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WITH A QUADRATIC PAYOFF FUNC-
TIONAL

(Presented by Academician L. S. Pontryagin on 20 IV 1970)

1°. By R, below we denote k-dimensional Euclidean space. Suppose that the
states « and y and the controls u; and u, of two players at a fixed moment of
time are described by vectors x € R, , u; € R, for the first player and by
vectors y € R, , uy € R,,, for the second player, and that the equation for the
change over time of the playerb states has the form

d
@z _ Az + bu, where z = HxH,
dt Y

Ug

(1)

Here A,b are constant real matrices of orders n x n and n X m, where n =
Ny + Ny, M = my + my. Below it is assumed that system (1) is controllable,
i.e., that the rank of the n x mn-matrix |b, Ab, ..., A" 1b|| is equal to n. Let
zy € R, be a given vector. We shall call the functions u; = u,(2,t), uy =
us(z,t) admissible controls if on (0, 00) there exists an absolutely continuous
function z(t) (called the corresponding solution), satisfying equation (1) almost
everywhere, in which u; = u;[2(t),], and such that (I) 2(0) = z,, (II) |2(t)| €
L,(0,00), (III) |u[z(t),t]| € Ly(0, 00).

Let F (z,u) be a real quadratic form of its arguments, with F (0, u) = ujyu; —
U5YoUq, where 4, > 0, 7, > 0 are matrices of orders n, xn, and ny, xn,.* Suppose
that the first player seeks to minimize, and the second player to maximize, the
functional

Ty uy) = / F{a(t), ul=(t), 1]} dt. 2)

where z is the corresponding solution.** (For admissible wuq,u,, the integral

(2) obviously converges.) The admissible controls u{,uJ are called optimal if,
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for any controls u;,u, such that the pairs (u{, u,), (uy,u9) are admissible, one
hag***

J(u(l)aUQ) S J(u(l)’ug) S J(ulvug)

* Here and below, the notation C' > 0 (C > 0), where C is a matrix of order kx k,
means that for any vector w # 0 of order k one has w*Cw > 0 (w*Cw > 0). The
asterisk denotes Hermitian conjugation (in particular, transposition in the case
of real vectors and matrices and complex conjugation in the case of numbers).
By I, below we denote the identity k x k matrix.

** Practically of interest is the case in which F(z,u) = (x — y)*G(x — y) +
UTY U] — USYoUy, Where G > 0, 74 > 0, 7, > 0. In this case, figuratively
speaking but imprecisely, the first player seeks to minimize and the second to
maximize the quadratic deviation between them, while at the same time both
players seek to minimize the costs of control.

*** We emphasize that, by virtue of the definitions introduced, the values of
the control u at a fixed moment of time in the pairs (u?,uy) and (uf,u3) are,
generally speaking, different. (An analogous assertion is of course also valid
for uJ.) Therefore the problem under consideration, unlike analogous problems
of optimal control, is not equivalent to a problem in which the admissible and

optimal controls are functions of time alone.

Below a sufficient condition is established for the existence of optimal controls
ul, 19, and an algorithm for constructing u?,u§ is given. (The functions u?, u
turn out to be linear functions of z.)

Let A be a complex variable, w a real variable, and let B(A) be some matrix
or scalar polynomial B(\) = ByAN + - + By. By B(A)V we shall denote
the polynomial B(A\)Y = [B(=A")]* = Bi(=\)Y + - + By. Let a()), B(\)
be scalar polynomials. By rem(3/a) below is denoted the remainder obtained
by dividing B(A) by a(A). If B(A) = [B,,(N)] is a matrix polynomial, then
rem(B/a) = |rem(B;,/a)|. By (a, ) is denoted the greatest common divisor
of the polynomials «(A) and S(A), and by (a, B) the greatest common divisor
of the polynomials a(A) and all 3, ().

