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1. In the present paper we study a nonlinear equation of the form

𝑥 + 𝐵𝐹𝑥 = 𝑓 (1)

in a complex Hilbert space 𝐻. Here the nonlinear operator 𝐹 is assumed to be
bounded, i.e. to transform every bounded set into a bounded set, and monotone.
The linear operator 𝐵 has a domain of definition 𝐷(𝐵) dense in 𝐻 and is closed.
Equations of this kind, under the assumption of self-adjointness of the operator
𝐵, were studied in (1−5), with the operator 𝐵 assumed bounded in (1−3) and
unbounded in (4,5). The main difference of the present paper from those listed
above is that here the operator 𝐵 is assumed to be neither self-adjoint nor
bounded, while the monotonicity requirement on the operator 𝐹 is weakened. In
the first part of this paper new existence and uniqueness theorems for equation
(1) are established, and in the second part, under uniqueness conditions, strong
convergence to the solution of approximations of Galerkin–Petrov type is proved
(see, for example, (6,7)). We note that the starting point for the first part was
provided by the papers (4,5,8). The proof uses a theorem of Browder (9), Minty
(10).

2. Theorem 1. Suppose the following conditions are fulfilled:

1∘. 𝐵 is a linear closed operator acting in the Hilbert space 𝐻, with dense domain
of definition 𝐷(𝐵), and

Re(𝐵𝑥, 𝑥) ≥ 0 for ∀𝑥 ∈ 𝐷(𝐵),

Re(𝐵∗𝑦, 𝑦) ≥ 0 for ∀𝑦 ∈ 𝐷(𝐵∗).

2∘. 𝐹 is a nonlinear hemicontinuous bounded operator.
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3∘. There exists a strongly continuous operator 𝐺 such that

Re(𝐹𝑥 − 𝐹𝑦, 𝑥 − 𝑦) ≥ Re(𝐺𝑥 − 𝐺𝑦, 𝑥 − 𝑦) for ∀𝑥, 𝑦 ∈ 𝐻,

4∘. 𝐹 is coercive, i.e.

Re(𝐹𝑓𝑥, 𝑥)/‖𝑥‖ → ∞ as ‖𝑥‖ → ∞.

𝐹𝑓𝑥 = 𝐹(𝑥 + 𝑓).

Then equation (1) has at least one solution for any 𝑓 ∈ 𝐻. This solution is
unique when either

Re(𝐹𝑥 − 𝐹𝑦, 𝑥 − 𝑦) ≥ 0, Re(𝐵𝑥, 𝑧) > 0 for 0 ≠ 𝑥 ∈ 𝐷(𝐵),

or
Re(𝐹𝑥 − 𝐹𝑦, 𝑥 − 𝑦) > 0 for 𝑥 ≠ 𝑦.

From this theorem there follow, in particular, the following propositions.

Theorem 2. If 𝐵 is a self-adjoint nonnegative operator, and 𝐹 satisfies the
conditions of Theorem 1, then equation (1) has a solution.

This proposition differs little from Theorem 5 of the paper (5).
Theorem 3. If 𝐵 is a bounded operator, Re(𝐵𝑥, 𝑥) ≥ 0, and 𝐹 satisfies the
conditions of Theorem 1, then equation (1) has a solution.

Theorem 3 is a certain modification of Theorem 4.7 from the work (8).
3. Let the Hilbert space 𝐻 be the orthogonal sum of two of its subspaces 𝐻+

and 𝐻−, and let the operator 𝐵, with dense domain of definition, satisfy
the conditions

𝐵(𝐷(𝐵) ∩ 𝐻+) ⊂ 𝐻+, 𝐵(𝐷(𝐵) ∩ 𝐻−) ⊂ 𝐻−,

where the restrictions of the operator 𝐵 to 𝐻+ and 𝐻−, denoted by 𝐵+ and
−𝐵−, have the properties:

Re(𝐵+𝑥, 𝑥) ≥ 0 for ∀𝑥 ∈ 𝐷(𝐵),
Re(𝐵∗

+𝑦, 𝑦) ≥ 0 for ∀𝑦 ∈ 𝐷(𝐵∗),
Re(𝐵−𝑥, 𝑥) ≥ 𝑚‖𝑥‖2 for ∀𝑥 ∈ 𝐷(𝐵) ∩ 𝐻−,
Re(𝐵∗

−𝑦, 𝑦) ≥ 𝑚‖𝑦‖2 for ∀𝑦 ∈ 𝐷(𝐵∗) ∩ 𝐻−,

where 𝑚 is some nonnegative number.
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Theorem 4. Let the operator 𝐵 be closed and satisfy the conditions listed
above. Then, if 𝐹 is a hemicontinuous bounded and strongly monotone operator:

Re(𝐹𝑥 − 𝐹𝑦, 𝑥 − 𝑦) ≥ 𝑎‖𝑥 − 𝑦‖2 for ∀𝑥, 𝑦 ∈ 𝐻,

where 𝑎𝑚 > 1, equation (1) has a unique solution for any 𝑓 ∈ 𝐻.

