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R. I. KACHUROVSKII

ON A CLASS OF NONLINEAR OPERATOR
EQUATIONS AND SOME EQUATIONS OF
MECHANICS
(Presented by Academician T. I. Petrov, 16 XII 1968)

In Sec. 1 of the present note we consider the question of solvability of operator
equations of the form 𝐹(𝑥)+𝐵(𝑥) = 𝜃 in a Banach space and prove for them the
convergence of the Galerkin method. Here 𝐹 is a monotone operator, and 𝐵 is an
orthogonal weakly continuous operator. For the case 𝐵 ≡ 0, existence theorems
were obtained in recent works (12,14,15). The first results on the justification of
the convergence of the Galerkin method were obtained in (1,2).
The convergence of the Galerkin method for linear operator equations was in-
vestigated in (4), for nonlinear equations with completely continuous terms in
(3), and with monotone operators in (7). Certain problems of mechanics lead
to equations of the form 𝐹(𝑥) + 𝐵(𝑥) = 𝜃. In Sec. 2 of our note, with the aid
of the theorems of Sec. 1, we prove the convergence of the Galerkin method for
the nonlinear Navier—Stokes system of equations and for the nonlinear system
of equations of large deflection of thin plates. Questions of convergence of the
Galerkin method for the indicated equations of mechanics were previously con-
sidered in (9,10). In Sec. 3 we prove the convergence of the Galerkin method
for boundary-value problems studied in (14,16). In the note, throughout, strong
convergence is denoted by →, weak convergence by ⇀.

1. Let 𝑉 be a real Banach space, and 𝑉 ∗ its conjugate; (𝑧, 𝑥) is the value of
the linear functional 𝑧 ∈ 𝑉 ∗ at the element 𝑥 ∈ 𝑉 . Consider operators
𝐹 ∶ 𝑉 → 𝑉 ∗ and 𝐵 ∶ 𝑉 → 𝑉 ∗ satisfying the conditions: I. Monotonicity

(𝐹(𝑢) − 𝐹(𝑣), 𝑢 − 𝑣) ⩾ 0, ∀𝑢, 𝑣 ∈ 𝑉 .
II. Orthogonality

(𝐵(𝑢), 𝑢) = 0, ∀𝑢 ∈ 𝑉 , 𝐵(𝜃) = 𝜃.
III. Coercivity

(𝐹(𝑢), 𝑢) ⩾ 𝛾(‖𝑢‖)‖𝑢‖, ∀𝑢 ∈ 𝑉 ,
where 𝛾 is a real function of the nonnegative argument 𝑡,

lim
𝑡→+∞

𝛾(𝑡) = +∞.
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IV. 𝐹 is hemicontinuous, and 𝐵 is a weakly continuous operator (i.e., for any
𝑣 ∈ 𝑉 the functionals

𝜑𝑣(𝑢) = (𝐹(𝑢), 𝑣), 𝜓𝑣(𝑢) = (𝐵(𝑢), 𝑣)

are, respectively, continuous and weakly continuous in 𝑢 in 𝑉 ).

Theorem 1. Let the space 𝑉 be reflexive, and let the operators 𝐹 and 𝐵,
defined on all of 𝑉 , satisfy conditions I—IV. Then, for any 𝑧 ∈ 𝑉 ∗, the equation
𝐹(𝑢) + 𝐵(𝑢) = 𝑧 has at least one solution 𝑢0 ∈ 𝑉 .

The main point of the proof consists in verifying the following fact. The sets

𝑀𝑢 = {𝑣 ∶ (𝐹(𝑢), 𝑢 − 𝑣) + (𝐵(𝑣), 𝑢) ⩾ 0, 𝑣 ∈ 𝐷𝑅},

𝐷𝑅 = {𝑣 ∶ ‖𝑣‖ ⩽ 𝑅, 𝑣 ∈ 𝑉 }
form a centered system. Here the index 𝑢 runs through all of 𝑉 , and 𝑅 > 0 is
a sufficiently large number.