Extend, preserving Hermiticity, the form § to complex values of the arguments
x,u, and introduce the notation

Ay=AL, — A, 5\ =detAd,, Q) =65NA;!, T'= H n

(A bu,u) = wl(iw)u, ®(iw) = [0(iw)|* U (iw). (3)
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Here I1(iw) = [(iw)* is the matrix of order m of the Hermitian form §(A; tbu, u).
In [1] the following propositions are established:

Lemma. ®()) is a polynomial with leading term (—1)"\?"T,
det ® = 6™ 1(6V)"™ LdetT g, 1 =Q/(66V ),
where ¢ and (2 are scalar and matrix polynomials,

o =pY, =0V, e(A) = A (=1)"[1 + O(A 1)), A — 0.

Theorem 1. Suppose that
a) (0,0V) =1, (p,06V) =1, (¢, Q) = 1;
b) p(iw) # 0, Yw, and, consequently, ¢(\) admits the factorization

where () is a Hurwitz polynomial*;
c) there exists an n X m matrix h satisfying the identity

@y

h*q(X) = 6(N)Qy(N), VA, where ¢(\) =rem ( o

(which, after equating the coefficients at identical powers of A, becomes a system
of linear equations with respect to the elements of the matrix k), or, equivalently
to (4), such that the matrix

fa-1py o SHN)
Um—hAA®xaaj

is a polynomial. Then for each z(0) = 2, optimal controls u, uJ exist and have
the form
u? = hiz, uy = hjz,

where hq, hy are constant matrices of orders n x mq, n X my, composed of the
first m, and the last mqy columns of the matrix h:

h = [[hy, hyl|.
The matrix K = A + bh of the “synthesized” system is Hurwitz, and
det(A\,, — K) = ¥(X).
The payoff functional for the optimal controls has the form
J(uf, ug) = —25H 2,
where H = H*. The matrix H is determined from the equation

A*H + HA = Fy — hTh*,
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where Fy = F{ is the matrix of the form §(x,0).

Remarks. 1. It can be shown that the matrix polynomial QbS2 is divisible by 4,
i.e., that ¢(A) = d(A)gy(A), where gy(A) is a polynomial. Therefore the identity
(4) is transformed into

h*qo(A) = Qo(N).

2. Making in system (1) the substitution u = v + a*x, where a is some
constant n X m matrix, we obtain a new system

dz/dt = Az + bu,
where A; = A+ ba*, and a new form
$1(x,v) = §(x, u).

It can be shown that, for any choice of the matrix a, the new polynomial
() coincides with the old one, and also that, for a suitable choice of the
matrix a, the conditions

<67 5V> =1, <§0766v> =1, <(p,Q> =1

will be satisfied for the new system. It can also be shown that, when the
condition ¢(iw) # 0 is fulfilled, for the new system there will be found a
matrix

* The latter means that the roots of the polynomial 1(\) are located in the
open left half-plane. The matrix K below is called Hurwitz if det(\l,, — K) is
a Hurwitz polynomial.

h, satisfying identity (4)*. Thus, a sufficient condition for the existence of
optimal controls is the single condition p(iw) # 0, Yw. The optimal controls
ul, ug still have the form v = hiz, u3 = h%z. The matrices hy, hy are found
by means of the indicated substitution and by applying the procedure indicated
in Theorem 1. This procedure reduces to determining the Hurwitz polynomial
() from the factorization equation ¢ = 91" (which is found, evidently, in a
unique way) and to solving a system of linear equations obtained from identity

(4) or from the identity h*qy(A) = Qy(A), VA

3. Let my = my =1 and let p(iw) change sign. It can be shown that among

the admissible controls u; = hiz, uy = hz with constant matrices hy, hqy

there are no optimal ones. Moreover, for any admissible u{ = h}z, u) =

hiz there exists either a sequence ugk) such that the pairs (ugk), uy) are

admissible and J (u(lk), u9) — —o0, or a sequence uék) such that the pairs

(u?,u) are admissible and J(u?,ul”’) — 400, and this is true for any

2q-
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2°. The proof of Theorem 1 is based on the following algebraic proposition.
Consider system (1) with complex, generally speaking, A and b, and the Hermi-
tian form §(z,u). System (1) is still assumed controllable. Let F(0,u) = u*Tu,
where I' = T'*, detT" # 0. Introduce the notation (3) (excluding the notation
for T'). From (') it follows that the lemma is valid also for this more general
case of complex coefficients.

