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FUNCTIONAL NUMERICAL METHODS

(Presented by Academician A. N. Tikhonov on 25 XII 1969)

Suppose that in the closed domain, convex in z, II([t —t,| < T, |z;(t)—z;| < R)
there exists a solution of the Cauchy problem for the system

dz/dt = f(t, z), z(ty) = 2p, (1)

where z(t) is an m-dimensional vector.

If, for the integration of problem (1), a numerical method with integration step
h and error on an individual step e, = O(h*™!) is applied, then it is assumed
that the round-off error allowed on an individual step is I',, = O(h*™2), and
that the prescribed vector function f(t,z) in the domain II is continuous and
has continuous partial derivatives with respect to all arguments up to order s+1,
inclusive. It is also assumed that the points of the approximate solution belong
to the domain II.

The following notation is adopted: z, is the approximate solution of problem
(1); t,, =ty +mnh; n is an integer; h is the integration step; f,, = f(,,, 2,); 2(t,)
is the exact solution of problem (1), taken at ¢t = ¢,; u(¢) is a matrix function
(m x m) satisfying the equation:

du  Of

E = au, U(to) = E,
where E' is the identity matrix (m x m); the matrix df/0z = (9f;(t,z)/0z)
(i,k=1,...,m).

Theorem 1. For the approzimate solution of problem (1) by the third-order
Runge- Kutta method:
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the following asymptotic formula is valid as h — 0:

3
s 2l + g [z”’an) —ut) o)+ (L) -

—ult) (?)Z)H 2 (t) — / w(t, YL (7)) (7) dr | + O(hd).

Theorem 2. If the approximate solution of (1) is computed by the fourth-order
Runge- Kutta method of the form

h
Zn+l = %n + g(kln + 2k2n + 2k3n + k4n)’

h h
kln = f(tn7zn)’ an = f (tn + 5’ Zn + §k1n> )

h k
an:f<tn+§7 Zn+h%> 9 k4n:f<tn+h7 Zn+hk3n)3

then the approximate solution will be (b — 0):
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b [(gf) 2" (t,) — u(t,) (gf) //<t0>]
+ (‘;f) 2 (t,) — ult,) (Zf) /<t0>1
[ s [ (5 e (5) o

—ﬁ% (z//m)?] dT} +O(h9).

Theorem 3. In the case of applying the fourth-order Runge—Kutta method of
the form

h
Zn+l = #n + g(kln + 4k3n + k4n)7

h h
kln:f<tn7zn)7 k2n2f<tn+17 Zn+1k1n) ’

h h
k3n = f (tn + 5’ Zn + §k2n) ) k4n = f(tn + h’ Zn + hkln - 2hk2n + 2hk3n)

for the approximate solution the expansion holds
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z, = Z(tn) + h4{5?6 [Z(IV>(tn) — u(tn)z(IV) (to)] + m [(gf)ttn Z///(tn)

2

n 1 af 4
<to>] - [(a) (t,)

- Z//(to)] - [ v u(t;)ul(T) [Z%g)

1 8f " 1 6~f ' m
103 (5:) 70+ 55 (5) » W] d7}+0<h5>, B0,

Theorem 4. The approximate solution computed by the implicit fourth-order
method

h zpa+2z, hinp —hfn> +fﬂ] . (2)

h
Zn+1:Zn+7|:fn+1+4f (tn+§7 2 ]

6

can be written in the form

t

= 2{t,)+ht [Z(IV“"‘”)‘““Wm(to) 5[ e @ ar

_ 5
56 =0 +O(h?), h — 0.

Zn

Theorem 5. If, to obtain the approximate solution, a sixth-order method is
applied (€ is a parameter, 0.5 — 0.5v/0.6 < 6 < 0.5 — 0.5v/0.2)

Zn+1:2n+60 90— 02 (fn+1+fn)+32 (1_20)2 + 5,0

h[—1+100—1092 1—59+502f< h )
n 2 n

+ f(tn+1 — ]’L@, un) + f(tn + hea Wn)
(0 — 02)(1— 20)2 ’

o Zpy1 T 2n h(1—80+892)(f g )_hf(th—hG,yn)—hf(tn—i—hH,xn)
no 2 64( —2) L In 64(0 — 62)(1 — 20) ’
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Y, = 0%[2,(3—20) + h(1 —0)f,] + (1 — 0)?[z,,.1 (1L +20) — hOf, 1]
z, = (0 —1)*[(1+20)z, + hof,] + 62[z,,1(3 —20) + h(6 — 1) f, 4]
u, = 0%(1 —20)2[z,(7—60) —h(0 —1)f,] + (1 —20)%(1 —0)?x
X[2p1 (1 +60) — hOf, 1] +1662(0 — 1)%[v, — h(0 — 1/2) f(t,, + h/2,v,)], (3)
w,, = (1—0)2(1 —20)2[2,(1 + 60) + hof,] + 0%(1 — 20)*x
X[2,41(7—60) + h(0 — 1) f,, 1] + 16(6 — 1)%6*x
x[v, +h(0—1/2)f(t, + h/2,v,)],

then it can be written as the asymptotic formula, as h — 0,

1—6+6?
86400

0—02[_ /0f\ afy’
_ 95 V) Y of ()
MMOF(&)t%Z () =50t (52) )+

%zduﬂwﬁ— (1) — ulty) =V (1))~

of
0z

/
>ttn

—UUw<g£)h%ZW“%ﬂ-+[%“U”W_%ﬂ{i;¥83_

0

z

- 914—4(?; [5 (gjz‘)” A7) 46 (%) Z<v>(7>1 }dT} +O(hY).

All the methods of numerical integration considered in the article may be called
functional methods, since they are functional approximations of the Maclaurin
and Darboux formulas.

Formulas (2) and (3) can be successfully applied for correction and control in
Runge—Kutta methods and directly in the solution of boundary-value problems.

The asymptotic error formulas for functional methods were obtained on the basis
of ideas concerning the asymptotics of solutions of problem (1) by Runge—Kutta
methods (173). The essence of the error formulas presented in the article is that,
for large |t,, —t,|, the error is determined by integral terms and practically does
not depend on the remaining components, just as in Adams-type methods, for
large |t,, — t,|, the error of the solutions practically does not depend on errors
in computing the beginning of the table (*).
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