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MATHEMATICS

F. A. KABAKOV

ON MODELING BY REALIZABILITY OF
PSEUDO-BOOLEAN ALGEBRAS
(Presented by Academician P. S. Novikov on 30 X 1969)

In the study of questions of realizability of propositional formulas, it is some-
times necessary (see, for example, (1,2)) to construct systems of arithmetical
formulas that stand in a relation to certain pseudo-Boolean algebras which, in
a definite sense, may be called a modeling relation. In the present note some
properties of one kind of such modeling are established.

We consider propositional formulas constructed in the usual way from the propo-
sitional connectives &, ∨, ⊃ and ¬, propositional variables 𝑝1, 𝑝2, …, and paren-
theses (, ). By an arithmetical example of a propositional formula 𝔄 we mean
any arithmetical formula obtained as the result of substituting closed arithmeti-
cal formulas in 𝔄 in place of the propositional variables (under the condition
that in place of all occurrences in 𝔄 of one and the same propositional variable
one and the same arithmetical formula is substituted). By arithmetical formu-
las we shall mean formulas of the language of the logico-arithmetical calculus
from (3), and by intuitionistic arithmetic we shall understand the intuitionistic
variant 𝑆 of this calculus. To this same book of Kleene’s we refer the reader
for all necessary information from realizability theory, including D. Nelson’s
theorem on the realizability of formulas derivable in 𝑆.

A propositional formula 𝔄(𝑝1, … , 𝑝𝑛) is called realizable if there exists an al-
gorithm that transforms every 𝑛-term sequence 𝐹1, … , 𝐹𝑛 of closed arithmeti-
cal formulas into a realization, in Kleene’s sense, of the arithmetical formula
𝔄(𝐹1, … , 𝐹𝑛). For abbreviated notation of the judgments“the number 𝑒 realizes
the formula 𝐹 ,”“the formula 𝐹 is realizable,”and “the formula 𝐹 is derivable
in intuitionistic arithmetic,”we use respectively the expressions 𝑒𝑟𝐹 , 𝑟𝐹 , and
⊢ 𝐹 . In addition, for abbreviated notation of meaningful judgments we shall
use (without danger of misunderstanding) the symbols of logical operations be-
longing to the language 𝑆, in their usual meaningful sense. If 𝐹1 and 𝐹2 are
formulas, then 𝐹1 ≡ 𝐹2 denotes the formula (𝐹1 ⊃ 𝐹2) & (𝐹2 ⊃ 𝐹1).
Let 𝐴 = ⟨{𝑎1, … , 𝑎𝑚}, <𝐴⟩ be a finite pseudo-Boolean algebra with elements
𝑎1, … , 𝑎𝑚, partial-order relation <𝐴, greatest element 𝒱𝐴, and with the oper-
ations &𝐴, ∨𝐴, ⊃𝐴, ¬𝐴 defined in the usual way. A propositional formula
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𝔄(𝑝1, … , 𝑝𝑛) is called identically true on the algebra 𝐴 if, upon replacing in 𝔄
the connectives &, ∨, ⊃, and ¬ respectively by the operations &𝐴, ∨𝐴, ⊃𝐴,
and ¬𝐴, and under any substitution of elements of the algebra 𝐴 for the propo-
sitional variables (when one and the same element of the algebra is substituted
in place of all occurrences of one and the same propositional variable), the value
of the expression 𝔄𝐴(𝑎𝑖1

, … , 𝑎𝑖𝑛
) thus obtained, computed in accordance with

the definition of the operations &𝐴, ∨𝐴, ⊃𝐴, and ¬𝐴, is equal to 𝒱𝐴. If, how-
ever, there exists such an assignment of values of the propositional variables:
𝑝1 = 𝑎𝑖1

, … , 𝑝𝑛 = 𝑎𝑖𝑛
, for which 𝔄𝐴(𝑎𝑖1

, … , 𝑎𝑖𝑛
) <𝐴 𝒱𝐴, then the formula 𝔄 is

called refutable on the algebra 𝐴. The set

ℒ(𝐴) of all propositional formulas designated on a given finite pseudo-Boolean
algebra (called the finite logic determined by the algebra 𝐴), is, as is known,
an intermediate logic, i.e., it consists of classically true formulas, contains all
the axioms of Heyting’s intuitionistic propositional calculus 𝐻, and is closed
under the rules of inference: modus ponens and the rule of substitution (see, for
example, (4)). A sequence 𝐴1, 𝐴2, … of finite pseudo-Boolean algebras is called
characteristic for the set 𝐼 of all formulas derivable in Heyting’s intuitionistic
propositional calculus if

𝐼 = ∏
𝑛

ℒ(𝐴𝑛).

It is known that such sequences for 𝐼 exist (see, for example, (1)).
Basic definition.

I. We shall say that a system of arithmetical formulas 𝐹1(𝑥), … , 𝐹𝑚(𝑥) (with
the single free variable 𝑥) models by realizability the finite pseudo-Boolean
algebra

𝐴 = ⟨{𝑎1, … , 𝑎𝑚}, <𝐴⟩,

if:

1) 𝑟𝐹𝑖(𝑥) if and only if 𝑎𝑖 = 𝒰𝐴;

2) 𝑟[𝐹𝑖(𝑥)⊕𝐹𝑗(𝑥) ≡ 𝐹𝑘(𝑥)] and 𝑟[¬𝐹𝑠(𝑥) ≡ 𝐹𝑡(𝑥)] every time that 𝑎𝑖 ⊕𝐴 𝑎𝑗 =
𝑎𝑘 and ¬𝐴𝑎𝑠 = 𝑎𝑡, where each of the symbols &, ∨, ⊃.

II. A pseudo-Boolean algebra is called modeled by realizability if there
exists a system of arithmetical formulas modeling this algebra by realiz-
ability.