Theorem 2. 1. Suppose that there exist an n X n matrix H = H* and ann x m
matriz h such that the representation

§(z,u) =d(z*Hz)/dt + (u — h*2)" T'(u — h*z), Vz,u, (5)

is wvalid, where the derivative is taken along system (1), ie. d(z*Hz)/dt =
2Re[z*H(Az + bu)], and that, moreover, the matric K = A + bh* is Hurwitz.
Then: a) the polynomial p(\) admits the factorization (\) = Y(A)(N)Y, where
PY(A) = det(A,—K), and, consequently, p(iw) # 0, Yw; b) (4) is satisfied, where
D) = det(M, — K).

II. Let the conditions a), b), ¢) of Theorem 1 be satisfied and, in particular,
let () and h be determined according to b) and c). Let Fy = Fj be
the matriz of the Hermitian form §(z,0), and let H = H* be the matriz
determined from the linear system A*H+ HA = Fy—hI'h*. Then identity
(5) is satisfied and ¥(\) = det(AI,, — K ), where K = A + bh*.

Proof of Theorem 2. All assertions of Theorem 2 follow from (), with the
exception of the relation ¥(\) = det(Al,, — K) in part II. Put ¥ = (I, —
h*A'0)6 = 61, — h*Qb, det(M], — K) = x(\), and show that x(\) = ¢(\). By
Lemma 3 (), any minor of order m — 1 of the matrix polynomial ¥ is divisible
by 6™ 2. Consequently, U~'det ¥ = §™ 27, where Z is a matrix polynomial.
By the corollary to Lemma 2 ('),

X(A) = 6(N\) det (1, — h* A b) = det(¥/9), det ¥ = g™ ty.
Therefore ¥~! = Z/§x. By the condition (I,, — h*A'b)Q/y = ¥Q/6¢ = Z,
is a polynomial. Consequently, Q = U175 = ZZyh/x. Since (p,Q) = 1,
we have (¢,Q) = 1, and hence x is divisible by 1. Since p = Y)Y, ¢ =
(—=1)™ x A2*[1 + O(A71)], it follows that ¥ = A"[1 4+ O(A1)], A — co. From the
coincidence of the leading terms of y and ¢ it follows that x = .

3°. Proof of Theorem 1. From Theorem 2, II, it follows that representation
(5) is valid. Let h = |hy, hy|, where h; are matrices of orders b x m,. Put
u? = hiz, uY = hiz. The controls u?, u) are admissible, since K is a Hurwitz

matrix. Let uy = uq(z,1), uy = ug(z,t)—

* The proof of this proposition known to the author is very complicated; pre-
viously, the conditions for representing a matrix polynomial B(A) = B(A)" in
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the form B(A\) = X(A\)VCX()\), where C = C* = const, and X ()) is a matrix
polynomial, are clarified.

admissible controls. Substituting these values into (5), using the special form
of the matrix I' (see (3)), and integrating from ¢ = 0 to ¢ = oo, we obtain

JWU%):*%H%+/m@h*W@Wﬂ%*hVMF’
0

= [ s = b — b2 (6)
0

From (6) and the assumption v; > 0, v, > 0, it follows at once that
J(u?,uz) < J(u?, U(Q)) < J(Ulvug)

for any u;,u, such that the pairs (u{,us,), (u;,u)) are admissible. The rule for

determining
J(ud,uy) = —23Hz

follows from Theorem 2, II.
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