Soviet-era science, translated into English

MATHEMATICS

G. D. KARATOPRAKLIEV

1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.09179

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-197001.09179

Abstract

Full Text
MATHEMATICS
G. D. KARATOPRAKLIEV

EXISTENCE OF WEAK SOLUTIONS OF ONE
BOUNDARY-VALUE PROBLEM FOR AN
EQUATION OF MIXED TYPE IN MULTIDI-
MENSIONAL DOMAINS

(Presented by Academician S. L. Sobolev on 2 IIT 1970)

Let G be a bounded simply connected domain of three-dimensional space
{1, %9, 25}, bounded by a piecewise smooth surface I', and divided by the
plane z; = 0 into two domains G; = G N {x;3 > 0} and G, = G N {z5 < 0},
with G N {z5; = 0} a simply connected domain in the plane {z,x5}. Denote by
Y and S those parts of I' where x5 > 0 and x5 < 0, respectively.

Consider in the domain G the operator

Lu = k(x?;)uzlzl + ux2m2 + uz313 + C((E)U,
where k(x3) is a continuously differentiable function on the interval [—hq, hs]
(—hy =inf,.qxg, hy =sup, _,x3), satisfying the conditions: k(zg) > 0 for

r3 >0, k(xz) <0 for 3 <0, k(0) =0, and k'(x3) > 0 on the interval [—hy, hyl;
¢(x) is a continuously differentiable function in G, with ¢(z) <0 in G.

We shall assume that S = Z?Zl S;, where

Sy x1:1+/ 3\/—k(§)d§
o

T3
Sy xlz—l—/ V—k(&)d, S;: xo=—1 and S,: z,=1.
0

It is required to find in the domain G a solution of the equation

Lu=f, (1)

satisfying the boundary condition
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u=0 onI\JS,. (2)

In the works of A. V. Bitsadze (1'?), some boundary-value problems for equation
(1) were first posed and investigated in the case when k(x3) = signzg, k(z;) =
x4, and c(x) = 0.

In the present paper* the question of the existence of weak solutions and the
uniqueness of a smooth solution of problem (1)—(2) is considered.

Let C?(G,T\ S,) and C?(G,T\S,;) be the sets of all twice continuously differen-
tiable functions in the closed domain G satisfying, respectively, the conditions
u=0onT\S,and u=0onI\S;. Denote by Wj(gr) and Wi(gr)", re-
spectively, the closures of the sets C?(G,T'\ S,) and C*(G,T'\ S;) in the norm
W3(G). Let f € Ly(G).

By a weak solution of problem (1)—(2) we shall mean a function u € L,(G) for
which (u, Lv)y = (f,v), for every v € WZ(gr)" (by (, ), we denote the scalar
product in Ly(QG)).

As is known (3

), for the existence of a weak solution of problem (1)—(2) for
every f € Ly(G)

, it is necessary and sufficient that the inequality

[Zvllg > Cllollg,  veWE(gr)*, C>0.

* The results of this work were reported at A. V. Bitsadze’ s seminar on 16 X
1969.

If the stronger inequality is satisfied,
|Lvlo = Cloly,  ve WD),  C>0, (3)

where [|v]; is the norm in W} (G), then there exists a weak solution of problem
(1)—(2) for every f € Wy1(G).

Let v € C?(G,T'\ S,), and let p(z),p(x), i = 1,2,3, be, for the moment,
arbitrary sufficiently smooth functions. Applying Ostrogradskii’ s formula, we
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obtain

/ (pv+plo, ) Lvde = / (kDg, 2, + Paya, + Paya, + 200 — (cp'), 0 dat
G G

N | =

1
+5 /G{[—%p — kpg, +kpZ, + (kp®), Jva + (=20 +py — 3, +p3)vi +

+(=2p+py, + 03, —p2 )vr, —20py, + kP2 v, v, —2(py, + kP2 v, v,

3

- 2(p"253 + piQ)’UmQrUm:;} dx + /(kpvvmlnl + pvvr2n2 + pvvr3n3) ds+
T

1 ,
t3 /(—kpxlnl — Dy, M — Py g + Py )V dst
T

1

+3 /[(kp1n1 — kp*ny — kpPng)vi + (—p'ny + pPny — pPng)vl +
T

+ (=ping —p?n, —|—p3n3)119203+

+ 2(]91712 + kp2n1)vzlvx2 + (plns + kpsnl)vzlvm3 + 2<p3n2 + p2n3)vx20m3] ds

=L +L+1;+1,+ 1,
(4)
where n = (nq,ny,n3) is the unit vector of the outward normal to I" (summation
over repeated indices from 1 to 3 is assumed).

Consider first I5. Since v = 0 on I'\ 'Sy, it follows that v, = N, (2)n;, i =1,2,3,
on this surface. On Sy, v, = nyv,—ngvy, v, = vy, and v, = ngv,+n,v,, where

t = (V=k/VI—k0,-1/VI=Fk), n = (1/VI—k,0,—vV—k/VI—k), and b =

(0,1,0). After simple computations we obtain

1 , 1
Is = 5/ Nﬁpzni(kn?+ng+n§)ds+§/ [(1=k)(—=p'ny+p°ng )vi+(—p'ny —p*ng )i +2(1—k)p*nynzuv,,b] ds.
\S, S,
We choose p = f%, p' =, —1—¢, p?> =0in G, where ¢ is, for the moment, an

arbitrary positive constant; p® = z;+§ in Gy, p> = § in G, where § = const > 0.