Let now 𝑉 be a separable space and let the linear combinations of the elements
𝑢𝑖 ∈ 𝑉 (𝑖 = 1, … , 𝑛, …) be everywhere dense in 𝑉 . Without loss of generality,
one may assume that any finite number of the elements 𝑢𝑖 is linearly independent.
Consider a system of 𝑚 equations with 𝑚 real unknowns 𝑎1, … , 𝑎𝑚

(𝐹 (
𝑚

∑
𝑖=1

𝑎𝑖𝑢𝑖) , 𝑢𝑗) + (𝐵 (
𝑚

∑
𝑖=1

𝑎𝑖𝑢𝑖) , 𝑢𝑗) = 0, 𝑗 = 1, … , 𝑚. (1)

Let (𝑎10, … , 𝑎𝑚0) be a solution of system (1). The element 𝑎𝑚
0 = ∑𝑚

𝑖=1 𝑎𝑖0𝑢𝑖 is
called the 𝑚-th Galerkin approximation to the solution of the equation 𝐹(𝑥) +
𝐵(𝑥) = 𝜃. Consider the following conditions. V. The operator 𝐹 is strongly
monotone, i.e. (𝐹(𝑢) − 𝐹(𝑣), 𝑢 − 𝑣) ≥ 𝛾(‖𝑢 − 𝑣‖)‖𝑢 − 𝑣‖, ∀𝑢, 𝑣 ∈ 𝑉 , where 𝛾 is
a continuous strictly increasing function of a nonnegative argument 𝑡, 𝛾(0) = 0,
lim𝑡→+∞ 𝛾(𝑡) = +∞. VI. The operator 𝐹 is bounded (i.e. maps bounded sets
from 𝑉 into bounded sets from 𝑉 ∗). VII. The equation 𝐹(𝑢) + 𝐵(𝑢) = 𝜃 has at
most one solution in 𝑉 .

Theorem 2. Let 𝑉 be a separable reflexive Banach space, and let the operators
𝐹 ∶ 𝑉 → 𝑉 ∗, 𝐵 ∶ 𝑉 → 𝑉 ∗, defined on all of 𝑉 , satisfy conditions II, IV, V,
VI, VII. Then the following assertions hold: a) the equation 𝐹(𝑢) + 𝐵(𝑢) = 𝜃
has a unique solution 𝑢0 in 𝑉 ; b) for every natural 𝑚 there exists at least one
Galerkin approximation 𝑎𝑚

0 to the solution of the equation 𝐹(𝑢) + 𝐵(𝑢) = 𝜃; c)
lim𝑚→∞ ‖𝑎𝑚

0 − 𝑢0‖ = 0 (here 𝑎𝑚
0 is any Galerkin approximation for the given

𝑚).

2. In this section applications to problems of mechanics will be considered. We
shall prove only the convergence of the Galerkin method for these problems.

A. Let Ω be a bounded simply connected domain of 𝑛-dimensional Euclidean
space with boundary 𝑆, and let 𝑢 = {𝑢1, … , 𝑢𝑛} be a vector function defined
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in Ω, 𝑛 ≥ 2. The integral ∫Ω 𝜑 𝑑Ω denotes 𝑛-dimensional Lebesgue integration,
and derivatives are understood in the sense of S. L. Sobolev. We shall seek in
the domain Ω a solution of the first boundary-value problem for the Navier—
Stokes system of equations

−𝜈Δ𝑢 +
𝑛

∑
𝑘=1

𝑢𝑘
𝜕𝑢
𝜕𝑥𝑘

= − grad 𝑝 + 𝑓, (2)

div 𝑢 = 0,

satisfying the condition

𝑢|𝑆 = 0. (3)

Here 𝑓 = 𝑓(𝑥) = {𝑓1, … , 𝑓𝑛}, 𝑥 = {𝑥1, … , 𝑥𝑛}, and 𝑝 is a scalar function in Ω,
grad 𝑝 ∈ 𝐿2. Consider the space 𝑉 = {𝑢 ∶ 𝑢 ∈ 𝑊̇ 1

