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1. Let X be a normed space, R the real line, and J(z) a functional on X. The
Fréchet derivative and the functional derivative of order k (k = 1,...,n)
of the functional J(z) (for the definition see, for example, (173)) will be

denoted respectively by the symbols Ji, and SFJI(z) )8z (ty) ... 0x(t},)-

Consider the Cauchy problem
I8+ P ()T 4k P ()T + P (2)] = Q(x), (1)

= Jk (k=0,1,...,n—1), 2)

where P,(z) (k = 1,...,n — 1), for each fixed value of z, are linear operators
from the space £,,_,.(X,R) (continuous n — k-linear mappings X x --- x X into
R) into the space £, (X,R), while P, (x) and Q(z) are elements of the space
£,(X,R) ().

If, as the space X, one takes a space of functions and in a special way chooses
the operators P, (x) in equation (1), then a particular case of this equation, for
n = 2, will be, for example, the equation

§2J(x)
dx(ty)dx(ty)

dJ(x)
dx(ty)

We shall call equation (1) completely solvable if the initial conditions (2)
uniquely determine a solution in some neighborhood of the point z.

+p(aj,t1,t2) +q(:€,t1,t2)J(ZE) = f('rvtlat2)' (3)

We shall call a general solution of equation (1) a functional z — ®(x,Cy, ..., C,,),
where C1,...,C,, are arbitrary constants, which satisfies equation (1) for all
values of these constants and, for prescribed initial conditions (2), the arbitrary
constants can be chosen so that the given functional satisfies conditions (2).

The conditions for complete solvability of problem (1), (2) follow from the
Frobenius theorem (). In particular, for the solvability of equation (3) (the
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case n = 2, taken for simplicity) it is necessary and sufficient that for any
t1,tq,ts3 € [a,b] C R the following conditions hold:

1°.
Q<xatlat2) = Q(‘T’t%tl)'
2°.
f(xatlatQ) = f($7t27t1)'
3°.
6J(x
P(%atlatQ)Jol(tl) = p(xg, ta, 1) Jg(t5), where 5$<(t)) = J&(t)
r=x
4°.
5Q(x7t17t2) _ 6Q(xatl7t3)
51’(t3> p(xatlatQ)q(xatlat?,) - 5x(t2) p(x7t17t3>Q(x7t1’t2>'
5°.
Of(x,ty,t Of(x,tq,t.
W —p($7t17t2>f($,t1,t3) = W —p(m7t1,t3)f(x,t1,t2).
6°.
5p(xat1at2) _ 6p(xat1at3)
ox(ts) dx(ty)
7.
op(x,ty,ty)

[(5])(33, t2a t3)

_p<xat17t2)p(x’tl’t3):| p<m’t2’t1) - 55E(t )
1

ox(ts)

The conditions written down are an analogue of the well-known conditions of
complete solvability for the Pfaff equation in the theory of ordinary differential
equations. The corresponding results for equations containing the derivative of
a mapping of one finite-dimensional space into another finite-dimensional space
belong to A. 1. Perov (°).

2. As usual, we shall call a linearly independent system of n solutions a
fundamental system of solutions.

Theorem 1. Let J;(x),...,J,(x) be a fundamental system of solutions of the

completely solvable equation (1) for @ = 0. Then the general solution of this
equation has the form
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where C}, ..., C,, are arbitrary constants.

Consider the equation

L(J) = py(x)d™J (z)/0x(ty) ... 0z (t,) + py(z,t,)6 " LI (x) /S (ty) ...
e 0x(t,_q) + - F Py (@, g, ., )0 (2) [0z (t))+ (4)
+p, (T, by, .. t,)J(x) = q(z, tq, ..., L,,).

Theorem 2. Suppose that equation (4) is completely solvable. Let the func-
tional K (z,y), for each fixed value of y, satisfy, with respect to x, the equation

L(J)=0
and the conditions
K(x,y)| _, =0,
SFK (z,y)/0x(ty) ... 6m(tk)‘y:m =0 (k=1,...,n—2),
6" K (2, y)/6x(ty) ... 6x(t,,_y)| =1

y=w

Then the solution of equation (4) under the initial conditions

J@)|,_ =0, 6J(@)/sa(t) bxty)| . =0 (h=1...n—1)

