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MATHEMATICS

V. A. YAKUBOVICH

ON THE SYNTHESIS OF OPTIMAL CON-
TROLS IN A LINEAR DIFFERENTIAL GAME
WITH A QUADRATIC PAYOFF FUNC-
TIONAL
(Presented by Academician L. S. Pontryagin on 20 IV 1970)

1°. By 𝑅𝑘 below we denote 𝑘-dimensional Euclidean space. Suppose that the
states 𝑥 and 𝑦 and the controls 𝑢1 and 𝑢2 of two players at a fixed moment of
time are described by vectors 𝑥 ∈ 𝑅𝑛1

, 𝑢1 ∈ 𝑅𝑚1
for the first player and by

vectors 𝑦 ∈ 𝑅𝑛2
, 𝑢2 ∈ 𝑅𝑚2

for the second player, and that the equation for the
change over time of the players’states has the form

𝑑𝑧
𝑑𝑡 = 𝐴𝑧 + 𝑏𝑢, where 𝑧 = ∥𝑥𝑦∥ , 𝑢 = ∥𝑢1

𝑢2
∥ . (1)

Here 𝐴, 𝑏 are constant real matrices of orders 𝑛 × 𝑛 and 𝑛 × 𝑚, where 𝑛 =
𝑛1 + 𝑛2, 𝑚 = 𝑚1 + 𝑚2. Below it is assumed that system (1) is controllable,
i.e., that the rank of the 𝑛 × 𝑚𝑛-matrix ‖𝑏, 𝐴𝑏, … , 𝐴𝑛−1𝑏‖ is equal to 𝑛. Let
𝑧0 ∈ 𝑅𝑛 be a given vector. We shall call the functions 𝑢1 = 𝑢1(𝑧, 𝑡), 𝑢2 =
𝑢2(𝑧, 𝑡) admissible controls if on (0, ∞) there exists an absolutely continuous
function 𝑧(𝑡) (called the corresponding solution), satisfying equation (1) almost
everywhere, in which 𝑢𝑗 = 𝑢𝑗[𝑧(𝑡), 𝑡], and such that (I) 𝑧(0) = 𝑧0, (II) |𝑧(𝑡)| ∈
𝐿2(0, ∞), (III) |𝑢[𝑧(𝑡), 𝑡]| ∈ 𝐿2(0, ∞).
Let ℱ(𝑧, 𝑢) be a real quadratic form of its arguments, with ℱ(0, 𝑢) = 𝑢∗

1𝛾1𝑢1 −
𝑢∗

2𝛾2𝑢2, where 𝛾1 > 0, 𝛾2 > 0 are matrices of orders 𝑛1×𝑛1 and 𝑛2×𝑛2.* Suppose
that the first player seeks to minimize, and the second player to maximize, the
functional

𝐽(𝑢1, 𝑢2) = ∫
∞

0
𝐹{𝑧(𝑡), 𝑢[𝑧(𝑡), 𝑡]} 𝑑𝑡, (2)

where 𝑧 is the corresponding solution.** (For admissible 𝑢1, 𝑢2, the integral
(2) obviously converges.) The admissible controls 𝑢0

1, 𝑢0
2 are called optimal if,
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for any controls 𝑢1, 𝑢2 such that the pairs (𝑢0
1, 𝑢2), (𝑢1, 𝑢0

2) are admissible, one
has***

𝐽(𝑢0
1, 𝑢2) ≤ 𝐽(𝑢0

1, 𝑢0
2) ≤ 𝐽(𝑢1, 𝑢0

2).

* Here and below, the notation 𝐶 > 0 (𝐶 ≥ 0), where 𝐶 is a matrix of order 𝑘×𝑘,
means that for any vector 𝑤 ≠ 0 of order 𝑘 one has 𝑤∗𝐶𝑤 > 0 (𝑤∗𝐶𝑤 ≥ 0). The
asterisk denotes Hermitian conjugation (in particular, transposition in the case
of real vectors and matrices and complex conjugation in the case of numbers).
By 𝐼𝑘 below we denote the identity 𝑘 × 𝑘 matrix.

** Practically of interest is the case in which ℱ(𝑧, 𝑢) = (𝑥 − 𝑦)∗𝐺(𝑥 − 𝑦) +
𝑢∗

1𝛾1𝑢1 − 𝑢∗
2𝛾2𝑢2, where 𝐺 ≥ 0, 𝛾1 > 0, 𝛾2 > 0. In this case, figuratively

speaking but imprecisely, the first player seeks to minimize and the second to
maximize the quadratic deviation between them, while at the same time both
players seek to minimize the costs of control.

*** We emphasize that, by virtue of the definitions introduced, the values of
the control 𝑢0

1 at a fixed moment of time in the pairs (𝑢0
1, 𝑢2) and (𝑢0

1, 𝑢0
2) are,

generally speaking, different. (An analogous assertion is of course also valid
for 𝑢0

2.) Therefore the problem under consideration, unlike analogous problems
of optimal control, is not equivalent to a problem in which the admissible and
optimal controls are functions of time alone.

