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Abstract

Full Text
UDC 519.52

Z. 1. KOZLOVA

AN R-OPERATION WITH FULL DEPTH OF
CHAINS OVER SYSTEMS OF SETS OF CAR-
DINALITY 7

(Presented by Academician M. A. Lavrent ev on 121 1970)

Let V be the totality of all ordinal numbers; K; the totality of indefinite ordinal
numbers, Ky the limiting ordinal numbers; I = {i |1 € V & i < w,}, 7 =N,

a strongly inaccessible cardinal number; Y. = (ig, ..., i,, ... | 7) a tuple of rank

7, where v < w, and (Ya < v)[i, € I]; W ={Y, | v <w,} the space of tuples
(CardW =171);n CI,9 C W chains; E={n|n C I}, E* ={¢ | C W} spaces
of chains; N C =, M C =* bases; R the basic space, whose subsets are studied.

PUt Y., i = (g, sy e yi)s 1 Y, = (igy ooy e | 73
Y. Yo = (igy e slgs sy ey i% o [y +97),
Y, = (igy ey lgy - | 7)s
Yo =iy bpar e Y

We shall say that Y is subordinate to Y, and write Y/ <Y, if

Y = (igyeesig, - | V), Y = (igy e i, | V)
and v <v; Y <Y, if Y <Y or Y =Y. The rank of Y is denoted by p(Y).

A. A. Lyapunov (1) considered an R-process of transfinite transformation of
sets of a given family of arbitrary cardinality, starting from a given system of
AX-operations. The depth of the chains of this R-process is equal to w. We
shall study an R-process of transfinite transformation of sets of a given family
of cardinality 7, starting from a given system of AX¥-operations, when the depth
of the chains of the R-process is full, i.e. equal to w,,.

Let
R =(Ny)yew> Ny C =,

(Ey)yew be an arbitrary family of sets of the space R, in which

Ey = ﬂ Ey, for vy e Ky.
Y'<Y,
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By the v-conjunctive extension of AXY-operations with bases of the family R,
where v = w* < w,,, we call the family of AY-operations whose bases

(M{»Yew =M(v)
are defined as follows:
peMY=(p(Y)E K &Y € uvp(Y) € Ky&(VY' < Y)Y’ € u))&
&VYY' € p)(3n € Nyy ) (Vien)[YY',i € pl&
&(Vy <v)(VY' <Y [y € Kn&YY' € p—
— (3n € Nyy )(Vie n)[YY,,i € p]].

Put
lz% = Ly, lfi,::]{y7 ﬂn{leV} ::q%w§{l;Y/}

If the derived sets (E§ )y ey are defined, then we construct the family of bases
(N$)yew in the following way: let

Zy(n) ={Y,, [ (VB <w)[Ys <Y, —YYsen]}
Ny(n) ={¢] (3Y,, € Z¢(m)(Fny, € Nyy, )x

x[§= (waayi%eny%, Ywaezg(n)}h
then
Ng ={n| (€ MP)(3 € Ny (u))[n = p+ ]}
Put
E%“ = RY;{N;&}{E%}'

If the derivative sets (E$)ycy are defined for all o < »# < w,,, » € Kp, then
put B =) _ E%.

a<n

Construct a family of bases (N})y <y and put

E{}H = RY;{N@{E;?}'

Thus, we shall construct derivative sets (E¢)y oy for all a < w,,. Put

By = () Eg.

a<w,

Repeating the process of differentiating sets, starting from the family of sets
(Ey")yew as the initial family, we obtain derivative sets (E;”'Q)Yew. By further

repetition of this process we obtain derivative sets (E;‘i”"@ Jyew for 8 < w4,
while taking
E;‘iu'% _ m E;iy'(x’

a<n
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if v € Kyy. Let
9eve(z) ={Y |z € By}

Since the sequence of chains
B () D 99r2(z) D - D I (z) D o
does not increase, Card W =R, and Cardw, ,; = X, , it follows that
(Bap < W) (Yo > ag) x [0 () = 9 (a)].
The stabilized chain 9" (x) we shall denote by ¥« (z).

We shall call the operation
(wy>RY;m

over a family of sets [Ey )ycy the (w,) Ry ,-operation

(wu)RY;m{EY} = m Ec}d/uu = E;"u+l_

A<Wy 41

The family of AX-operations

((WV)RY;m>Y€W
is the w,-conjunctive extension of AX-operations with bases of the family 901.

