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1. The classical problem of realizing cycles by submanifolds has by now re-
ceived more or less complete illumination in a large number of works of a purely
topological character. A natural feature of all these investigations has been
the circumstance that by realization of a cycle one meant its realization by a
smooth submanifold of the ambient manifold; at the same time any other prop-
erties of these submanifolds, for example metric ones, if the ambient manifold
is Riemannian, were ignored as topologically non-invariant.

In the present note the problem of realization is considered from positions that
take into account the metric aspect of the question of realization, i.e. the method
of embedding a submanifold in the ambient Riemannian manifold 9t". From
the set of all smooth submanifolds we single out totally geodesic submanifolds,
as the most “homogeneous” models of the cycles being realized. With this
approach the problem of realization splits into two parts: 1) given a compact
totally geodesic submanifold V' in 91"; what cycle does it realize in "7 2) given
a nontrivial cycle in 9™; can it be realized by a totally geodesic submanifold of
the given type?

In the present note both these problems are solved for the case when the ambient
manifold is a symmetric space.

2. Let first MM"™ = & be a compact connected Lie group and let V' C & be a to-
tally geodesic submanifold. When does it realize a nontrivial cycle in H,(®;R)?
We begin with the particular case when V is a subgroup in &. Then it is easy
to see that V realizes a nontrivial cycle if and only if V' is not homologous to
zero in & over the real coefficients R, which completely reduces our problem to
the consideration of the well-known homomorphism

pR(V;8): H(Bgs;R) - H*(By; R)

and to the selection of all those cases when pi(V;®) is an epimorphism. It is
known that this problem is completely solved in terms of Lie algebras; namely,
pr(V;®) coincides with the homomorphism * : I, — Iy, where I, Iy are
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the rings of polynomials on the Cartan subalgebras of the algebras G and H,
invariant with respect to the Weyl group.

3. Let now V be an arbitrary compact, simply connected, totally geodesic
submanifold in &. If & = fO(V) is the universal covering group over the identity
component of the isometry group I,(V) of the space V, then it is well known
(see (1)) that & decomposes into the direct product

fO(V) = fO(Vl) X e X fO(VS), where V = V] x -+ x V, is the decomposition of
V' into irreducible factors. It turns out that if & is an arbitrary compact group,
then the study of embeddings V' — & reduces to the case of the embedding
V — I,(V); namely, the following assertion holds.

Theorem 1. Let V be a connected, compact, simply connected, totally geodesic
submanifold in a compact Lie group &, and let

{&,} is the collection of all subgroups of the group & containing the submanifold
V. Then V decomposes into a direct product

V=KxV,x-xV.=KxV’,

where K is a compact subgroup of the group &, and each V; (1 <4 < r) is an
irreducible totally geodesic submanifold in & and is not a subgroup in &. This
decomposition has the following property: if

AV)=(8,.
(o)

then the subgroup A(V') is compact and semisimple, and the universal covering
group A(V) is isomorphic to the direct product of groups:

A(V) = K x (V) x = x L (V).

It follows from this theorem that V realizes a nontrivial cycle in & if and only
if all V; (1 < ¢ < r) and K (assuming that K and V, are distinct from a
point) realize nontrivial cycles in & over R. Since the case V = K has already
been considered above, our original problem reduces to the study, from the

homological point of view, of embeddings
V= I(V),

where V is an irreducible compact symmetric space. It is well known (?) that any
symmetric space V can be embedded in I,(V') as a totally geodesic submanifold
(the “Cartan model” ). All compact symmetric spaces are divided into two
classes: spaces of type I and spaces of type II (1); therefore we shall present
the solution of our first problem in the following form: for each irreducible
compact symmetric space V we indicate the cycle which it realizes in the group
of isometries I (V).

Theorem 2. Let
i: V= I,(V)
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be an embedding of a compact irreducible symmetric space V as a totally
geodesic submanifold in the maximal group of isometries I;(V'). Then this em-
bedding is the Cartan embedding, and the homological characteristics of these
embeddings are listed below:

1) Any space V of type II always realizes a nontrivial cycle in H,(I,(V);R).

