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MATHEMATICS

E. MUKHAMADIEV

ON THE CONSTRUCTION OF A PROPER
GUIDING FUNCTION FOR A SYSTEM OF
DIFFERENTIAL EQUATIONS
(Presented by Academician N. N. Krasovskii, 16 VI 1969)

In recent years M. A. Krasnosel’skii and his students have developed the method
of guiding functions for proving the existence of periodic and bounded solutions
of systems of ordinary differential equations (see (1)). Guiding functions have
turned out to be a convenient tool for obtaining a priori estimates of periodic,
bounded, and almost-periodic solutions of differential equations. From the exis-
tence of guiding functions of nonzero index there follows the existence of periodic
or bounded solutions for systems of differential equations. Guiding functions
have found application in the study of periodic and bounded solutions of equa-
tions with delayed argument, etc.

In connection with the above, it is of interest to single out a class of systems
of differential equations for which guiding functions exist. For second-order
systems with principal homogeneous terms, the most general condition for the
existence of a guiding function was obtained by N. A. Bobylev (2). In the present
paper, existence theorems are proposed for guiding functions for systems of high
order with principal homogeneous terms. In constructing guiding functions, a
method is used that goes back to N. G. Chetaev and was developed by N.
N. Krasovskii (3). Applications to theorems on the existence of periodic and
bounded solutions of systems of ordinary differential equations and equations
with delayed argument are then given.

1. Consider the system of differential equations:

𝑑𝑥/𝑑𝑡 = 𝐹(𝑡, 𝑥) (𝑥 ∈ 𝑅𝑛) (1)

with right-hand side continuous in the aggregate of the variables. Following M.
A. Krasnosel’skii, we shall call a continuously differentiable function 𝜑(𝑥) a
proper guiding function for system (1) if there exists a continuously differ-
entiable function 𝜑1(𝑥) such that
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lim
‖𝑥‖→∞

𝜑1(𝑥) = ∞,

and a number 𝜌0 such that

(grad 𝜑(𝑥), 𝐹(𝑡, 𝑥)) > ‖ grad 𝜑1(𝑥)‖ ‖𝐹(𝑡, 𝑥)‖ (−∞ < 𝑡 < ∞, ‖𝑥‖ ≥ 𝜌0).

The vector field Φ𝑥 = grad 𝜑(𝑥) on spheres of radius 𝜌 ≥ 𝜌0 has no zero vectors.
Therefore the rotation 𝛾[Φ; 𝜌] of the field Φ is defined on spheres of radius 𝜌 ≥ 𝜌0,
and it does not depend on the choice of 𝜌. This common rotation 𝛾(𝜑) will be
called the index of the guiding function 𝜑. Below the following general assertion
is used.

Theorem 1 (1). Suppose that for system (1) there exists a proper guiding
function of nonzero index.

Then system (1) has at least one solution 𝑥∗(𝑡) uniformly bounded on the entire
real axis, and, if the function 𝐹(𝑡, 𝑥) is 𝜔-periodic in 𝑡, then at least one 𝜔-
periodic solution 𝑥∗(𝑡).

2. The system

𝑑𝑥/𝑑𝑡 = 𝑃(𝑥) (2)

will be called an autonomous 𝑚-system if 𝑃(𝑥) is a positively homogeneous
function of order 𝑚 > 0 (𝑃(𝜆𝑥) = 𝜆𝑚𝑃(𝑥) for 𝜆 ≥ 0) and on the unit sphere
of the space 𝑅𝑛 satisfies a Lipschitz condition, while system (2) has no nonzero
solutions bounded on the entire real axis (−∞, +∞).
Theorem 2. For there to exist such a continuously differentiable positively
homogeneous function 𝜓(𝑥) that

(grad 𝜓(𝑥), 𝑃 (𝑥)) ≥ ‖𝑥‖𝑚+𝑘−1,

where 𝑘 is the order of homogeneity of the function 𝜓(𝑥), it is necessary and
sufficient that (2) be an autonomous 𝑚-system.