Put
(V)RY;m = (be;v

where M € M(v), v = w* < wy. Let € = (Py)yey, where Py C Z, and let
0 CZ" Y €€ 6. Wereplace the tuple Y by the family of tuples

Ay =A{Y5 g | (ig) =€ € Py}
If Y is replaced by A, and at the same time at least one of the tuples
YY, =Y (g, igs. | @) €AF

is replaced by ‘ ) ]
Avy, = {Y{igs - yia) | (ia) =& € Pyy 1,

then we say that Y is replaced by )@‘fl. If Y is replaced by A§ for all o < 7,
then we replace the tuple

YY, = Y{ig, o yigs e | 1),

where
Y(igy e yipryr | @) €AY for a <7,

by the family of tuples

>‘Y<z'0,4.,z'a,..4|'y> = {Y<ZOa ai'y> | (Z’y) = £ € PYYW}v
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. . +1
and say that Y is replaced by the family of tuples A}, .

By the v-disjunctive extension of AX-operations with bases of the family €
we shall mean the family of AX-operations whose bases (8y )y = €(v) are
defined as follows:

9 € by =p(Y) € Ky & @AY < V)9 ={Y' NVp(Y) € K;&9 = {Y}V(IY € 0y,)TY € 9)(Fy < v)(ENTH[W =

The operations supplementary to the (w, )Ry ,-operations are

(wu)Rgf;mC

-operations, whose bases are the bases of the w,-disjunctive extension of AX-
operations with bases of the family

M = (Ny)yew-
They can also be obtained by means of the R°-process, starting from operations
with bases of the family 91¢.

For an (w, ) Ry ,-operation one may define external indices:

Wy, ifz€EYT
(w,) Ry Ind(z [ {Ey }) = 4 g, ifoe | BENEY (B<w,).

a<f

The internal index of an (w, ) Ry -operation is defined at points x € By Tt
is equal to the least of the numbers 8 such that the structure of the family of
sets (E'Y)yew remains unchanged for all a > 5.

The external indices (w,)Rgy-operations satisfy the principle of comparison of
indices:

Let M, = (Ny)yews My = (Py)yew be families of bases, where Ny C E,
Py C E; (By)yew, (Hy)yew are arbitrary families of sets; (EY)yew,acuw,.,
(HY)yew a<w,,, are the derived sets of these families;

O = Byyngy G, = Byypyy fora<w,;  Uyy = By UCHy,

_ 1, _
q)%tslﬂ{UYY/} = (I)Y?,gyf{q)Yi}Lv}y{UYlYl’}h

where

)

Myaﬂ{EY/} = By N &5/ {Ey}, @nyaﬂ{EY,} = By N &3 By .
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Then the R-iteration with variable bases
1
L= (L%J{/’)Y,Y’ew,a<w,,+17
performed over the family of sets (Uyy~), gives, for any o < w,, 4,

Uy, = () (By UCHY,),

B<a
(w,)Ro{Uyy'} = {z | (w,)Ron, Ind(z [ {Ey }) > (w,) Roy, Ind(z | {Hy})}.
Let MM = (N, ) acruw,,» where N, C E, and let Wyy be the set of all coordinated
sequences (i, )., = Y., for v € Ky, v < w,, in which i, i, for x € Kj; are
immediately subordinate, respectively, to i,, (i,),. An (w,)Ty-operation over

a family of sets (E;);c; is called a AX-operation whose base M is the base of
an w,-conjunctive extension of AX-operations with bases of the family I, i.e.

peM=0ep& (Viep)(IneN,)ncCul &

& (V(ia)y € Won)l(in)y C i — (3n € Ny ) )0 C pll.

The base of the complementary operation (w,)Ty;. is the base of an w,-
disjunctive extension of AX-operations with bases of the family

me = (Ng)aeluwm :

The operations (w, )Ty, and (w,)Tyy. are called operations without interlocking
if there exists a family of pairwise nonintersecting chains (n%),.c 1uw,, having
the properties:

H) Van* ~T1&0¢gn*& (el = ag¢n®) & (o€ Wy — (Vi€ a)i ¢&n)).

(Hgp) Ya (V€ N,) [n € n*].

Every (w,)T-operation without interlocking is equivalent to some (w, )R-

operation, and conversely. Let the base NV satisfy the conditions

v

) W)y =) @)Tn>=[) @)In = Pye, (w)Tx = Pype for a<w,,
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[199) (W, )Ty > U7 (w, )Ty = ﬂa (w,) Ty = @ el

2°) (Pn,d) <Dy, (Pye,d) < Dpe.

