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V. A. YAKUBOVICH

SOLUTION OF AN ALGEBRAIC PROBLEM
ENCOUNTERED IN CONTROL THEORY

(Presented by Academician V. I. Smirnov on 17 XII 1969)

1°. Suppose that a system of differential equations is given

dz/dt = Az + be (1)

and a Hermitian form §(x,&). In (1), A, b are complex or real constant matrices
of orders n x n, n x m, and the vectors z, £ have orders n, m, respectively. It is
assumed that the system (1) is controllable, i.e., that the rank of the n x mn
matrix |[b, Ab, ..., A" 1b| is equal to n. Consider the problem of representing
the form §(z, ) in the form*

§e,6) = o (e Ha) + (€~ W) T(E— ha), Vo6 )

where H = H*, h,I' = I'* are certain constant matrices of orders respectively
n X n, n x m, mxm, and the derivative is taken by virtue of system (1), i.e.

%(m*Hx) = 2Re[z*H(Az + b¢)].

It is obvious that the matrix I' is determined at once from (2) by the relation
5(0,¢&) = £ T¢, which we shall assume to be satisfied. The problem consists in
determining conditions for the existence of the representation (2) and in finding
a convenient procedure for determining matrices H = H*, h satisfying relation
(2). The solution of this problem, for special §(z,£), reduces to a number of
problems in the theory of absolute stability (see, for example, (1)) and in the
theory of optimal control (synthesis of optimal control in problems of minimizing
quadratic functionals for linear stationary systems, i.e., in problems considered
first by A. M. Letov—see, for example, (>7°)). All these problems pertain either
to the case m =1, or to the case m > 1, I' > 0 (for m > 1, ' < 0**).

There are many works in which, under various special assumptions, the indicated
problem of the possibility of representation (2) is solved. The sign-definiteness
property of the matrix I'; or the condition m = 1, is then used essentially in the
proofs.*** A number of problems in the theory of differential games lead to the
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problem of representation (2) with m > 1, I' % 0. Below a solution is given for
the formulated problem under certain nonrestrictive assumptions excluding, in
the space of coefficients of the form F(z, &) and the system (1), a set of measure
zero. The method of proof is substantially different from (1,?) and others, and
makes it possible to consider the case I' > 0, which is not amenable to treatment
by the known methods (},?) and others. It is important to note that for m > 1

the procedure obtained below for determining the matrices

* Here and below the asterisk denotes Hermitian conjugation. By I, below is
denoted the identity n X n matrix.

** The notation T' > 0 (T > 0) means that I' = T* and £&*T¢ > 0 for all £ (£*T¢ >
0 for all £ # 0). The inequalities ' < 0, T' < 0 are defined analogously. The
notation I' 2 0 means that the form &*T'¢ assumes both positive and negative
values.

*#% For m = 1, solutions of related problems were first obtained in (78). For
m > 1,T > 0, a solution of this problem under certain special assumptions (not,
however, restricting generality) was given without proof in (!) (Theorem 3.4)
and in the general case with proof in (°).

h, H is substantially more convenient than those previously known. For example,
it does not require factorization of an m X m-matrix polynomial.

2°. Let X\ be complex, w a real variable, and let X(\) be some matrix or scalar
polynomial X(\) = X AN + -+ + X . Below, by X(\)V we shall denote the
polynomial X(\)Y = [X(=\)]* = Xi(—A\)N + - + X%. Obviously, X(iw)V =
X (iw)*, [ XYY =Y AN)VXN)Y, [det X(V)]Y = det[X(\)V].

Introduce the following notation:
A=A = A Sy =derdy, Q)= a3k, = 4P,

F(Ai,b8,8) = ET(iw)E,  P(iw) = [0 (iw) [PTI(iw).

Here T1(iw) = TI(iw)* is the matrix of order m of the Hermitian form §(A; 1€, €).
Since F(0,&) = &' T¢, we have II(co) =T'. From (3) we have

T (iw)E = F(671QDE, 67168) = [0 (iw)|>r(iw)* Fr(iw),
where F' = F* is the matrix of the form §. Therefore
O(\) =r(AN)VFr(\).

Thus, ®()) is a matrix polynomial with leading term (—1)"A2"T", and ®(\)V =
®(\). Below, for brevity, the argument A is sometimes omitted.
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Lemma 1. The following formulas hold:
det ® = 0™ 1(V)mLdetT -, 1 =Q/(56Vp),
where ¢, € are scalar and matrix polynomials;
p=9Y;
Q= QF, o= (-1 + 00,
Q= (=" A", + O\ 1) as A — oo.
Let a(\), B(N) be polynomials. By rem(3/«) below is denoted the polynomial

that is the remainder obtained upon division of 3(A) by a(A). If B(A) = [8,,(N)|
is a matrix polynomial, then

rem(B/a) = |rem(f;,/a)l.