A statement close to Theorem 2, in the case when the components of the function
𝑃(𝑥) are homogeneous polynomials in the components of the vector 𝑥, was
proved in paper (4).
Theorem 2 is used below in constructing a proper guiding function for one class
of systems of differential equations.

3. Let the right-hand side 𝐹(𝑡, 𝑥) of system (1) admit the representation
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𝐹(𝑡, 𝑥) = 𝑃(𝑥) + 𝑓(𝑡, 𝑥), (3)

where 𝑃(𝑥) is a positively homogeneous function of order 𝑚 > 0, and 𝑓(𝑡, 𝑥) is
a function continuous in the aggregate of the variables, with

lim
‖𝑥‖→∞

{‖𝑥‖−𝑚 sup
𝑡

‖𝑓(𝑡, 𝑥)‖} = 0. (4)

Theorem 3. Let (2) be an autonomous 𝑚-system. Let the vector function
𝑓(𝑡, 𝑥) satisfy condition (4).

Then for system (1) there exists a positively homogeneous proper guiding func-
tion.

For the case when 𝑅𝑛 is two-dimensional (𝑛 = 2), a statement equivalent to
Theorem 3 was proved by N. A. Bobylev (2).
Let us note that if the zero solution of system (2) is asymptotically stable in the
sense of Lyapunov, then system (2) has no solutions bounded on the entire real
axis and, consequently, by virtue of Theorem 3, for system (1), whose right-hand
side admits representation (3) and whose function 𝑓(𝑡, 𝑥) satisfies condition (4),
there exists a proper guiding function. However, this fact follows from the well-
known theorem of N. N. Krasovskii on the existence of a Lyapunov function.

4. Consider the continuous vector field

Ψ𝑥 = 𝑃(𝑥) (𝑥 ∈ 𝑅𝑛). (5)

If the field Ψ on the unit sphere 𝑆 has no zero vectors, then its rotation (5)
𝛾[Ψ; 𝑆] on this sphere is defined.

From Theorems 1 and 3 it follows:

Theorem 4. Let the right-hand side 𝐹(𝑡, 𝑥) of system (1) be an 𝜔-periodic
function in 𝑡 and admit representation (3), where 𝑓(𝑡, 𝑥) satisfies condition (4),
and 𝑃(𝑥) is such that (2) is an autonomous 𝑚-system. Finally, let the rotation
of the vector field (5) be nonzero: 𝛾[Ψ; 𝑆] ≠ 0.

Then system (1) has at least one 𝜔-periodic solution.

Theorem 5. Let the right-hand side 𝐹(𝑡, 𝑥) of system (1) have representation
(3), where 𝑓(𝑡, 𝑥) satisfies condition (4), and the function 𝑃(𝑥) is such that
(2) is an 𝑚-system. Let the rotation 𝛾[Ψ; 𝑆] of the vector field (5) be nonzero:
𝛾[Ψ; 𝑆] ≠ 0.

Then system (1) has at least one solution bounded on the entire number axis.

We note that in the hypotheses of Theorems 4 and 5 there are neither assump-
tions on uniqueness of solutions of the system satisfying each initial value, nor
assumptions on nonlocal continuability of solutions.
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The computation or estimation of the rotation 𝛾[Ψ, 𝑆] can in many cases be
carried out without difficulty. For example, if 𝑃(−𝑥) = −𝑃(𝑥), then 𝛾[Ψ; 𝑆] is
always odd (see, for example, (1)). Therefore, from Theorems 4 and 5 it follows

Theorem 6. Let the right-hand side 𝐹(𝑡, 𝑥) of system (1) have the represen-
tation (3), where 𝑓(𝑡, 𝑥) satisfies condition (4), and let the function 𝑃(𝑥) be
such that (2) is an autonomous 𝑚-system. Finally, let 𝑃(−𝑥) = −𝑃(𝑥). Then
system (1) has at least one solution bounded on the entire number axis, and if
𝑓(𝑡, 𝑥) is 𝜔-periodic in 𝑡, then at least one 𝜔-periodic solution.

