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1. Let us call an H-system any family £ of nonempty ya-sets*, directed by
inclusion, i.e., satisfying the condition: for any two elements A" € & A” € &
there is an element A € £ such that A € A’NA”. Maximal H-systems, as usual,
are called H-ends.

The paper gives a new criterion for bicompactness.

Theorem 1. For the bicompactness of a regular space it is sufficient (and,
obviously, necessary) that every H-system have a nonempty intersection.

In this theorem, which generalizes the elementary theorem on nested segments,
the class of centered systems of sets for which a nonempty intersection is required
has apparently been reduced to a minimum.

Remark 1. From the maximality property of H-ends it follows that if a ya-set
A’ contains some element A € £, then A’ € £ itself.

Let X be an arbitrary space. Denote by H(X) the set of all H-ends of the
space X. On this set we introduce the classical topology of P. S. Aleksandrov
(1). For an arbitrary ya-set A of the space X, denote by O, the family of all
H-ends containing the set A as an element. The collection of the sets O 4, where
A ranges over all ya-sets of the space X, will be taken as an open base of the
space H(X). It is easy to verify that in this way a topology is indeed defined.

We shall prove that the space H(X) for any space X is a nonempty bicompactum.
This follows from the following theorem.

Theorem 2. The limit of the complete refinement™ s, X of the mazimal finite
spectrum s, X of an arbitrary space X is the space H(X).

Proof. First of all, from the very definition of an H-system it follows that no
H-system can contain two different elements belonging to one and the same
partition a.
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Proposition 1. The set of all elements of a zero-dimensional thread £ = {A,}
of the spectrum s, X is an H-end n = n(§). Conversely, if n = {A7} is some
H-end, then for any o € xx the intersection n N« consists of a single element
A, and & = {A,} is a zero-dimensional thread for which n(§) = n.

'’
Proof of Proposition 1. If £ = {A_} is a zero-dimensional thread of the

spectrum s, X, then, taking arbitrarily A, € §, A,/ € , and a” , following both
a and o, we obtain A, € &, contained both in A, and

* ya-sets are sets that are closures of open sets (canonical closed sets).

** In the sense of V. I. Ponomarev (2,%): the complete refinement of a projection

spectrum s = {K,, &%} is the spectrum s = {K/, &% }, obtained from s by
replacing each complex K, by the zero-dimensional complex K, consisting of
all vertices of the complex K_,. The maximal finite spectrum is the spectrum
5, X = {N,,&%"}, consisting of the nerves N, of all finite partitions a of the
space X. Here a partition (according to Ponomarev) of the space X is called
any locally finite covering consisting of ya-sets with disjoint open cores. The
directed set of all, respectively all finite, partitions of the space X is denoted by

&, respectively x x.

and in A,,. Thus, the set of elements of the zero-dimensional thread £ is an
H-system n(§). The fact that n(£) is a maximal H-system follows from the
following lemma.

Main lemma. If n is an H-end, then for every a € %, the intersection nNa is
nonempty (and hence consists of a single element).

Indeed, suppose this lemma has been proved and suppose 1 = 7(£) is contained
in an H-system 7’ distinct from it, which we may assume to be maximal. Let
A" en', A ¢ n, and let « € »,, be some partition containing the element A’.
Since (by the lemma) « also contains some element A € nand A" # A, it follows
that a contains at least two elements of the H-system 7, which is impossible.

For the proof of the main lemma we need

Lemma 1. If n = {A,} is an H-end and A is such an x-set that
TANTA, #A

for every A, € n, then A € n.

The assertion follows from the fact that, adjoining to the H-system 7 all elements
of the form [TANTA,], we again obtain an H-system.

From Lemma 1 it follows that
Lemma 2. If A" and A” are elements of the H-end 7, then also [TA’'NTA”"] € 1.

We shall first prove the main lemma for the case of a partition o« = {4, B}
consisting of two elements (then obviously B = [X \ A]).
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Take an arbitrary A, € n and consider the case when IAy NIA = A. Then
also JAyNA=A,ie IA, C B, Ay C B, hence B € n. It remains to consider
the case when IA, N 1A #+ A for every A, € 1. But then by Lemma 1 we have
Aen.

Assume that the formula nNa # A has been proved for all partitions « consisting
of m elements, and let us prove it for an arbitrary partition

a={Ag, .. A% AY 1}, m>2, (1)

m

consisting of m + 1 elements. Keeping the notation of formula (1), consider the
partition
o ={AY, ... AY | A%},

m—17

where A = A? for i <m —1 and A% = AT UAS .

By the induction hypothesis, one of the elements of the partition o’ belongs to
n. If this element is one of the sets A, ¢ < m — 1, then everything is proved.

Let A% € 5. Consider the partition o” = {A}", A3"}, A" = A2,
AY" = XNTAY = [X\ AY].

If A‘l"” € 7, then again everything is proved.

Let A3" € 1. We shall show that [TAg" N TA%] = A%. Indeed,

A = AR UAL L, AY = XNTAL =AY
k=1
Furthermore,
m—1 .
IA;L:I(A%LUA%-&J):X\ U A?a IAS‘ :X\A(Vln-&-h
j=1

m—1

wnag)= | (U)o oras
j=1

= [XN(AT U UAL L UAG )] = [TAG] = AR,

as required. By Lemma 2 we have A%, € n; the main lemma is proved.
The second assertion of Proposition 1 is now proved as follows.