Taking into account that kn? +n3 +n% =0 on S, and n; = ny; =0 on Sy and
S,, we obtain

1
I, = 3 / NZ[(z; —1—e)ng + (x4 + 6)ng|(kn? + n3 +n3) ds+
5

1 1 )
+2/Sl ﬁ[(l_k)(l_:pl +€—5\/jk)vt+

+ (=2, +e+06V—kpilds=1,+17.
Let ¢ > 6vV—k(—hy). Then I} > 0, since 1 —z; > 0 on S;. If the surface X

satisfies the condition

p(r) = (1 —1—¢e)ny + (x5 +0)ng >0, (5)
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then I > 0. We note that there exist piecewise-smooth surfaces ¥ satisfying
condition (5). Such, for example, is the surface ¥ = ¥; UX, U X, UX,, where
¥z +qrs =1, 3, x; —gxy = —1, g is a sufliciently large positive constant,
Y32y =—1,and ¥, : z; = 1. Indeed,

p(x) = 0 on X4 and ¥, since n; = ng = 0 on these surfaces. On £y, n; =

—1/v/1+¢2, ny = q/+/1+ ¢?, whence it follows that ¢(z) > 0 on ¥,. On
Y, ny =1/y/14 6% n3 = q/+/1+ ¢?, and therefore we obtain p(z) = (— +
0q)/\/1+¢* If ¢ > ¢/, then p(z) >0 on X;.

Obviously, I, > 0. The surface integral I reduces to the double integral

1 ov*
I = — — K —
3 =7 /D1 v—k o, dzydxs,

where D, is the projection of S; onto the plane of {zy, 25}, and v(zy, x5) =

v [LZS \/deg,xz,xzs].

Integrating by parts and taking into account that v(xz4, —hy) = 0 and k(0) = 0,
we obtain

1 kK
I, = - ——dxydxs > 0.
3 8/Dl =, P2ty =

For I, we obtain

I, = /G {[E+ (x5 + 0K o2 + 307 + 1)3:3} dz+

1

N =

1 /
—1—2/G (K'ov3 + 02, +07)de.

2

If the function c(x) satisfies the conditions

—3c—(z; —1—¢)e, —(z3+0)c,, 20 forze€ Gy, (6)

—2c—(zy —1—¢)c,, —dc,

,=0 for x € G, (7)

then I; > 0. Conditions (6) and (7) are satisfied if, for example, ¢ = c(x,) in G.

Taking into account that k'(z3) > inf_j, _, 5, k' (23) > 0, from (4) we obtain

3
/(pv—i—pffi)Lv dx > C, / Zvi dx, C;>0. (8)
G G =1
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Lemma. For functions v € C?(G,T'\ S, ), the inequality

N

3
/dezSCQ/Zvi_dx, Cy>0 9
G cisl

holds.
From (8) and (9) we obtain

CalLololloly > / (pv+ pi¥) Lo da > Gyl
G

whence inequality (3) follows for v € C%(G,T\ Sy). By completion we verify
the validity of (3) for v € W2 (gr)*.

Thus, the following holds.

Theorem 1. If the surface X satisfies condition (5), and the function c¢(x)
satisfies conditions (6) and (7), then there exists a weak solution of problem (1)
—(2) for any f € Wy 1(Q).

It is proved analogously that if 3 satisfies the condition

(1 +1+e)ny + (w3 +0)ng >0, (10)

and c(z) satisfies the conditions

—3c—(z;+1+¢e)e, —(z3+0)c,, >0 forxe Gy, (11)

—2c— (v +1+¢€)c,, —dc,, 20 for z € G, (12)

x

then for problem (1)—(2) the inequality

|Lulo > Clully, — weWZ(), C>0. (13)

The functions p(x),p'(x), and p?(x) are chosen as above, while p! = ! +
1+ ¢, with € > §y/—k(—h;). We note that the surface ¥ constructed above
simultaneously satisfies conditions (5) and (10).

By a smooth solution of problem (1)—(2) we shall mean a function u € W2( )
satisfying equation (1) almost everywhere in the domain G. From inequality
(13) it follows that

Theorem 2. If the surface 3 satisfies condition (10), and the function c(x)
satisfies conditions (11) and (12), then problem (1)—(2) can have no more than
one smooth solution.
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Remark 1. Let

k k+1
S = (Zs{) U (ZS§> USsUS,,

=0 i=1

where

T3
St xlzaﬂ—/ V—kdg,

0

T3
S5 xlzai—/ V—=kdf, l=ayg>a; > >a,>a,=—1,
0

Syt ey =—1, Syt zy=1.
The boundary condition (2) may be replaced by the condition © = 0 on

k+1

IS
=1

Remark 2. Theorems 1 and 2 are also valid in the case when the functions
k(xz3) and c(x) have a discontinuity of the first kind on the plane z; = 0, if
k' (x3) > 0 on the intervals [—hy,0] and [0, hy]; k™ — k= > 0 and ¢~ — ¢t > 0,
where &% = lim,__, o k(z3) and ¢* = lim, o c(z).

Remark 3. Problem (1)—(2) is considered analogously in the case of m inde-
pendent variables.
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