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In Sec. 1 of the present note we consider the question of solvability of operator
equations of the form F(x)+4 B(x) = 0 in a Banach space and prove for them the
convergence of the Galerkin method. Here F' is a monotone operator, and B is an
orthogonal weakly continuous operator. For the case B = 0, existence theorems
were obtained in recent works (12141%). The first results on the justification of
the convergence of the Galerkin method were obtained in (*2).

The convergence of the Galerkin method for linear operator equations was in-
vestigated in (%), for nonlinear equations with completely continuous terms in
(3), and with monotone operators in (7). Certain problems of mechanics lead
to equations of the form F(z) + B(z) = 6. In Sec. 2 of our note, with the aid
of the theorems of Sec. 1, we prove the convergence of the Galerkin method for
the nonlinear Navier—Stokes system of equations and for the nonlinear system
of equations of large deflection of thin plates. Questions of convergence of the
Galerkin method for the indicated equations of mechanics were previously con-
sidered in (*!%). In Sec. 3 we prove the convergence of the Galerkin method
for boundary-value problems studied in (1*1¢). In the note, throughout, strong
convergence is denoted by —, weak convergence by —.

1. Let V be a real Banach space, and V* its conjugate; (z,z) is the value of
the linear functional z € V* at the element « € V. Consider operators
F:V —V*and B:V — V* satisfying the conditions: I. Monotonicity

(F(u)— F(v),u—wv) >0, VuvelV.
II. Orthogonality
(B(u),u) =0, VYueV, B(6) = 6.

III. Coercivity
(F(u),u) Zy(Jul)]ul,  VueV,

where + is a real function of the nonnegative argument t,

lim ~(t) = +oo.

t—+o00
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IV. F is hemicontinuous, and B is a weakly continuous operator (i.e., for any
v € V the functionals

ep(u) = (F(u),v),  ,(u) = (B(u),v)
are, respectively, continuous and weakly continuous in u in V).

Theorem 1. Let the space V be reflexive, and let the operators F and B,
defined on all of V', satisfy conditions I-IV. Then, for any z € V*, the equation
F(u) + B(u) = z has at least one solution uy € V.

The main point of the proof consists in verifying the following fact. The sets
M,={v: (F(u),u—v)+ (B(v),u) >0, ve Dg},
Dp={v: |v| <R, veV}

form a centered system. Here the index u runs through all of V, and R > 0 is

a sufficiently large number.

Let now V be a separable space and let the linear combinations of the elements
w eV (i=1,..,n,..) be everywhere dense in V. Without loss of generality,
one may assume that any finite number of the elements u* is linearly independent.

Consider a system of m equations with m real unknowns aq, ..., a,,
F Zaiul u' | + | B Zaiu’ ,ul | =0, j=1,...,m. (1)
i=1 i=1
Let (aqg, .-, Gymp) be a solution of system (1). The element af* = Zzl a;ou’ is

called the m-th Galerkin approximation to the solution of the equation F(x) +
B(z) = 0. Consider the following conditions. V. The operator F' is strongly
monotone, i.e. (F(u) — F(v),u —v) > v(|Ju — v|)||u — v||, Yu,v € V, where 7 is
a continuous strictly increasing function of a nonnegative argument ¢, v(0) = 0,
lim, , o v(t) = +00. VI. The operator F' is bounded (i.e. maps bounded sets
from V' into bounded sets from V*). VII. The equation F'(u)+ B(u) = 6 has at
most one solution in V.

Theorem 2. Let V' be a separable reflexive Banach space, and let the operators
F:V - V* B:V = V* defined on all of V, satisfy conditions II, IV, V,
VI, VII. Then the following assertions hold: a) the equation F(u)+ B(u) = 0
has a unique solution uy in V; b) for every natural m there exists at least one
Galerkin approzimation af* to the solution of the equation F(u) + B(u) =6; ¢)
lim,,_, o [af" — uol| = 0 (here af* is any Galerkin approzimation for the given
m).

2. In this section applications to problems of mechanics will be considered. We
shall prove only the convergence of the Galerkin method for these problems.

A. Let Q be a bounded simply connected domain of n-dimensional Euclidean
space with boundary S, and let u = {uq,...,u,} be a vector function defined
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in Q, n > 2. The integral fQ © d€ denotes n-dimensional Lebesgue integration,
and derivatives are understood in the sense of S. L. Sobolev. We shall seek in
the domain €2 a solution of the first boundary-value problem for the Navier—
Stokes system of equations

- 0
—vAu + E uka—u = —gradp + f, (2)
k=1 Lk

divu =0,

satisfying the condition

ulg =0. 3)

Here f = f(x) = {f1, .-, [n}, * = {zq,...,2,}, and p is a scalar function in €,
gradp € L,. Consider the space V ={u:u € Wzl, divu = 0}. By a generalized
solution of the boundary-value problem (2), (3) we shall mean a function u € V
satisfying, for all ® € V', the identity

"\ Ju 0P - 0P
v L S dQ:/f(I)dQ.
/Ql =1 81% 3xk - k 3%;!| 9

1

Denoting the scalar product in V' by [-, -], we obtain
& P
/ v Ju 0® dQ) = viu, ]
Q=1 81‘k 8.’1}k

It is easy to show that fQ Z:zl ukug% dfQ, for fixed u € V| is a linear bounded
functional of ®. Denoting it by B(u), we obtain

/En:ukua(I> dQ) = [B(u), ®].
Q k=1

axk

Suppose
/f<I>dQ =[f.®, feV, vdeV.
Q

To show that u is a generalized solution, it is sufficient to show that u, is a
solution of the equation
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—lB(u) - %f: 0.

v

The Galerkin process for this equation gives the Galerkin process for problem
(2), (3).

