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Abstract
Full Text
MATHEMATICS
Corresponding Member of the Academy of Sciences of the USSR N. N. YA-
NENKO, B. I. KVASOV

AN ITERATIVE METHOD FOR CONSTRUCT-
ING POLYCUBIC SPLINE FUNCTIONS
1. Let there be a grid on the interval [𝑎, 𝑏]

Δ ∶ 𝑎 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛+1 = 𝑏, (1)

at whose nodes the values of some function are prescribed

𝑓 ∶ 𝑓0, 𝑓1, … , 𝑓𝑛+1. (2)

Suppose, in addition, that one of the conditions is satisfied

a) 𝑓 ′
𝑥|Γ = 𝜑, b) 𝑓″

𝑥𝑥|Γ = 𝜓 (3)

or c) 𝑓 is periodic with period 𝑏 − 𝑎. It is clear that one can also consider the
case where condition a) is prescribed on one boundary and condition b) on the
other.

We shall call a cubic spline function the solution of the boundary-value problem
with boundary conditions a), b), or c) for the equation

𝑎(𝑥) 𝜕4𝑢/𝜕𝑥4 = 0; (4)

𝑎(𝑥) {= 0, 𝑥 ∈ Δ,
> 0, 𝑥 ∉ Δ, (5)

and such that

𝑢(𝑥) ∈ 𝐶2[𝑎, 𝑏], 𝑢(𝑥𝑖) = 𝑓(𝑥𝑖), 𝑖 = 0, … , 𝑛 + 1. (6)

For the numerical solution of the first boundary-value problem obtained, intro-
duce on [𝑎, 𝑏] a grid 𝛿 containing the grid Δ. Denote the number of interior
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nodes of the grid 𝛿 by 𝑚, and the finite-dimensional vector spaces correspond-
ing to the grids Δ, 𝛿 by 𝑉𝑛, 𝑉𝑚. Replacing (4) by a system of finite-difference
equations, we have

̄𝑎Λ𝑢 = 0, (7)

where ̄𝑎 is the grid sampling of the function 𝑎(𝑥), and Λ is a positive difference
5-point analogue of the operator 𝑑4/𝑑𝑥4.

Taking into account the boundary conditions (2), equations (7) can be rewritten
in matrix form as

𝐴(𝐷𝑢 − 𝑔) = 0, (8)

where 𝐷 is a pentadiagonal matrix in 𝑉𝑚, a finite-dimensional analogue of the
operator 𝑑4/𝑑𝑥4, and 𝐴 is a diagonal matrix in 𝑉𝑚, whose zero elements corre-
spond to the nodes of the grid Δ.

To solve the system of linear algebraic equations (5), consider the iterative
process

𝑢𝑘+1 = 𝑢𝑘 − 𝜏(𝐿𝑢𝑘 − 𝐴𝑔), (9)

where 𝐿 = 𝐴𝐷 is a nonnegative matrix in 𝑉𝑚, and 𝜏 is the iteration parameter.

In the known way, the iterative process (9) is reduced to the corresponding
iterative process with a positive matrix in the (𝑚 − 𝑛)-dimensional space 𝑉𝑚−𝑛,
where 𝑉𝑚−𝑛 is the orthogonal complement of 𝑉𝑛 in 𝑉𝑚. The convergence of the
process is proved in (3).
Essential for the iterative process (9) is the choice of the vector of the initial
approximation 𝑢0 = {𝑢0

0, … , 𝑢0
𝑚+1}, carried out in such a way that

𝑢0
𝑖𝛼

= 𝑓(𝑥𝑖𝛼
), 𝛼 = 0, … , 𝑛 + 1 (10)

at the points 𝑖𝛼 ∈ Δ.

2. Let, in the domain

𝐺 ∶ {𝑎 < 𝑥 < 𝑏, 𝑐 < 𝑦 < 𝑑}, 𝐺 = 𝐺 + Γ,

a rectangular grid be given,

Δ ∶
𝑎 = 𝑥0 < 𝑥1 < … < 𝑥𝑛1

= 𝑏,
𝑐 = 𝑦0 < 𝑦1 < … < 𝑦𝑛2

= 𝑑,
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on which the values 𝑓𝑖𝑗 = 𝑓(𝑥𝑖, 𝑦𝑗) are defined.