The following proofs are constructive in character. The principle of construc-
tive selection (see (5)) is assumed.

Lemma 1. If a system of arithmetical formulas 𝐹1(𝑥), … , 𝐹𝑚(𝑥) models by
realizability the finite pseudo-Boolean algebra
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𝐴 = ⟨{𝑎1, … , 𝑎𝑚}, <𝐴⟩,

then for every propositional formula 𝔄(𝑝1, … , 𝑝𝑛) from 𝔄𝐴(𝑎𝑖1
, … , 𝑎𝑖𝑛

) = 𝑎𝑠 it
follows that

𝑟[𝔄(𝐹𝑖1
(𝑥), … , 𝐹𝑖𝑛

(𝑥)) ≡ 𝐹𝑠(𝑥)].

Proof. Of course, the construction of a realization of the formula

𝔄(𝐹𝑖1
(𝑥), … , 𝐹𝑖𝑛

(𝑥)) ≡ 𝐹𝑠(𝑥)

(since realizations of formulas from condition 2) in the basic definition are given)
may turn out to be technically cumbersome; however, the principled possibility
of such a construction is easily traced by induction on the logical length of the
formula 𝔄.

Lemma 2. If an arithmetical formula 𝐹(𝑥) with one free variable 𝑥 is not
realizable, then there cannot fail to exist such a natural number 𝑘 for which the
formula 𝐹(𝑘) is not derivable in intuitionistic arithmetic.

Proof. Let ¬𝑟𝐹(𝑥). Suppose that ¬∃𝑘 ¬ ⊢ 𝐹(𝑘). Then ∀𝑘 ¬¬ ⊢ 𝐹(𝑘). Hence,
contrary to the condition, it follows that 𝑟𝐹(𝑥). Indeed, the principled possibil-
ity of constructing a partially recursive function 𝜑 such that ∀𝑘 𝜑(𝑘) 𝑟𝐹(𝑘) is
clear from the following reasoning. Let 𝑘 be a natural number. With the help
of a suitable algorithm we shall construct, one after another, all derivations in
𝑆 until some derivation of the formula 𝐹(𝑘) is constructed for the first time.
Accepting the principle of constructive selection, we believe that this will occur,
since the concept “to be a derivation in 𝑆”is decidable and, according to the
supposition made, ¬¬ ⊢ 𝐹(𝑘). Having a derivation of the formula 𝐹(𝑘) in 𝑆,
we shall construct its realization by reproducing, as applied to this derivation,
D. Nelson’s proof of the realizability of formulas derivable in 𝑆.

Theorem 1. If a propositional formula is refutable on some finite pseudo-
Boolean algebra modeled by realizability, then it is not true that there do not
exist arithmetical examples of this formula which are underivable in intuitionistic
arithmetic.

Proof. Let the propositional formula 𝔄(𝑝1, … , … , 𝑝𝑛) be refutable on a finite
pseudo-Boolean algebra

𝐴 = ⟨{𝑎1, … , … , 𝑎𝑚}, <𝐴⟩,

modeled by realizability by the system of formulas 𝐹1(𝑥), …
⋯, 𝐹𝑚(𝑥). For certain 𝑖1, … , 𝑖𝑛 and 𝑠 we then have

𝔄𝐴(𝛼𝑖1
, … , 𝛼𝑖𝑛

) = 𝛼𝑠 <𝐴 𝒰𝐴.
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Fig. 1. Diagram

Figure 1: Fig. 1. Diagram

By Lemma 1,
𝑟[𝔄(𝐹𝑖1

(𝑥), … , 𝐹𝑖𝑛
(𝑥)) ≡ 𝐹𝑠(𝑥)].

From 𝛼𝑠 ≠ 𝒰𝐴 it follows that ¬𝑟𝐹𝑠(𝑥), and therefore we have

¬𝑟𝔄(𝐹𝑖1
(𝑥), … , 𝐹𝑖𝑛

(𝑥)).

Applying Lemma 2 to the formula 𝔄(𝐹𝑖1
(𝑥), … , 𝐹𝑖𝑛

(𝑥)), we obtain

¬¬∃𝑘 ∣∼ 𝔄(𝐹𝑖1
(𝑘), … , 𝐹𝑖𝑛

(𝑘)).

Theorem 2. If a finite pseudo-Boolean algebra 𝐴 is modelable with respect to
realizability and all arithmetical instances of the propositional formula 𝔄 are
derivable in intuitionistic arithmetic, then the formula 𝔄 is universally valid in
the algebra 𝐴.

Proof. If the formula 𝔄 were refutable in 𝐴, then, by Theorem 1, there could
not fail to exist an arithmetical instance of 𝔄 that is not derivable in 𝑆.

Fig. 1. Diagram

A nontrivial example of a finite pseudo-Boolean algebra modelable with respect
to realizability is provided by the algebra represented by the diagram in Fig.
1. The corresponding system of arithmetical formulas for this algebra was con-
structed by V. A. Yankov in (2). From the main result of J. Rowe in (1) on the
incompleteness of the calculus 𝐻 it follows that there also exist finite pseudo-
Boolean algebras not modelable with respect to realizability—such is any fi-
nite pseudo-Boolean algebra on which some realizable propositional formula is
refutable. Therefore, in particular, finite pseudo-Boolean algebras not mode-
lable with respect to realizability occur in every characteristic for 𝐼 sequence
𝐴1, 𝐴2, … of such algebras; and if, moreover, ℒ(𝐴1) ≡ ℒ(𝐴2) ≡ ⋯ (as is the case,
for example, for the so-called Jaśkowski matrices (see (1))), then, starting with
some point, all these algebras 𝐴𝑖 are not modelable with respect to realizability.
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