It follows from Theorem 4 that if the right-hand side of system (1) has the
representation (3) and the zero solution of system (2) is asymptotically stable
in the sense of Lyapunov, then system (1) has at least one 𝜔-periodic solution
(in this case 𝛾[Ψ; 𝑆] = (−1)𝑛). A special case of this assertion is one result of
Cronin (6).

4. Let us consider the system of differential equations with retarded argument

𝑑𝑥/𝑑𝑡 = 𝐹[𝑡, 𝑥(𝑡), 𝑥(𝑡 − ℎ1(𝑡)), … , 𝑥(𝑡 − ℎ𝑘(𝑡))], (6)

where ℎ𝑖(𝑡) are nonnegative continuous 𝜔-periodic functions, and 𝐹(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘)
is a function continuous jointly in the variables and 𝜔-periodic in 𝑡.
Let the function 𝐹(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘) admit the representation

𝐹(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘) = 𝑃(𝑦0) + 𝑓(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘), (7)

where 𝑃(𝑥) is a positively homogeneous function of order 𝑚 > 0, and
𝑓(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘) satisfies the condition

lim
𝜌→∞

{𝜌−𝑚 sup
𝑡,‖𝑦𝑗‖≤𝜌

‖𝑓(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘)‖} = 0. (8)

Theorem 7. Let the right-hand side 𝐹(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘) of system (6) admit the
representation (7), where the function 𝑓(𝑡, 𝑦0, 𝑦1, … , 𝑦𝑘) satisfies condition (8),
and let the function 𝑃(𝑥) be such that (2) is an autonomous 𝑚-system. Suppose
that the rotation 𝛾[Ψ; 𝑆] of the vector field (5) is nonzero: 𝛾[Ψ; 𝑆] ≠ 0.

Then system (6) has at least one 𝜔-periodic solution.

In the proof of this theorem one uses the integro-functional equation (see (7))

𝑥(𝑡) = 𝑥(𝜔) + ∫
𝑡

0
𝐹[(𝑉 𝑥)(𝑠)] 𝑑𝑠

in the space 𝐶[0, 𝜔] of continuous functions, where
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(𝑉 𝑥)(𝑡) = 𝑥(𝑡 + 𝑖𝜔) (−𝑖𝜔 ≤ 𝑡 < −(𝑖 − 1)𝜔, 𝑖 = 1, 2, …),

𝐹 [(𝑉 𝑥)(𝑡)] = 𝐹(𝑡, (𝑉 𝑥)(𝑡), (𝑉 𝑥)(𝑡 − ℎ1(𝑡)), … , (𝑉 𝑥)(𝑡 − ℎ𝑘(𝑡))),

whose fixed points coincide with the 𝜔-periodic solutions of system (6).

The author expresses his sincere gratitude to M. A. Krasnosel’skii for posing
the problem and for his attention to the work.

Voronezh
State University

Received
27 V 1969

CITED LITERATURE
1 M. A. Krasnosel’skii, The Shift Operator along the Trajectories of Differential
Equations, Moscow, 1966.
2 N. A. Bobylev, DAN, 183, No. 2 (1968).
3 N. N. Krasovskii, PMM, 18, issue 5 (1954).
4 N. N. Krasovskii, PMM, 19, issue 5 (1954).
5 P. S. Aleksandrov, Combinatorial Topology, 1947.
6 J. Cronin, J. Differential Equat., 3, No. 1 (1967).
7 M. A. Krasnosel’skii, DAN, 152, No. 4 (1963).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.09828 Machine Translation

https://sovietrxiv.org/items/ru-197001.09828

	Abstract
	Full Text
	ON THE CONSTRUCTION OF A PROPER GUIDING FUNCTION FOR A SYSTEM OF DIFFERENTIAL EQUATIONS
	CITED LITERATURE