By («, 8) below is denoted the greatest common divisor of the polynomials a(\)
and (), and by («, B), the greatest common divisor of the polynomials «(\)
and all B, (A).

Theorem. Suppose that the system (1) is controllable and that detT" £ 0.
I. Let (2) hold. Then: a) the polynomial ¢(\) admits the factorization

P(N) = NPV,

where ¥(\) = det(AI,, — A — bh*), and, consequently, either ¢(iw) = 0, Vw, or
all purely imaginary zeros of the polynomial ¢ () have even multiplicity; b) the
following is fulfilled

h*q(A) = 6(A)Q(A), VA, q(A) = rem(QbQ/Yd),  Qy(A) = rem(ﬂ/w)é )
4

II. Let
(6,6Vy =1, {p,06V)=1, o(iw)+#0, Vw.

Let 1(\) be an arbitrary polynomial satisfying the factorization relation
e(\) =YY, YA
and such that
(W, 9Y) = 1.
Let h be an arbitrary n x m-matrix satisfying the identity (4) or, otherwise,

such that
(L, — h* ATD)QUN) /(M)

is a polynomial*. Let G = G* be the matrix of the Hermitian form §(z, 0)
and let H = H* be the matrix determined from the linear system

HA+ A*H = G — hI'h*.
Then the identity (2) holds.
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Remark. Suppose that the conditions
(5,6Vy =1, {p,06V)=1

are not fulfilled. Make in (1) the substitution

£=¢ +as,
where a is some n X m-matrix. Then we obtain a new system

dx/dt = Ajx + by,

where

Ay = A+ba”,
and a new form

Sl<l’,§1) = S(Ivf)

It can be shown that the new polynomial ¢(A) coincides with the old one. With
a suitable choice of a, the polynomial §, as is known, can be made arbitrary
(with leading term A™). Therefore, for the new system, with a suitable choice
of a, the conditions

* It can be shown that Qb2 = dqy,

where g; is a polynomial. Therefore

q(A) = rem(dq, /6v) = dqy,

where
qp = rem(q, /1),
and the identity (4), from which the matrix h is determined, has the form

hgo(A) = Q(A), VA

(6,6V) =1, {p,06V) = 1 will be satisfied. Thus, if representation (2) holds and
p(iw) # 0, Yw, then it will be found by means of the indicated substitution and
the use of the procedure indicated in part IT of the theorem. We note that, after
equating the coefficients of equal powers of A, the equation h*q(\) = d(A)Q(N)
becomes a system of 2nm? linear equations with respect to mn elements of the
matrix h. It can be shown that, for ¢(iw) # 0, Vw, this system always has a
solution. Therefore, for the existence of matrices h, H satisfying relation (2), it
is sufficient that p(iw) # 0, Yw.

3°. Proofs.

Lemma 2. Let ¥(\) = ¢;Q(A)by +T'(d(N), where by, ¢y, Ty are arbitrary n x m-,
n x m- and m X m-matrices. Then det S(\) = §(A)™ Ly, (N), where ©o(N) is a
polynomial of degree not exceeding n.
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Put

I; —Atb,

*,
coi Iy

Ay,
0; 1

m

U= cos Iy

v

v

We have UV = |R,|, j,h = 1,2, where Ry; = I,, Ri5 = 0, Ry = 0%
Therefore

det(6%) = det(UV) = det(VU).
Since VU = diag(Ay*', 1,,,) - W, it follows that

m

det(6X) = det Ay ' det W.

Obviously, ¢, = det W is a polynomial of degree < n.

Corollary. For I'y = I,,, we obtain the well-known formula

det(Ay + bycgy) = det Ay - det(I,, + ci A by).

Lemma 3. Every minor of order k (k < m) of the matriz ©(\) defined in
Lemma 2 is divisible by 6*~1, and the quotient is a polynomial of degree not
exceeding n.

Indeed, the matrix ¥’ of the indicated minor has the form ¥’ = ejXe,, where
ey, ey are constant matrices of order m x k. Applying Lemma 2 to the matrix

Y =eaQ(N)by +T16(N),
we obtain the required assertion.

Lemma 4. Every minor of order k (k < m) of the matriz ®(\) is divisible by
SFL(8VYFL and the quotient is a polynomial of degree not exceeding 2n.

Let
1§j1<<]k§m7 1§h1<<hk§n7 ]:(jla7jk)7 h:<h’17

®;, be the matrix of the corresponding minor of the matrix ®. From the formula
® = rV Fr we have

det @, = Z(det r,;)Y det F,, - detr,,,

where p,v are analogous sets of k indices, and r,;, F,, are analogous k X k-

submatrices of the matrices r, F'. Obviously, r,,, has the form

r =, (A)b;w + Fuué()‘)7

nv nv

where b, ¢, ', are certain constant n x k-, n x k- and k x k-matrices. By

Lemma 2,
detr,, =6"1p,,,
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where ¢, is a polynomial of degree not exceeding n. Hence the assertion of
Lemma 4 follows.