2 , div 𝑢 = 0}. By a generalized
solution of the boundary-value problem (2), (3) we shall mean a function 𝑢 ∈ 𝑉
satisfying, for all Φ ∈ 𝑉 , the identity

∫
Ω

[𝜈
𝑛

∑
𝑘=1

𝜕𝑢
𝜕𝑥𝑘

𝜕Φ
𝜕𝑥𝑘

−
𝑛

∑
𝑘=1

𝑢𝑘𝑢 𝜕Φ
𝜕𝑥𝑘

] 𝑑Ω = ∫
Ω

𝑓Φ 𝑑Ω.

Denoting the scalar product in 𝑉 by [⋅, ⋅], we obtain

∫
Ω

𝜈
𝑛

∑
𝑘=1

𝜕𝑢
𝜕𝑥𝑘

𝜕Φ
𝜕𝑥𝑘

𝑑Ω = 𝜈[𝑢, Φ].

It is easy to show that ∫Ω ∑𝑛
𝑘=1 𝑢𝑘𝑢 𝜕Φ

𝜕𝑥𝑘
𝑑Ω, for fixed 𝑢 ∈ 𝑉 , is a linear bounded

functional of Φ. Denoting it by 𝐵(𝑢), we obtain

∫
Ω

𝑛
∑
𝑘=1

𝑢𝑘𝑢 𝜕Φ
𝜕𝑥𝑘

𝑑Ω = [𝐵(𝑢), Φ].

Suppose

∫
Ω

𝑓Φ 𝑑Ω = [ ̃𝑓, Φ], ̃𝑓 ∈ 𝑉 , ∀Φ ∈ 𝑉 .

To show that 𝑢0 is a generalized solution, it is sufficient to show that 𝑢0 is a
solution of the equation

sovietrxiv.org/items/ru-197001.12528 Machine Translation

https://sovietrxiv.org/items/ru-197001.12528


− 1
𝜈 𝐵(𝑢) − 1

𝜈
̃𝑓 = 0.

The Galerkin process for this equation gives the Galerkin process for problem
(2), (3).

Theorem 3. Let 𝜈, 𝑓 be such that problem (2), (3) has a unique generalized
solution. Then: a) for any natural 𝑚 there exists at least one Galerkin approxi-
mation 𝑎𝑚

0 to the solution of problem (2), (3); b) if 𝑢0 is the solution of problem
(2), (3), then

lim
𝑚→∞

‖𝑎𝑚
0 − 𝑢0‖𝑉 = 0

(here 𝑎𝑚
0 is any Galerkin approximation for the given 𝑚).

B. Let Ω be a bounded simply connected domain in the plane with boundary 𝑆.
Consider the problem of determining the state of a clamped thin plate under
large deflection. This problem reduces to finding the solution of a boundary-
value problem for a system of nonlinear partial differential equations in the
domain Ω

ℎ2𝐸
12(1 − 𝜎2)Δ2𝜉 − (𝜕2𝜒

𝜕𝑦2
𝜕2𝜉
𝜕𝑥2 − 2 𝜕2𝜒

𝜕𝑥𝜕𝑦
𝜕2𝜉

𝜕𝑥𝜕𝑦 + 𝜕2𝜒
𝜕𝑥2

𝜕2𝜉
𝜕𝑦2 ) = 1

ℎ𝑃(𝑥, 𝑦), (4)

2
𝐸 Δ2𝜒 + 2 𝜕2𝜁

𝜕𝑥2
𝜕2𝜉
𝜕𝑦2 − 2 ( 𝜕2𝜁

𝜕𝑥𝜕𝑦 )
2

= 0

with boundary conditions

𝜁|𝑆 = 𝜒|𝑆 = 𝜕𝜁
𝜕𝑥∣

𝑆
= 𝜕𝜁

𝜕𝑦 ∣
𝑆

= 𝜕𝜒
𝜕𝑥 ∣

𝑆
= 𝜕𝜒

𝜕𝑦 ∣
𝑆

= 0. (5)

Here ℎ is the thickness of the plate; 𝐸 is Young’s modulus; 𝜎 is Poisson’s
ratio, 0 < 𝜎 < 1; the unknown functions 𝜁 are the deflection and 𝜒 is the stress
function.