Theorem 3. Let v, f be such that problem (2), (3) has a unique generalized
solution. Then: a) for any natural m there exists at least one Galerkin approxi-
mation a* to the solution of problem (2), (3); b) if v is the solution of problem
(2), (3), then

. m _
n{gnm”ao uglly, =0

(here af* is any Galerkin approximation for the given m).

B. Let Q2 be a bounded simply connected domain in the plane with boundary S.
Consider the problem of determining the state of a clamped thin plate under
large deflection. This problem reduces to finding the solution of a boundary-
value problem for a system of nonlinear partial differential equations in the
domain 2

Oy? Oz2 0x0y 0xdy + dx2? Oy?

h?E 0%y 0%¢ O?*x 9% | P} 9%\ 1
mA2§— ( 2 ) = EP@U,?J)a (4)

2 92¢ 9%¢ 82¢ \°
SN 4222259 =
g X * 0x? Oy? <8x8y) 0

with boundary conditions

oc| _ o¢l _ 9x

Cls = xls = =
5

_ 6><‘
s Oy
Here h is the thickness of the plate; E is Young’ s modulus; o is Poisson’ s

ratio, 0 < o < 1; the unknown functions ¢ are the deflection and yx is the stress
function.

Consider the Hilbert space of vector-functions

V:{U:U:{<7X}a C?XEWQQ}

with scalar product

[uy, ug] = (ClaCQ)Wg + (X17X2>W227
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where u;, = {(;,x;}, i = 1,2,

(U,@)Wg :/ Z D*vD*p dzx dy.

Q2 |al=2

The scalar product in £, we denote by (-,-). Let v = {vy,v,} € V. For each
fixed u = {&, x}, v € V, the form

h’E

Au,v) = m(

2
Afa Avl) + E(AXa AU2)
defines a bounded linear functional on V. Denoting it by Au, we obtain

A(u,v) = [Au, ),

where A : V — V is a bounded linear positive definite operator. For u,v € V
consider the form

B(u,v)EB(f,x,UpUz)E//Q [62)(853”1_ *x (§%+%%)

Oy? 0x Ox  Oxdy \Ox Oy Oy Ox
0%y 0¢ Ov,

o¢ 9%¢ v,  OE 0% Ovy = OE OE 0%vy
9 = 72 4 25 272 L I 5
+ //Q [c% 0xdy Oy + Oy dx0y Ox * Oz Oy 0xdy dud

It can be proved that for fixed u € V the form B(u,v) is a bounded linear
functional on V' (denote it by B(u)). We have

Suppose that

1 - -
// EPvl dedy=[P,v], PeV, YvelV.
Q

By a generalized solution of problem (4), (5) we shall mean any element u, € V

that is a solution of the equation

Au+ B(u) = P.
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The Galerkin approximations for this equation will also be Galerkin approxima-
tions to the solution of problem (4), (5).

Theorem 4. Let P be such that P exists, and suppose problem (4), (5) has a
unique generalized solution. Then: a) for any natu-

for natural m there exists at least one Galerkin approximation ag* for the solu-
tion of problem (4), (5); b) if u is the solution of problem (4), (5), then

. m _
slggo\lao uglly =0

(here af* is any Galerkin approximation for the given m).

The proof of Theorems 3 and 4 uses lemmas from (11) on the orthogonality of
operators of a special form and the theorems from Sec. 1 of the present work.

3. Let us consider the convergence of the Galerkin method for the boundary-
value problem

Aw) = (-1l DA, (2, Du) = h(z) (Jy] <),

Ja|<l

D¥ulg =0 for jw| <1—1. (6)

Here Q2 is a bounded domain of n-dimensional space R™ with a piecewise smooth
boundary S.

Suppose the following conditions are satisfied: VIII. For |a| < I, all A4, are
continuous functions of their numerical arguments. There exists p > 1 such
that for all v from the Sobolev space WIZJ(Q), all z € Q, and |a| < I, the
inequalities

|A, (z,u(z), ..., D'u(z))| < K {Z | DBu(x)|P~ + 1} , K = const >0
18It

hold.
IX. In the Sobolev space WZ,(Q) the inequality

Z (Ay(x,u,..., D'u) — A (z,v, ..., D'v), DY(u—v)) >

el <t

> (Ju = vy s — oy

holds for all u,v € Wpf(Q), where ~(t) is a real continuous increasing
function of t > 0,

7(0)=0, lim ~(t) =+4oc0, (u,v)= /qudx.

t—+o00
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In works (14, 16), using the Galerkin method it was shown that, for any h €
WZ;Z(Q), problem (6) has a unique solution u, € W/(€), provided only that
conditions VIII, IX are satisfied.

Theorem 5. Suppose conditions VIII, IX are satisfied. Then for any natural
m there exists a unique Galerkin approximation aj* € W;,(Q) for the solution
of problem (6), and
. m o
"}E}noc lag UOHW;) 0,
whatever the element h € szl(Q) may be.
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