient that

li =0
i v =0,
The general theorems obtained can be applied to the investigation of the stability

of concrete processes. The stability of various concrete processes was studied in
works (1-19).
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