We define a two-dimensional spline function as the solution of a boundary-value
problem in the domain 𝐺, under analogous assumptions of specifying on Γ the
first or second normal derivatives, or periodicity of the solution with respect to
one or both variables, for the equation

𝑎(𝑥, 𝑦) [𝜕4𝑢/𝜕𝑥4 + 𝜕4𝑢/𝜕𝑦4] = 0, (11)

where

𝑎(𝑥, 𝑦) {= 0, (𝑥, 𝑦) ∈ Δ,
> 0, (𝑥, 𝑦) ∉ Δ, (12)

under the condition

𝑢(𝑥) ∈ 𝐶2(𝐺), 𝑢(𝑥𝑖, 𝑦𝑖) = 𝑓𝑖𝑗. (13)

Introducing, analogously to item 1, a two-dimensional rectangular grid 𝛿, the
spaces 𝑉𝑛1𝑛2

, 𝑉𝑚1𝑚2
, and replacing (11) by a system of finite-difference equa-

tions, we arrive at a system of difference equations in the space 𝑉𝑚1𝑚2

Λ𝑢 = ̄𝑎[Λ1𝑢 + Λ2𝑢] = 0, (14)

where ̄𝑎 is the grid sample of the function 𝑎(𝑥, 𝑦); Λ1, Λ2 are positive difference
approximations of 𝜕4𝑢/𝜕𝑥4, 𝜕4𝑢/𝜕𝑦4.

For the solution, consider an iterative process in fractional steps of splitting
type

𝑢𝑛+1/2 = 𝑢𝑛 − 𝜏 ̄𝑎Λ1𝑢𝑛+1/2,

𝑢𝑛+1 = 𝑢𝑛+1/2 − 𝜏 ̄𝑎Λ2𝑢𝑛+1 (15)

or else of the stabilizing operator

𝐵 𝑢𝑛+1 − 𝑢𝑛

𝜏 = 𝐵1𝐵2
𝑢𝑛+1 − 𝑢𝑛

𝜏 = ̄𝑎Λ𝑢𝑛 = ̄𝑎(Λ1 + Λ2)𝑢𝑛 (16)

(see (2)). The proof of convergence of the iterative process (15) is analogous to
item 1. The proposed method is suitable for any 𝑝-dimensional domain

𝐺 ∶ {𝑎𝑖 < 𝑥𝑖 < 𝑏𝑖; 𝑖 = 1, … , 𝑝}, 𝐺 = 𝐺 + Γ
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with an irregular grid Δ. In this case the problem consists only in choosing the
function 𝑎(𝑥1, … , 𝑥𝑝)—nonnegative, sufficiently smooth, vanishing at the nodes
of the grid Δ—and the vector of the initial approximation such that 𝑢0 = 𝑓 at
the points 𝑖𝛼 = {𝑖𝛼1

, … , 𝑖𝛼𝑝
} ∈ Δ.

We note that the number 𝑞 of subintervals of the grid 𝛿 falling within one
interval of the grid Δ does not depend on the fineness of the grid. In the case
of a one-dimensional cubic spline one may set 𝑞 = 4, and then the solution of
the iterative scheme (9) is the exact solution of problem (4)—(6).

A series of numerical experiments was carried out for the iterative process (15).
As the domain 𝐺, the square {0 ≤ 𝑥, 𝑦 ≤ 1} was considered. The grid Δ
was taken to be uniform. As the multiplier 𝑎(𝑥, 𝑦) in (12), functions 𝑎(𝑥, 𝑦) =
𝑏1(𝑥)𝑏2(𝑦) were taken, where 𝑏(𝑠) are functions of varying smoothness (from 𝐶0
to 𝐶∞) that assume zero values at the points of the one-dimensional grid Δ.

For comparison of the results with the same data, a bicubic spline function was
constructed according to the procedure described in (3, 4).
The computations gave good agreement, although the proposed definition of a
spline function is not equivalent to the definition from (4) already in the two-
dimensional case.
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