Let an H-end 7 be given. For each a € », put nNa = (A4,). It is required
to prove that for o > o we have A% C A%, Since 7 is an H-end, there
exists A €, A C AY N A% Since o > o and A*" € o”, there is a unique
element of the partition o’ containing the set A%”, and since A C A% N A*”,
this element can only be A%

Thus, we have an (obviously one-to-one) mapping
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n: §XX—>H(X)

of the space 5, X onto H(X).

It is easy to verify that, in this case,

n(0c> = OA’

where e is some vertex of the spectrum s, X corresponding to the ya-set A.
From this equality we conclude that the mapping 7 carries an open base of
the space 5, X onto an open base of the space H(X). Consequently, n is a
homeomorphism. Theorem 2 is proved.

Let us call an H-end § = {A,} an h-end if [ A, # A.

The set of all h-ends of the space X forms a subspace h(X) of the space H(X).
Consequently, h(X) is completely regular.

A result of V. Ponomarev is known (*?), according to which, for a regular space

X, the space §XX coincides with the Cech extension SX* of the absolute X*,
while the absolute X* itself is the subspace of the space §XX consisting of all
zero-dimensional threads whose elements have nonempty intersection. These
threads correspond to H-ends whose elements have nonempty intersection, i.e.,
to h-ends.

Theorem 3. The absolute X* of a regular space X is the space h(X); the space
H(X) is the Cech extension BX* of the absolute X*.

If every H-system in a regular space X has nonempty intersection, then X* =
h(X) = H(X), i.e., the absolute of the regular space X is bicompact; conse-
quently, X itself is bicompact. We have proved Theorem 1*.

2. Denote by s, X = {N, D9} the spectrum over the family ¢y of all par-
titions of the space X (*3). Since xy C (y, the spectrum 5, X Is a
subspectrum of the spectrum s X.

Definition. Let us call a centered system of ya-sets £ a (-system if it satisfies
the following conditions:

A) if A € £ and o is some set of ya-sets forming a partition of the set A, then
ENo# A

B) if A€ ¢ and A lies in a xa-set A’, then also A" € &.

A space is called (-complete if in it the intersection of every (-system is
nonempty.

Proposition 2. Every paracompactum is a (-complete space.

Proof. Following V. I. Ponomarev (%), say that a system of sets £ touches a
cover « if the cover v contains an element intersecting all the sets belonging to
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the system £. Ponomarev observed that, for a space X to be paracompact, it
is necessary and sufficient that every system of closed sets touching all locally
finite covers have nonempty intersection. He also proved that, in this condition,
locally finite covers may be replaced by partitions.

Now let £ be an arbitrary (-system. Then in every o € (x there is an element
A € £, and this element intersects all the elements of the system £. In other
words, every (-system touches all partitions a € (. If X is paracompact, then
by Ponomarev’s criterion it follows that the intersection of all A € £ is nonempty,
i.e., that X is (-complete.

Definition. Threads of the spectrum s.X (respectively of the spectrum 5, X )
will be called (-threads (respectively x-threads). A zero-dimensional thread
& = {A“} is called nonempty if all elements forming the thread have nonempty
intersection.

* One can also give a direct proof of this theorem; however, in essence it repeats
the lemmas on which the proof of the basic properties of the absolute rests.

Proposition 3. In a regular space X, every nonempty zero-dimensional -
thread ¢, is uniquely completed to a zero-dimensional (-thread & = ((&,);
moreover, the threads §, = ((¢,) and ¢, consist of one and the same set of
elements.

Proof. We first prove that in every partition o € ¢, there is an element A®
(obviously unique) belonging to the given nonempty thread £,. Let x, be the
unique point belonging to all elements A € ¢, and let o = {A,..., AS} be
the totality of all elements of the partition o that contain the point z,. Put
o’ =a\o, B=0¢"=[X\0]. Then among the elements of the finite partition
{A¢,...,..., A%, B} of the space X, exactly one is contained in &,. This element
cannot be B, since z, ¢ B. Hence one of the elements A, ..., AY of the cover
o is contained in &,. Choosing, for each «, the element A% € £, we obtain
a (-thread. Indeed, the set of all elements £, is an H-system by Proposition
1. Therefore for o/, a”, a” > ', there is an A € ¢, lying in A% N A*". But
o” > a’, and A*" is contained in a unique element of the partition o’ and has no
interior points in common with any other element of this partition. Therefore
from A C A% N A°” it follows that A%" C AY, ie., for o’ > o' we have
wgflAa” = A®'. The proposition is proved.

On the other hand, it is obvious that if X is a regular (-complete space, then
every zero-dimensional (-thread . contains a unique nonempty x-thread &,,

and ((§,,) = &

Thus, for (-complete spaces X there exists a one-to-one correspondence between
zero-dimensional nonempty #-threads and all zero-dimensional (-threads. By
virtue of this correspondence we have a natural homeomorphism between the
spaces h(X) and 3.X; thereby proved is

Theorem 4. The absolute of a regular (-complete space X coincides with the
limit of the complete relaxation of the spectrum s.X.
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Remark 2. Theorem 4 is also valid for a (at least formally) broader class
of so-called (¥-complete spaces™; these are spaces in which nonemptiness of
intersection is required only of (¥-systems, i.e., (-systems £ for which all £ N «,
o € ¢, are finite.

For paracompact spaces, Theorem 4, as is known, was proved by V. I. Ponomarev
(2,3), not directly, but via the descriptive definition of the absolute as the
maximal perfect preimage of the space X.

I express my heartfelt gratitude to P. S. Aleksandrov, under whose guidance
this work was done.
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