Consider the Hilbert space of vector-functions

𝑉 = {𝑢 ∶ 𝑢 = {𝜁, 𝜒}, 𝜁, 𝜒 ∈ 𝑊̇ 2
2 }

with scalar product

[𝑢1, 𝑢2] = (𝜁1, 𝜁2)𝑊̇ 2
2

+ (𝜒1, 𝜒2)𝑊̇ 2
2
,
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where 𝑢𝑖 = {𝜁𝑖, 𝜒𝑖}, 𝑖 = 1, 2,

(𝑣, 𝜑)𝑊̇ 2
2

= ∫
Ω

∑
|𝛼|=2

𝐷𝛼𝑣𝐷𝛼𝜑 𝑑𝑥 𝑑𝑦.

The scalar product in ℒ2 we denote by (⋅, ⋅). Let 𝑣 = {𝑣1, 𝑣2} ∈ 𝑉 . For each
fixed 𝑢 = {𝜉, 𝜒}, 𝑢 ∈ 𝑉 , the form

𝐴(𝑢, 𝑣) ≡ ℎ2𝐸
12(1 − 𝜎2) (Δ𝜉, Δ𝑣1) + 2

𝐸 (Δ𝜒, Δ𝑣2)

defines a bounded linear functional on 𝑉 . Denoting it by 𝐴𝑢, we obtain

𝐴(𝑢, 𝑣) ≡ [𝐴𝑢, 𝑣],

where 𝐴 ∶ 𝑉 → 𝑉 is a bounded linear positive definite operator. For 𝑢, 𝑣 ∈ 𝑉
consider the form

𝐵(𝑢, 𝑣) ≡ 𝐵(𝜉, 𝜒, 𝑣1, 𝑣2) ≡ ∬
Ω

[𝜕2𝜒
𝜕𝑦2

𝜕𝜉
𝜕𝑥

𝜕𝑣1
𝜕𝑥 − 𝜕2𝜒

𝜕𝑥𝜕𝑦 ( 𝜕𝜉
𝜕𝑥

𝜕𝑣1
𝜕𝑦 + 𝜕𝜉

𝜕𝑦
𝜕𝑣1
𝜕𝑥 )

+𝜕2𝜒
𝜕𝑥2

𝜕𝜉
𝜕𝑦

𝜕𝑣1
𝜕𝑦 ] 𝑑𝑥 𝑑𝑦

+ 2 ∬
Ω

[ 𝜕𝜉
𝜕𝑥

𝜕2𝜉
𝜕𝑥𝜕𝑦

𝜕𝑣2
𝜕𝑦 + 𝜕𝜉

𝜕𝑦
𝜕2𝜉

𝜕𝑥𝜕𝑦
𝜕𝑣2
𝜕𝑥 + 𝜕𝜉

𝜕𝑥
𝜕𝜉
𝜕𝑦

𝜕2𝑣2
𝜕𝑥𝜕𝑦 ] 𝑑𝑥 𝑑𝑦.

It can be proved that for fixed 𝑢 ∈ 𝑉 the form 𝐵(𝑢, 𝑣) is a bounded linear
functional on 𝑉 (denote it by 𝐵(𝑢)). We have

𝐵(𝑢, 𝑣) = [𝐵(𝑢), 𝑣].

Suppose that

∬
Ω

1
ℎ𝑃𝑣1 𝑑𝑥 𝑑𝑦 = [ ̃𝑃 , 𝑣], ̃𝑃 ∈ 𝑉 , ∀𝑣 ∈ 𝑉 .

By a generalized solution of problem (4), (5) we shall mean any element 𝑢0 ∈ 𝑉
that is a solution of the equation

𝐴𝑢 + 𝐵(𝑢) = ̃𝑃 .
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The Galerkin approximations for this equation will also be Galerkin approxima-
tions to the solution of problem (4), (5).