Condition 2° may be replaced by the condition

2) (W)Tr, < (W, )Ty, (W)TR,d) < (w,)TR-

Denote by (w, )8 the class of AY.-operations possessing the following prop-
erties: 1) the trivial operations ﬂ,U,@N,q)NC,@%,@‘]’VC,T{NQ},T{CNM}, for all
a < w,, belong to the class (w,)By; 2) if ¢f, € (w,)By, Py, € (w,)By for
i € I, then @, {®), } € (w,)By; 3) the class (w,)By is closed with respect
to shifts of bases; 4) (w,,)B  is the smallest class of sets satisfying conditions
1)-3). By (w,)TB, we denote the class of w,-conjunctive extensions of AX-
operations of the class (w,)®B . Under the given conditions, the operations
belonging to the classes (w,)B y and (w,)T*B 5 are no stronger than operations
of type (w, )Ty

For each (w,,)T-operation one can construct equivalent operations leading to an
increase of the index of the initial operation by one and to a doubling of the
index.

Let N C E. Put @ = ®,. The type of a AX-operation (w, )Ty = @, will be
denoted by (w,)T5. If the type (w, )T is defined, then by (w, )T we denote
the type of supplementary operations to operations of type (w,)Tw. The type

(wV)T](\)l/+1 = (wu>T{N‘§} = (I)N

at1’

where
i} Ne = (W )T

If AX-operations @y are defined for all & < » < w, .y, » € Ky, then let

(ﬂ]) -, ﬁj < % )
I = Una
J

be a decomposition of the space I such that Vj[n/ ~ IJ;
pit)=t: 1 -
is a bijection. Then

(ﬁN%{Ei}: ﬂ (I)ij{Ecpj(i)}'
(/3]‘)_”’5
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The type of AX-operation
O, = W),

will be denoted by (oJV)TI’(,H. The strengthening of types of AX-operations can
also be continued to transfinite numbers o, where w, . ; < a < w, 5, as was done
in work (2), Chapter IV. If the constructed operations are applied to some class
of sets K, then we obtain an (w,)Ry- or (w,)Ty-classification of sets. This
classification is monotone if the base N satisfies condition 1°. If the base N
satisfies conditions 1° and 2°, then the operations (w, )T are normal,

(wu>TN = (wu>TN(‘;

with respect to the class of sets K D (), 0. If N satisfies condition 1°, then each
of the bases NS, , N, , for » € Ky, satisfies this condition.

c
a

If the class of sets K D (0,0 is closed with respect to the operations of comple-
mentation and | J for n < w, and the base N satisfies conditions 1°,2% or 2/,
then the class of external indices of operations of type (w,)Te'" for a < w, 1
is completely regular, and for the classes (w, )T (K) the first and second sep-
aration laws and the multiple separation law hold with respect to operations
@,y such that the class (w,)Twt(K) is closed with respect to the operations

Dy, for i € I. These include the operations (wy)Tﬁ, for B < a+1, (w,)Tys. for
B < a.

If the base N satisfies conditions 1°,2° or 2’ and condition 3°. If L C 9.,
where ‘
M= {N}U{N"}icr, TSR,

and M. is the totality of intersections of < 7* sets of the family 1, then
o, < DYy
or

then for the class (w,)T%" (K), K D 0,9, and the properties H, for 2 < p < w,
the covering theorems and expressions 4, 5 of work (3) hold.

We carry out the realization of the (w,)Ry-classification of sets in the Baire
space J¢, starting from the operation

@NEU

T

and the class of open-closed sets of this space. We obtain the classes of (w,,)R-
sets
(W) Ras (@0, )OR,,  (w,)BR, = (w,)Ro N (w,)CR,,.
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Each of the classes (w,)R,,, (w,)CR, has a universal set, is topologically invari-
ant, and the classification of sets is essentially monotone. The question of the
coincidence of the class

(By) = (w,)BRy

with the class of B-sets of this space remains open; here (B) C (B;). The
question of the approximability of sets is open. The base N of the operation
U, satisfies conditions 1°,2’, 3°.

Complete bases of operations

(w, ) T* = (W)TR

v

for

belong to the class (B,) of projective sets of the space J¥». The class of (w, )R-
sets also belongs to the class (Bs).
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