2) Among spaces V of type I, only the following spaces realize nontrivial
cycles in H,(I,(V); R):
22) V="Y4,, 1, m>1;
2b) V =04, I, m > 2;
2¢) V =CD|II, | > 4;
2d) V = E,IV.

For all other spaces V of type I, i([V]) = 0.

If V is simply connected, then the following more complete assertion holds for
spaces of type I realizing nontrivial cycles in H, (I,(V);R).

Theorem 3. Let .
V= I,(V)

be an embedding of a compact irreducible simply connected symmetric space of
type I as a totally geodesic submanifold in I(V).

1) V=SU2m+1)/SO2m +1), m > 1, (°A,,,1); let
C = 259213 o Tyyyy € H (Io(V); Z,),
where p # 2 and is prime, if p # 0. Then:
[V]=i(N"C),

where N = 2™ (mod p).
2) V =SU(2m)/Sp(2m), m > 2, (°A,,, 111); let

C =5x9T15... Typy_3 € H*(fO(V); Z).
Then
where N = 2m—1,
3) V=80(2)/SO(2l—1),1 >4, (ODlH); let
C= le*l € H*(iO(V>’ Zp>7

where p # 2 and is prime, if p # 0. Then:
1
V=i (=C).
V=i (5¢)
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1) V = Eg/F,("EgIV); let
C=xzg—x7 € H*(fo(v)§ Z,),

where p > 7 and is prime, if p # 0. Then

V] = Gc) .

Remark. As generators {z,} € H*(I,(V);G), canonical primitive generators
have been chosen.

~

Let V be embedded in A(V'), and let V= K xV” be the decomposition indicated
in Theorem 1; let $ be a stationary subgroup of the manifold V.

Corollary 1. The manifold V', under the embedding

~

V= AV),

~

realizes a nontrivial cycle in H,(A(V);R) if and only if the subgroup K x ) is

~

completely nonhomologous to zero in A(V') for real coefficients.

4. In proving Theorems 2 and 3, a construction related to the Cartan model
V CcI,(V)

is used. Let o be an involutive auto-

an automorphism of the group I,(V) determining the space V, i.e., the set of
points g, o(g) = g, is a subgroup 9, where V = I;(V)/$. Then the mapping
p: I, (V) = V, plg) = go(g!) (1), determines the principal bundle space
H = (V) = V. Ifi: V = I,(V) is the embedding, then f = pi is the
“squaring” of the manifold V: f(v) = v, v € V. It turns out that V realizes
a nontrivial cycle in I,(V) if and only if deg f # 0, which reduces the original
problem to computing the number deg f. It turns out that this number is closely
connected with the geometry of symmetric spaces. The study of the space ° EgIV
is carried out by means of the properties of the Jordan algebra M5 (see (4)).

Corollary 2. Let V be a simply connected totally geodesic submanifold in an
arbitrary compact Lie group &. Suppose that V realizes a cohomology generator
in the ring H*(®;R). Then V is diffeomorphic to one of the following manifolds:
S2=101 > 2; SU(3)/SO(3), and each of these manifolds V realizes a generator
in H*(I,(V); R).

The geometric meaning of Corollary 1 is clarified as follows.

~

Corollary 3. Let V =V’ (see Theorem 1) and let $ C A(V) be a stationary
subgroup of the manifold V. If by ind(x,y) one denotes the intersection index
of two cycles x and y of complementary dimension, then

ind (i, ([V]), 7.([9])) = deg f
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for some adjacentness class £’ = g, 9.

Since every symmetric space 9" can be embedded as a Cartan model in the
group I,(9M™), our first problem for an arbitrary symmetric space reduces to
the case considered above, IM™ = &.

5. Let 9™ be a compact symmetric space; consider the group 7, (") ® Q,
(M) = P, 7, (M"), where 7,(IM") are the homotopy groups of the
space IMM". Consider the second problem (see above), choosing as the
representing submanifold a sphere SP, i.e., let us decide which nontrivial
elements of the group =, (9M™) ® Q can be realized by totally geodesic
spheres. If we then put 9" = &, we automatically obtain a complete
description of the cycles z € H*(6,Q), z # 0, realized by totally geodesic
spheres.