Below a sufficient condition is established for the existence of optimal controls
𝑢0

1, 𝑢0
2, and an algorithm for constructing 𝑢0

1, 𝑢0
2 is given. (The functions 𝑢0

1, 𝑢0
2

turn out to be linear functions of 𝑧.)
Let 𝜆 be a complex variable, 𝜔 a real variable, and let 𝐵(𝜆) be some matrix
or scalar polynomial 𝐵(𝜆) = 𝐵0𝜆𝑁 + ⋯ + 𝐵𝑁 . By 𝐵(𝜆)∇ we shall denote
the polynomial 𝐵(𝜆)∇ = [𝐵(−𝜆∗)]∗ = 𝐵∗

0(−𝜆)𝑁 + ⋯ + 𝐵∗
𝑁 . Let 𝛼(𝜆), 𝛽(𝜆)

be scalar polynomials. By rem(𝛽/𝛼) below is denoted the remainder obtained
by dividing 𝛽(𝜆) by 𝛼(𝜆). If 𝐵(𝜆) = ‖𝛽𝑗𝑘(𝜆)‖ is a matrix polynomial, then
rem(𝐵/𝛼) = ‖ rem(𝛽𝑗𝑘/𝛼)‖. By ⟨𝛼, 𝛽⟩ is denoted the greatest common divisor
of the polynomials 𝛼(𝜆) and 𝛽(𝜆), and by ⟨𝛼, 𝐵⟩ the greatest common divisor
of the polynomials 𝛼(𝜆) and all 𝛽𝑗𝑘(𝜆).
Extend, preserving Hermiticity, the form 𝔉 to complex values of the arguments
𝑥, 𝑢, and introduce the notation

𝐴𝜆 = 𝜆𝐼𝑛 − 𝐴, 𝛿(𝜆) = det𝐴𝜆, 𝑄(𝜆) = 𝛿(𝜆)𝐴−1
𝜆 , Γ = ∥ 𝛾1 0

0 −𝛾2
∥ ,

𝔉(𝐴−1
𝑖𝜔 𝑏𝑢, 𝑢) = 𝑢∗Π(𝑖𝜔)𝑢, Φ(𝑖𝜔) = |𝛿(𝑖𝜔)|2Π(𝑖𝜔). (3)
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Here Π(𝑖𝜔) = Π(𝑖𝜔)∗ is the matrix of order 𝑚 of the Hermitian form 𝔉(𝐴−1
𝑖𝜔 𝑏𝑢, 𝑢).

In [1] the following propositions are established:

Lemma. Φ(𝜆) is a polynomial with leading term (−1)𝑛𝜆2𝑛Γ,

detΦ = 𝛿𝑚−1(𝛿∇)𝑚−1 detΓ 𝜑, Φ−1 = Ω/(𝛿𝛿∇𝜑),

where 𝜑 and Ω are scalar and matrix polynomials,

𝜑 = 𝜑∇, Ω = Ω∇, 𝜑(𝜆) = 𝜆2𝑛(−1)𝑛[1 + 𝑂(𝜆−1)], 𝜆 → ∞.

Theorem 1. Suppose that
a) ⟨𝛿, 𝛿∇⟩ = 1, ⟨𝜑, 𝛿𝛿∇⟩ = 1, ⟨𝜑, Ω⟩ = 1;
b) 𝜑(𝑖𝜔) ≠ 0, ∀𝜔, and, consequently, 𝜑(𝜆) admits the factorization

𝜑(𝜆) = 𝜓(𝜆) ⋅ 𝜓(𝜆)∇,

where 𝜓(𝜆) is a Hurwitz polynomial*;
c) there exists an 𝑛 × 𝑚 matrix ℎ satisfying the identity

ℎ∗𝑞(𝜆) = 𝛿(𝜆)Ω0(𝜆), ∀𝜆, where 𝑞(𝜆) = rem(𝑄𝑏Ω
𝜓𝛿 ) , Ω0 = rem(Ω

𝜓 ) ,
(4)

(which, after equating the coefficients at identical powers of 𝜆, becomes a system
of linear equations with respect to the elements of the matrix ℎ), or, equivalently
to (4), such that the matrix

(𝐼𝑚 − ℎ∗𝐴−1
𝜆 𝑏) × Ω(𝜆)

𝜓(𝜆)

is a polynomial. Then for each 𝑧(0) = 𝑧0 optimal controls 𝑢0
1, 𝑢0

2 exist and have
the form

𝑢0
1 = ℎ∗

1𝑧, 𝑢0
2 = ℎ∗

2𝑧,
where ℎ1, ℎ2 are constant matrices of orders 𝑛 × 𝑚1, 𝑛 × 𝑚2, composed of the
first 𝑚1 and the last 𝑚2 columns of the matrix ℎ:

ℎ = ‖ℎ1, ℎ2‖.

