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ON THE DARBOUX PROBLEM FOR HYPER-
BOLIC EQUATIONS

(Presented by Academician S. L. Sobolev on 11 'V 1970)

Consider the equation

where k(y) > 0 for y # 0 and may vanish at y = 0.

Let D be a simply connected domain in the plane of the independent variables
x,y, bounded by the characteristics AC and C'B of equation (1), issuing from
the point C(*/5,9,.), y. < 0, and by the segment AB : 0 < x < 1 of the axis
y=0.

With respect to the coefficients k and b of equation (1), we shall assume that
they are continuous in the closure D = D U dD of the domain D, and with
respect to a and ¢, that they are continuous in D together with the derivative
with respect to x.

Denote by W the set of functions u = wu(x,y) of the class C(D) N C?(D) N
WE(D) N Wy (8D), where W4 (D) is the Sobolev space, for which Lu € L, (D)
and the boundary conditions are satisfied

ul 0, or u, 0, ul 0. (2)

ABUBC AB BC

Darboux problem. Find a function u € W satisfying equation (1) in the
domain D.

The uniqueness and existence of the nonhomogeneous Darboux problem:
u,lap = v(z), ulpc = Y(y), for equation (1) in the case when k(y) = —y™,
m = 1(mod2), a and b € C3(D), ¢, f € C'(D), and, in addition, for m > 2 the
function a is representable in the form a = |y|"a,(z,y) with a; € C(D) and
n > m/2 — 1, were established by Gellerstedt (1) by the method of the Green-
Hadamard function.
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Theorem. Suppose the coefficients of equation (1) satisfy one of the following
conditions:

1. k(0) # 0 or a(x,0) >0 for 0 <z < 1;

a/k, b2/k € C(D), c¢(x,0) <0 for 0 <z < 1;

a/k, b2/k, a,/k, c/k, c,/k € C(D);

k/a, b*/a € C(D), a >0, c(z,0) <0 fory#0, 0 <z <1;
k/a, b*/a, c/k, c,/k € C(D), a >0 for y # 0, a, > 0.

DAl ol

Then an a priori estimate of the form holds

lull,, < ClLul,,  VueWw,

where |- |, ||l are certain positive norms, and C'is a constant independent
of u.

Proof. Introduce the operator

L,v=v,, — kv, +a,v, +bv,+c,v,

where

= const < 0, a, = a—2uk, cH:c—&—au—kuQ.

It is easy to verify that if u = vexp(uz) and u € W, then Lu = exp(ux)L v
and v € W. For any function d = d(z) € C*(D) and v € W the identity is valid

2(dv,, L, v)g =2

)

dv,L,vdD = / d, (kv +v}) + 2da,v2 + 2dbv,,y| dD
D

= [ (de,,)3,dD "‘/ de, @, v* dS
0D
4
d [=(kv} + 0, + 2] dS =Y I,
D =1

+

S— S— T

)

3)

where z,, and y,, are the direction cosines of the outward normal n = (z,,,,,)
to the boundary of the domain D.

Since the roots of the characteristic equation A(A+z,, +kx,,) = 0, corresponding
to the quadratic form —kxz,£2 + 2y,&n — x,,m? on the characteristic AC, are
nonnegative, and on the characteristic BC, in view of (2), v, = v,,n, v, = v,, 1,
it is not difficult to verify that I, > 0 for all v € W, if d(x) > 0 in D.

Yy Y

sovietrxiv.org/items/ru-197001.17044 Machine Translation


https://sovietrxiv.org/items/ru-197001.17044

Suppose that d = exp(az), where o = const > 0. From (3) and the elementary
192, valid for any € > 0, we have

inequality 2bv,,y > —eb®v? — 102,
/ d [(ak +2a, — eb®)v2 + (a — l/s)vz] dD+1,+15 < gHUw\/@H(2)_i_c«”w—l/zLHUHg7
D
(4)

where w = w(z, ) is any nonnegative function of the class C'(D), and ||- ||, is the
norm in the space Ly(D). Here and below C denotes a certain positive constant
that does not depend on v.

For convenience we introduce positive norms by the formulas

1/2
vll1,p = U (pvz + vy +Pv?) dD] v vl = vl
D

9 1/2
v .
0.0 = " 7 i1 =Wy =04
[l dD [0l = Il 5=10,1
D ¥

Let us rewrite inequality (4) in the form

/ d [a%v2 + (o —1/e)v2 — cqv?] dD < C| Lol , — I, (5)
D
where

a = 2a+ (o — 4p)k — e(b* + w),
¢d =ac+c, + (aa+a,)p—akp® = ac, +c,,.