Lemma 5. Let system (1) be controllable, (§,6V) = 1, and let h be an arbitrary
m X n-matriz satisfying the factorization relation

d(\) = UVTP,

where

U =G5\, — h*Q(A)b.

Let the matriz H = H* be determined from the equation
HA+ A*H = G — hI'h*,

where G = G* is the matriz of the form §(x,0). Then identity (2) is fulfilled.
Denote the form on the right-hand side of (2) by $(z, ), put

5(1'3’5) —8’(1’,5) = %1($,£)7
and show that §,(z,&) = 0. We have

3’1(-'1/',0)50, 31(075) = 0.

Therefore

§1(2,§) = Re(£" ),
where f is some n x m-matrix. The identity

b (iw) = U (iw) TV (iw)
means that §;(z,&) =0 for

Ax + b€ = iwz.
Put
X(A) = & FAIOE,

where ¢ is an arbitrary fixed complex vector. We have
Re x(iw) = 0, Yw.

By the symmetry principle, the poles of x(\) are located symmetrically with
respect to the imaginary axis. On the other hand, they can only be eigenvalues
of the matri-

matrices A, among which there are none situated symmetrically with respect to
the imaginary axis, by virtue of the condition (§,6Y) = 1. Therefore y()\) has
no poles. Consequently, x(\) = const, and, since y — 0 as A — oo, we have
x(A\) = 0. In view of the arbitrariness of £, we have f*A;'6 = 0. From the
controllability of (1) it follows that f =0, F;(x,&) = 0.
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Proof of Lemma 1. From Lemma 4 it follows that ¢ is a polynomial. Since
® = (—1)"A2"T + -, it follows that det ® = (—1)™" 2™ det " x [1 + O(A71)].
Hence ¢ = (—1)"A?"[1 + O(A71)].

Let Q = & 166V, We have* Q@ = @ /[6™2(6V)™ 2 detT]. By Lemma 4,
Q is a polynomial. From (3), @ = IT"'¢. Therefore, as A — oo, we have
Q/A2" — (=1)"T, ie. Q = A(=1)"T[1 + O(A1)]. The relations ¢ = ¢V,
Q= QV follow from & = ®V.

Proof of the theorem. I. Denote ¥(\) = 61,,, — h*@Qb. According to the corollary
to Lemma 2, det(\l,, — A—bh*) = ddet(I,, —h*A~1b) = §det(61¥). Therefore
det U = §m 19, where ¢p = det(A\ — A — bh*). For Az + b = iwx, from
(2) we have F(A;1bE, €) = €W (iw) TW(iw)&/|3(iw) . From (3), F(ALbE,€) =
& ®(iw)&/|6(iw)|?. Therefore ®(iw) = W(iw)* x ['¥(iw), ®(N) = T(A\)VITT(N),
det ® = 6™ 1(6V)™ LypV detT'. Comparing with the expression for det ® in
Lemma 1, we obtain ¢ = ¢V, whence assertion a) follows. By Lemma 3, o, =
§™=2Z, where Z is a polynomial. From ® = UVI'¥ we have @, = \I/erpr‘Ilv,
TP detd = Fpr\I/V det W. Substituting into the latter equality the values of
®~ 1 det ® from Lemma 1, and also det ¥ = §™ 14 and UV = 6vm_2Zpr, we

obtain WQ = T2V, h*QbQ = 6Q (mod (16)). This implies (4), i.e. c).

II. Let h satisfy (4) and ¢ = ¢2V. Put again ¥ = 61, — h*Qb. From (4)
we obtain UQ = Z,pd, where Z;, is a matrix m x m polynomial. Denote
(¥, Zov> = Yy, Zov = Z1Yy, ¥ = gy, where Z;,1; are polynomials,
(1, Z,) = 1. Since Q = QVV (Lemma 1), from UQ = ZY V)Y 16 we have
UQUY = UZ;1hyp Y. Substituting the values of U and 1 = 91, we
obtain ZY WV, 6 = WZ;1p, 6V . By the condition (¢, 9Y) =1, (¥,,8V) =
1, (6,6V) = 1. Therefore ¥Z, = Y1),5, where Y is a polynomial, and
YV =Y. Consequently, YQUY = Yyh)V§5V. Since degQ = 2n (Lemma
1), deg¥U = degy = degd = n, we have degy = 0, i.e. ¥ = const.
Since, as A — oo, ¥/§ — I, Q/p — 1 it follows that Y = I'"1,
and VQUY = I'"1p§sV. Passing in this relation to inverse matrices and
substituting Q! = ®/65V ¢, we obtain that W satisfies the factorization
relation ® = UATW. Applying Lemma 5, we obtain the assertion of the
theorem.
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