Denote by Q 5 (9M™) = (7, (M™)®Q) iy the subgroup in 7, (IM"™) ®Q generated by
all elements z, dim 2 < N. Consider an integer n and put k& = k(n) = [1+log, n].
Define the function:

% —i—1, ifk=0 (mod4)
% —i—3, ifk=1 (mod 4)
2k—i—5, ifk=2 (mod4),
%—i—3, ifk=3 (mod4)

filn) = f;(2F1) =

Theorem 4. Let & be one of the following groups: SU(n), SO(n), Sp(2n);
H*(6;Q) = A(xgp, 15+ Top,—1), B = rank®. Then the only elements = €
H*(6;Q), z # 0, realized by totally geodesic spheres in the group &, are the
following elements:

1) if & = SU(n), n > 2, then {3, 25, X7, .., Top(n)_11};
2) if & =S0(n), n > 8, then {x,, 1}, where 3 <4a—1< f,(n);
3) if & =Sp(2n), n > 1, then {x,, 1}, where 3 <4a—1 < f,(8n).

Remark. If & = SO(n), then the formulation of Theorem 4 can be slightly
modified: only the elements {x,, ;}, where 3 < 4a—1 < s(2¥"~1) are realized
by totally geodesic spheres in the group SO(n); here s(p) denotes the maximum
number of linearly independent vector fields on the sphere SP~!. We note that
fo(n) < (2871,

6. Theorem 5. Let V be a compact irreducible symmetric space of type I
whose motion group I,(V') is not an exceptional Lie group. Then the only
elements of the group 7, (V) ® Q, reali-

realized by totally geodesic spheres, are the following elements (here k = k(n)):
1) if V.=8SU(2n)/S(U(n) x U(n)), k > 3,

Qi (V) = @ Q(94);

1<a<kk
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then {z,,}, where 1 < a < k.
2) if V.=S50(2n)/S(0O(n) x O(n)), k > 6,

Qo (V) = @ Q(244);

1<a<gk/2

then {z,,}, where 4 < 4a < f,(16n).
3) if V.= Sp(2n)/Sp(n) x Sp(n), n is even, k > 6,

Qar(V) = @ Q(745);

1<a<gk/2
then {x,}, where 4 < 4a < f3(4n).
4) if V.=SU(n)/SO(n), k> 5

Qo1 (V) = @ Q(Tya41);

1<a<(k—1)/2

>

)

then {z,,,,}, where 5 <4a+1 < fs(8n).
5) if V.=SU(2n)/Sp(2n), k > 5,

Qo1 (V) = @ Q(374a+1)§

1<a<k/2

da+1< fy(4n).
5,

then {z,,,,}, where 5

6) if V =S0(2n)/U(n), k
Qi (V) = EB Q($4a+2)§

1<a<(k—1)/2

<
=

then {5}, where 2 <4a+2 < f1(2n).
7) if V.=Sp(2n)/U(n), k > 5,

sz(V) = Q($4a+2);

then {240}, where 2 < 4o+ 2 < f5(8n).

Remark. Theorem 5 presents all series of compact symmetric spaces V for
which I(V) is not an exceptional Lie group. However, the technique by means
of which Theorem 5 was obtained makes it easy to resolve the question also
in the case of exceptional groups. The realization theorem for the manifolds
8, 1 (F), where F' = R, C, H, can be obtained from items 1), 2), 3) of Theorem
5, using the mutual inclusions of Grassmann manifolds.

The proof of Theorems 4, 5 uses the results set forth in (), and is divided into
two parts: the construction of realizations and the proof of the uniqueness (up
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to a factor ¢ # 0, ¢ € Q) of those elements which admit this realization. The
results of (?) are supplemented by the construction of one more totally geodesic
sphere S?*71, realizing a nontrivial cycle in H,(SO(n); Q), where k = [14log, n],
k>4, k=0(mod4).

This construction, as well as the proofs of the second point, make essential use
of the theory of spinor representations of the orthogonal group and Theorem
1. We note that the absence of cycles realized by totally geodesic spheres in
dimensions greater than the bounds indicated in Theorems 4, 5 (~ 2log, n) is
connected with the fact that all symmetric spaces in general contain no totally
geodesic spheres, beginning approximately with these dimensions.

The author expresses his deep gratitude to Prof. P. K. Rashevskii for his constant
attention to this work.
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