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ON THE THEORY OF SEQUENTIAL ESTI-
MATION

The present note is adjacent to our preceding note () and uses its terminology;
we also rely substantially on the note of I. A. Ibragimov and R. Z. Khas’ minskii
(?). In the theory of sequential estimation one may distinguish results of an
asymptotic character (see, for example, (379)) and of an “exact” character (see
(1779)). We shall indicate here results in both directions.

We shall consider a repeated scalar sample x,x,, ... from a population belong-
ing to a family of distributions P,. We shall assume # € © to be a scalar
parameter, specified in some interval ©, and assume that there exists a density
f(z,0) with respect to Lebesgue or counting measure. Quantities of the form
O™ n f(x,0)/00™, k = 0,1,2, ..., if they exist, we shall call information quanti-
ties; as is known, —FE,(0? In f(x,0)/06?) is the Fisher information quantity (E,
denotes expectation for the value of the parameter ).

In the note of I. A. Ibragimov and R. Z. Khas’ minskii (?), under certain con-
ditions imposed on f(z,6) (mainly on the information quantities)—conditions
which we shall henceforth call conditions I-X on the absence of discontinuities
in the information quantities (they concern only quantities with n < 20)—there
is given, in particular, the asymptotic behavior of the variance of Pitman’ s
estimate én for the parameter 6. Pitman’ s estimate 5n has the form

g, = /Gpn(e), where p,, (0) = ﬁf(xi,a)// (ﬁ f(xia9>) do.

K3

In the interesting works (37%) on the asymptotic theory of processes of sequential
estimation, a Bayesian approach to the question is adopted; in the present
note we shall adopt a non-Bayesian approach. We shall consider a sequential
estimation plan S = {7,T,} as a pair consisting of a Markov stopping time 7
and a statistic T, estimating a given function g(#) unbiasedly or asymptotically
unbiasedly. We consider the problem of finding an optimal plan S, minimizing
the quantity Ey(7. — g(#))? under the condition

E,m <mn, (1)
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where n is a given positive number. A plan S that is optimal for all values 6 € ©
will exist very rarely, and we shall consider here only asymptotically optimal
plans. The following theorems illustrate the point of view according to which,
when conditions I-X on the absence of discontinuities in the information quanti-
ties are observed, the use of sequential analysis can give only an infinitely small
relative gain in mean-square deviation in comparison with the fixed-sample-size
method.

Theorem 1. Let 0 be a shift parameter (f(x,0)) = f(x —0), and suppose that
conditions I-X on the absence of discontinuities in the information quantities
are fulfilled. Then 0, is an unbiased estimate of 8, and for any sequential plan

of sequential unbiased estimation we have

D(T,) 2 D(6),)) (1+O(1/n)). (2)

Theorem 2. In the general case, under conditions II-X on the absence of
discontinuities in the information quantities, the estimate é[n] is asymptotically
unbiased with accuracy O(1/n), and for any such sequential estimation plan
S = {r,T,}, under condition (1), we have

E(T, = 0)* > E(0),) — 0)* (1+ O(1/n)). 3)

Thus, the plan {r = [n],é[n]} of sampling a fixed volume [n] and applying the
Pitman estimate é[n] under the given conditions can be relatively improved by
the use of sequential analysis by no more than O(1/n).

In the presence of discontinuities in the information quantities the situation
may change sharply, and the use of sequential analysis may considerably im-
prove estimation. An example of such a situation may be found in the note of
A. L. Shalyt 9. A broader class of examples was calculated, at the authors’
request, by A. I. Shalyt and I. I. Yaura; we shall present them here. We shall
consider the case of a shift parameter and distributions having density f(z —6)
with respect to Lebesgue measure, with support |z — 6| < 1/2, continuous there,
symmetric, and such that f(z —6) =1 for ||z — 6] —1/2| < &4, gy > 0. Since
the Fisher information quantity has a discontinuity (it assumes two values: 0
and o0), information inequalities of the Rao—Cramér—Wolfowitz type cannot
be applied here. Instead, one must have some “exemplarily good” estimate
of § with which to compare others. The Pitman estimate é[n] (where n is the
right-hand side of (1)) may serve as such an estimate. For [n] > 2 it is unbi-
ased and optimal, in the sense of variance, as an estimate of 6 in the class of
all “proper” estimates (proper estimates are statistics T'(zq,...,x,,) such that
T(x, +¢ ...z, +c¢c) = T(xq,...,2,) + c for any ¢). It follows from (>19 that
there exists such a plan of unbiased sequential estimation S = {7, T} that, as
n — 0o, D(TT)D(é[nH])_l — 1/3. Thus, here the use of sequential analysis
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asymptotically reduces the variance by a factor of three in comparison with the
“exemplarily good” estimate under sampling of fixed volume.

It is of interest to clarify in detail how the appearance of discontinuities in the
information quantities affects the possibilities of improving estimation processes
on the basis of the use of sequential analysis.

We shall now consider multinomial urn schemes with & balls (k > 2) and with
replacement or without replacement (the latter case will be called the case of
sampling without replacement). Let p = (py,...,p;,) be the corresponding prob-
ability vector. We shall be interested in questions of completeness of the cor-
responding first-entry plans S for estimating functions of the vector p (for the
terminology, see <1)). For the case k = 2 (the binomial process), questions of
completeness (not yet completely resolved in the case of unrestricted plans) are
connected with questions of uniqueness of the representation of polynomials in
the form of expressions that we call generalized Bernstein polynomials. Suppose
we have a binomial plan S with boundary 95S; let {(z,y)} be its phase plane, and
for (z,y) € 9S let K,5(z,y) be the number of possible trajectories inside S go-
ing from the point (o, 8) to (z,y). Then by a generalized Bernstein polynomial
for a continuous function f(¢), ¢ € [0, 1], we shall mean the polynomial

B0 = ¥ Kot (3200 ¢a- o

(z,y)€0S 00(®:)

Here the argument of f(-) is the unbiased estimate £. For the case of a fixed-
sample-size plan with boundary 0S: =z + y = n, we have the usual Bernstein
polynomial.

For the multinomial bounded first-entry plan, when n > 2 no geometric com-
pleteness conditions are known analogous to those found for n = 2. We can,
however, indicate sufficient geometric conditions for completeness of S.

Theorem 3. Suppose that for every x € 0S there exists a number i < k such
that all points y = (Y, ..., y,,) satisfying the condition

Yi > Xy, Y; S (J #1), Zyj:]-—’_zxj
J J

are unattainable. Then the plan S is complete.

It should be noted that for sampling without replacement in the present case
no separate completeness problem arises. Namely, the following theorem holds.

Theorem 4. In order that the plan S be complete under sampling without
replacement, it is necessary and sufficient that it be complete under sampling
with replacement.
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Let us also note that the asymptotic results (Theorems 1 and 2) for sampling
with replacement can be carried over to the case of homogeneous processes with
independent increments and continuous time.
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