Let condition 1 of the theorem be satisfied, for example, a(z,0) > 0. Put
< — Jmin, c(z,0)/a(z,0).

Then, for sufficiently small values of €, there is a number § < 0 such that

c, <0, aj; >0, V(z,y) €DN (S <y <0).

Therefore there exists a number p, independent of a, such that

C,y <0, ay, >0, Ya >0, (z,y)€eD (6)
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and a number o, depending on , such that

¢l <0,  V(a,y) €D (7)

Taking into account (6) and (7), from (5), with w = 1, we obtain the energy
inequality

loly < ClIL,, vlo,  YoeW. (8)
Similarly, but even more simply, estimate (8) is proved when k(0) # 0, i.e.,
equation (1) is strictly hyperbolic.

If condition 2 holds, then for w = k, obviously, there exists a number p,, inde-
pendent of «, such that

¢, <0, a [k =a—4ps+ (20 — eb® — k) /k > 0, V(z,y) € D

and a number o such that (7) is true. Consequently, by virtue of (5),

vl < CIILMOUIIO,;@, Vve W.

Suppose now that condition 3 is fulfilled. Then for w = k there is a number ),
independent of «, such that Cuo/k <0, ay, /k > 01in D, and a number «, such

that ¢;;°/k < 0 in D. Therefore, in accordance with (5), we have

[0l e < ClIL o, Yo eW.

In exactly the same way we verify that
Vv € W7 ”vHLa S C“LMOUHO,a

and
”U”l,a,k < C”L;LOUHO,Q

under conditions 4 and 5, respectively; this completes the proof of the theorem.

From the theorem just proved follows the uniqueness of the regular solution
of the Darboux problem and the existence of a weak solution of the adjoint
problem

Vyy — kvwz - <av)a: - (bv)y +cv= f) U|ABUAC =0
in the functional spaces corresponding to the a priori estimate.

Tt is not difficult to show that the basic inequality (5) guarantees uniqueness of
the solution of the Darboux problem under more general assumptions concerning
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the coefficients of equation (1). However, it should be noted that some of the
conditions of the theorem are essential, and their violation may lead even to
nonuniqueness of the solution of the Darboux problem.

Example 1. The function

o 1
u = sin x—1+/ exp — dt
g 2t

in the domain D is a solution of the homogeneous Darboux problem:

ulpc =0, uy‘AB:O

1 1 1
Uy, — €XP ; um—ﬁexp @ u, =0

Example 2. The general solution of the equation

for the equation

Uyy = YUy — Uy =0 9)

in the class of functions
ue CHDUAB)NC%D),
possessing the property that
u(x,0) and wu,(z,0)€ CH0<z<1)NC*>0<z<1),

is given by formula (2)

1,y 1 [ 1, )\ dt

u(m,y):T<x+2y)+2y/Ozx<m+2y —yt)\ﬁ, (10)
where 7(x) and v(z) are arbitrary functions from
cClo<z<1)NC?*(0<z<1).

Using formula (10), it is not difficult to verify the validity of the following asser-

tion: the homogeneous problem corresponding to the nonhomogeneous Darboux
problem

uylAB =v(z), ulpe = P()

for equation (9) has an infinite number of linearly independent solutions, while
the nonhomogeneous problem is solvable if and only if

W) = v (x) = VI—z 0 (% + g) .
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For equation (9) the Darboux problem is correctly posed when u is prescribed
not on BC, but on AC, which indicates the nonequivalence of these character-
istics, or when on AB not u,, but u is prescribed; and, finally, the following
boundary-value problem

u, — P, (x
u|go = Y(x), limw =v(z), 0<z <1,
y—0 Yy
provided, for example, that
1
b(x) € (5 gmgl), v@) e CLO<z<1)NC20 <z <1).

It is curious to note that equation (9) was given by A. V. Bitsadze (?) as an
example of an equation for which the Cauchy problem with initial data on the
line of parabolic degeneration is well posed. Consequently, unlike strictly hy-
perbolic equations, or degenerating equations with noncharacteristic power-law
degeneration of order less than two, the well-posedness of the Cauchy problem
does not imply, in general, the well-posedness of the corresponding Darboux
problems if the order of degeneration is greater than or equal to two.

In conclusion, we note that, in connection with the examples presented here, the
question arises whether nonuniqueness of the solution of the Darboux problem
can affect the uniqueness of the well-known Tricomi problem. For example, it
is easy to verify that for the equation

signy - y*u,, +u,, —u, =0

this does not occur.
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