In the case when 𝐵 is a self-adjoint or normal operator, the space 𝐻 decomposes
naturally into an orthogonal sum of subspaces corresponding to the parts of the
spectrum lying to the right and to the left of the imaginary axis. If, moreover,
the negative spectrum is separated from the imaginary axis (Re 𝜆 < −𝑚 <
0), then the operator 𝐵 is representable as a sum of operators satisfying the
conditions of Theorem 4.

We therefore arrive at the propositions:

Theorem 5. If 𝐵 is a self-adjoint operator whose spectrum is located outside
the interval (−𝑚, 0), where 𝑚 is some positive number, and 𝐹 satisfies the
conditions of Theorem 4, then equation 1 has a unique solution (cf. (5)).
Theorem 6. If 𝐵 is a normal operator whose spectrum is located outside the
strip −𝑚 < Re 𝜆 < 0 for some 𝑚 > 0, and 𝐹 satisfies the conditions of Theorem
4, then equation (1) has a unique solution.

4. Here we shall describe a Galerkin–Petrov type method for the approximate
determination of a solution of equation (1). The application of such a
method is associated with a difficulty connected with the choice of the
initial coordinate system, each element of which must, as is known, belong
to the domain of definition of the operator appearing on the left-hand side
of the equation. In our case the domain of definition of the operator
(𝐼 + 𝐵𝐹) is not known in advance. If the operator 𝐹 is invertible, which
will be the case, for example, under strong monotonicity, then the domain
of definition 𝐷(𝐼 +𝐵𝐹) = 𝐹 −1(𝐷(𝐵)). In view of this we shall construct a
certain modification of the Galerkin–Petrov method. We shall assume that
each element of the complete linearly independent system {𝜑𝑘}∞

1 belongs
to the domain of definition of the operator 𝐵, and, moreover, if 𝑄𝑛 is the
orthoprojector onto the subspace 𝐻𝑛 spanned by the first 𝑛 vectors, then

‖𝑄𝑛𝐵𝑄𝑛𝑥
− 𝐵𝑥‖ → 0 as 𝑛 → ∞ and ∀𝑥 ∈ 𝐷(𝐵). (2)

We shall seek an approximate solution in the form 𝑥𝑛 = ∑𝑛
𝑘=1 𝑎𝑛

𝑘 𝜑𝑘.

Theorem 7. Let the operator 𝐵 be as in Theorem 1, and let the hemicontinuous
bounded operator 𝐹 satisfy the condition

Re(𝐹𝑥 − 𝐹𝑦, 𝑥 − 𝑦) ≥ 𝛾(‖𝑥 − 𝑦‖)‖𝑥 − 𝑦‖,
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where 𝛾(𝑡) is a nonnegative, nondecreasing function for 𝑡 > 0, tending to infinity
as 𝑡 → ∞. Let the system {𝜑𝑘}∞

1 be as described above. Then each equation

𝑥 + 𝑄𝑛𝐵𝑄𝑛𝐹𝑥
= 𝑄𝑛𝑓 (𝑛 = 1, 2, 3, …) (3)

has a unique solution 𝑥𝑛 ∈ 𝐻𝑛, and the sequence {𝑥𝑛} converges strongly to
the solution 𝑥0 of equation (1):

‖𝑥𝑛 − 𝑥0‖ → 0 as 𝑛 → ∞. (4)

In the case where the operator 𝐵 is such that the form Re(𝐵𝑥, 𝑥) does not
preserve sign, additional conditions must be imposed on the coordinate system.
Namely, if 𝐵 satisfies the conditions of Theorem 4, then we shall assume the
following:

a) Each element 𝜑𝑘 belongs either to 𝐻+ or to 𝐻−, and in the latter case
𝜑𝑘 ∈ 𝐷(𝐵) ∩ 𝐷(𝐵∗) (i.e., in this case we assume in advance that, for the
operator 𝐵, the set 𝑊 = 𝑑(𝐵) ∩ 𝐷(𝐵∗) is dense in 𝐻−).

b) For every 𝑥 ∈ 𝐷(𝐵),

‖𝑄𝑛𝐵𝑄𝑛𝑥
− 𝐵𝑥‖ → 0 as 𝑛 → ∞. (5)

c) For every 𝑦 ∈ 𝐷(𝐵∗
−),

‖𝑄𝑛𝐵 −∗ 𝑄𝑛𝑦 − 𝐵∗
−𝑦‖ → 0 as 𝑛 → ∞. (6)

Theorem 8. Let the operators 𝐵 and 𝐹 satisfy the conditions of Theorem 4 and
let 𝐷(𝐵) ∩ 𝐷(𝐵∗) ⊃ 𝐻−. Then, if the coordinate system of linearly independent
vectors {𝜑𝑘}∞

1 is complete in 𝐻 and satisfies conditions a), b), c), then for each
𝑛 equation (3) has a unique solution belonging to the linear span of the first 𝑛
vectors of the system, and

‖𝑥𝑛 − 𝑥0‖ → 0 as 𝑛 → ∞. (7)

Let us note that the rate of convergence of the approximations in (4) and (7)
depends on the properties of the coordinate system—on the rate of convergence
to zero in (2), (5), and (6).

The author expresses his gratitude to M. M. Vainberg for posing the problem
and for discussions.
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