Theorem 4. Let 𝑃 be such that ̃𝑃 exists, and suppose problem (4), (5) has a
unique generalized solution. Then: a) for any natu-

for natural 𝑚 there exists at least one Galerkin approximation 𝑎𝑚
0 for the solu-

tion of problem (4), (5); b) if 𝑢0 is the solution of problem (4), (5), then

lim
𝑠→∞

‖𝑎𝑚
0 − 𝑢0‖𝑉 = 0

(here 𝑎𝑚
0 is any Galerkin approximation for the given 𝑚).

The proof of Theorems 3 and 4 uses lemmas from (11) on the orthogonality of
operators of a special form and the theorems from Sec. 1 of the present work.

3. Let us consider the convergence of the Galerkin method for the boundary-
value problem

𝐴(𝑢) ≡ ∑
|𝛼|≤𝑙

(−1)|𝛼|𝐷𝛼𝐴𝛼(𝑥, 𝐷𝛾𝑢) = ℎ(𝑥) (|𝛾| ≤ 𝑙),

𝐷𝜔𝑢|𝑆 = 0 for |𝜔| ≤ 𝑙 − 1. (6)

Here Ω is a bounded domain of 𝑛-dimensional space 𝑅𝑛 with a piecewise smooth
boundary 𝑆.

Suppose the following conditions are satisfied: VIII. For |𝛼| ≤ 𝑙, all 𝐴𝛼 are
continuous functions of their numerical arguments. There exists 𝑝 > 1 such
that for all 𝑢 from the Sobolev space 𝑊 𝑙

𝑝(Ω), all 𝑥 ∈ Ω, and |𝛼| ≤ 𝑙, the
inequalities

|𝐴𝛼(𝑥, 𝑢(𝑥), … , 𝐷𝑙𝑢(𝑥))| ≤ 𝐾
⎧{
⎨{⎩

∑
|𝛽|≤𝑙

|𝐷𝛽𝑢(𝑥)|𝑝−1 + 1
⎫}
⎬}⎭

, 𝐾 = const > 0

hold.

IX. In the Sobolev space 𝑊̇ 𝑙
𝑝(Ω) the inequality

∑
|𝛼|≤𝑙

⟨𝐴𝛼(𝑥, 𝑢, … , 𝐷𝑙𝑢) − 𝐴𝛼(𝑥, 𝑣, … , 𝐷𝑙𝑣), 𝐷𝛼(𝑢 − 𝑣)⟩ ≥

≥ 𝛾(‖𝑢 − 𝑣‖𝑊̇ 𝑙𝑝
)‖𝑢 − 𝑣‖𝑊 𝑙𝑝

holds for all 𝑢, 𝑣 ∈ 𝑊̇ 𝑙
𝑝(Ω), where 𝛾(𝑡) is a real continuous increasing

function of 𝑡 ≥ 0,

𝛾(0) = 0, lim
𝑡→+∞

𝛾(𝑡) = +∞, ⟨𝑢, 𝑣⟩ = ∫
Ω

𝑢𝑣 𝑑𝑥.
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In works (14, 16), using the Galerkin method it was shown that, for any ℎ ∈
𝑊 −𝑙

𝑝′ (Ω), problem (6) has a unique solution 𝑢0 ∈ 𝑊̇ 𝑙
𝑝(Ω), provided only that

conditions VIII, IX are satisfied.

Theorem 5. Suppose conditions VIII, IX are satisfied. Then for any natural
𝑚 there exists a unique Galerkin approximation 𝑎𝑚

0 ∈ 𝑊̇ 𝑙
𝑝(Ω) for the solution

of problem (6), and
lim

𝑚→∞
‖𝑎𝑚

0 − 𝑢0‖𝑊̇ 𝑙𝑝
= 0,

whatever the element ℎ ∈ 𝑊 −𝑙
𝑝′ (Ω) may be.
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