=T T=x(

has the form

b =
J(z) = {/ [z(t) — 2o (t)] dt} /0 Kz, s(x — xy) + xy] dsx

’ b b n
x / q[s(w—xo)+x0,t1,...,tn]H[x(tj)—xo(tj)]dtj.
a a Jj=1

Let us note that there exists a class of equations with functional derivatives
(in particular, equations for which the functional derivatives of a fundamental
system of solutions up to order n — 1 do not depend on the points at which
they are evaluated) such that for it one can introduce the notion of the Wronski
determinant and establish a number of results connected with this determinant,
for example, the Ostrogradskii-Liouville formula.
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3. Considering the completely solvable equation (4) under the initial condi-
tions

J(zg) = Jy, SFJ(x)/6x(ty) . 6x(tk)|m:% =JF (k=1,..,n—1), (5)

we obtain its solution in the form

b
I(@) = (1w o [Tt lnltr) = moft)] ey, .

/abm/ab JP Nty ey by g) X (6)

n—1

% [T lo(t;) —wot) at; ).

where (s, x, xg, 29, 2y -+ 5 20"7”), for fixed = and x, is the solution of the prob-
lem

ag(s)d™z/ds"™ + ay(s)d"1z/ds" 1 + -+ a,(s)z = b(s) (0<s<1),
z(0) = z, dkz/dskL:O :z(()k) (k=1,...,n—1),
ag(s) = pols (95—550)+$0]7

/ /pk s(z — 2, +a:0,t1,...,t]H[ £(t) — xo(t;)] dt,

/ / m—xo + xg,tq, ..., 1

Here the functional derivatives may be generalized functions of the parameters
ty, sty

) —xo(t;)] dt;.

u,:h

Consequences of formula (6) are the results on the solution of concrete linear dif-
ferential equations with functional derivatives obtained by a number of authors

(°-%).

4. Let us take the completely solvable equation

" (@) /0 (ty) ... 6x(t,) + ayp(t,, )6~ 1J( )/0x(ty) - 62(t, 1)+
+agp(t, 1)p(t,)0" 2T (x) [0a(ty) .. (n 2) - (7)
a1 p(ty) - p(1,)00 (2) [62(ty) + ap,(ty) . p(E,)J (2) = 0
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and for it form the characteristic equation

A"+ a A" e ta, A+ a, = 0.

Let the root A; of the characteristic equation occur m; times, where

form a fundamental system of solutions of equation (7).

5. As with ordinary differential equations, an equation in functional deriva-
tives of the second order can be reduced to an equation resembling the
Riccati equation.

We shall call the functional analogue of the Riccati equation an equation of the
form

§J(x)/dx(t) = P(x,t)J%(z) + Q(x,t)J (z) + R(x,t). (8)

More general, in comparison with equation (8), is the equation

0J(x)/0x(t) = f(J, 1), 9)

which was already investigated by P. Lévy (?).

The necessary and sufficient condition for solvability of equation (9) has the
form

6f(J>$7t1)/6$(t2) + [(9f(J,CL',t1)/aJ] f(J’ m>t2)

5 F (s 1) () + [OF (], 2. 8)/00) F(J 2 1y) (10)

for arbitrary ¢,,t, € [a, b].

It follows immediately from (10) that there is a solvability condition for equation
(8). For equation (8) there are theorems analogous to the theorems for the
ordinary Riccati equation. Let us give, for example, the following result.
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Theorem 4. If the coefficients P(z,t), Q(x,t) and the derivative
O0P(x,t,)/6x(t) do not depend on t, then equation (8) can be reduced to
the form

0.y (2)/0x(t) = Jf () + Ry (x,1). (8)

In this case equation (8 ) will be completely solvable if

b
m@@wk/xmwy

where @(u) is an ordinary differentiable function.

The actual solution of equation (8) or (8') follows immediately from the solution
of the corresponding ordinary differential equation; moreover, the required result
also holds for the general equation (9) (cf. (19)).

Theorem 5. If equation (9) is completely solvable, then in some open ball there
exists a unique solution of equation (9) satisfying the condition J(xy) = Jy. This
solution has the form o(1,x,xy, J,), where (s, x,zy, 2o), for fixed x and x,, is
the solution of the problem

dz/ds =b(s,z,x,25) (0<s<1), 2(0) = 2,

where

b
bs,zyzvmg) = [ flzsta = o) + . ] fole) = o (0)] dt.

Let us note in conclusion that everything presented in this section can also be
rewritten for an equation with a Fréchet derivative, and most of the results of
the article are preserved for mappings of a linear topological space into R.

I take this opportunity to express my sincere gratitude to Yu. L. Daletskii for
useful discussions.
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