The matrix 𝐾 = 𝐴 + 𝑏ℎ of the “synthesized”system is Hurwitz, and

det(𝜆𝐼𝑛 − 𝐾) = 𝜓(𝜆).

The payoff functional for the optimal controls has the form

𝐽(𝑢0
1, 𝑢0

2) = −𝑧∗
0𝐻𝑧0,

where 𝐻 = 𝐻∗. The matrix 𝐻 is determined from the equation

𝐴∗𝐻 + 𝐻𝐴 = 𝐹0 − ℎΓℎ∗,
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where 𝐹0 = 𝐹 ∗
0 is the matrix of the form 𝔉(𝑥, 0).

Remarks. 1. It can be shown that the matrix polynomial 𝑄𝑏Ω is divisible by 𝛿,
i.e., that 𝑞(𝜆) = 𝛿(𝜆)𝑞0(𝜆), where 𝑞0(𝜆) is a polynomial. Therefore the identity
(4) is transformed into

ℎ∗𝑞0(𝜆) = Ω0(𝜆).
2. Making in system (1) the substitution 𝑢 = 𝑣 + 𝑎∗𝑥, where 𝑎 is some

constant 𝑛 × 𝑚 matrix, we obtain a new system

𝑑𝑥/𝑑𝑡 = 𝐴1𝑥 + 𝑏𝑣,

where 𝐴1 = 𝐴 + 𝑏𝑎∗, and a new form

𝔉1(𝑥, 𝑣) = 𝔉(𝑥, 𝑢).

It can be shown that, for any choice of the matrix 𝑎, the new polynomial
𝜑(𝜆) coincides with the old one, and also that, for a suitable choice of the
matrix 𝑎, the conditions

⟨𝛿, 𝛿∇⟩ = 1, ⟨𝜑, 𝛿𝛿∇⟩ = 1, ⟨𝜑, Ω⟩ = 1

will be satisfied for the new system. It can also be shown that, when the
condition 𝜑(𝑖𝜔) ≠ 0 is fulfilled, for the new system there will be found a
matrix

* The latter means that the roots of the polynomial 𝜓(𝜆) are located in the
open left half-plane. The matrix 𝐾 below is called Hurwitz if det(𝜆𝐼𝑛 − 𝐾) is
a Hurwitz polynomial.

ℎ, satisfying identity (4)*. Thus, a sufficient condition for the existence of
optimal controls is the single condition 𝜑(𝑖𝜔) ≠ 0, ∀𝜔. The optimal controls
𝑢0

1, 𝑢0
2 still have the form 𝑢0

1 = ℎ∗
1𝑧, 𝑢0

2 = ℎ∗
2𝑧. The matrices ℎ1, ℎ2 are found

by means of the indicated substitution and by applying the procedure indicated
in Theorem 1. This procedure reduces to determining the Hurwitz polynomial
𝜓(𝜆) from the factorization equation 𝜑 = 𝜓𝜓∨ (which is found, evidently, in a
unique way) and to solving a system of linear equations obtained from identity
(4) or from the identity ℎ∗𝑞0(𝜆) = Ω0(𝜆), ∀𝜆.

3. Let 𝑚1 = 𝑚2 = 1 and let 𝜑(𝑖𝜔) change sign. It can be shown that among
the admissible controls 𝑢1 = ℎ∗

1𝑧, 𝑢2 = ℎ∗
2𝑧 with constant matrices ℎ1, ℎ2

there are no optimal ones. Moreover, for any admissible 𝑢0
1 = ℎ∗

1𝑧, 𝑢0
2 =

ℎ∗
2𝑧 there exists either a sequence 𝑢(𝑘)

1 such that the pairs (𝑢(𝑘)
1 , 𝑢0

2) are
admissible and 𝐽(𝑢(𝑘)

1 , 𝑢0
2) → −∞, or a sequence 𝑢(𝑘)

2 such that the pairs
(𝑢0

1, 𝑢(𝑘)
2 ) are admissible and 𝐽(𝑢0

1, 𝑢(𝑘)
2 ) → +∞, and this is true for any

𝑧0.
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2°. The proof of Theorem 1 is based on the following algebraic proposition.
Consider system (1) with complex, generally speaking, 𝐴 and 𝑏, and the Hermi-
tian form 𝔉(𝑧, 𝑢). System (1) is still assumed controllable. Let 𝔉(0, 𝑢) = 𝑢∗Γ𝑢,
where Γ = Γ∗, detΓ ≠ 0. Introduce the notation (3) (excluding the notation
for Γ). From (′) it follows that the lemma is valid also for this more general
case of complex coefficients.

Theorem 2. I. Suppose that there exist an 𝑛 × 𝑛 matrix 𝐻 = 𝐻∗ and an 𝑛 × 𝑚
matrix ℎ such that the representation

𝔉(𝑧, 𝑢) = 𝑑(𝑧∗𝐻𝑧)/𝑑𝑡 + (𝑢 − ℎ∗𝑧)∗Γ(𝑢 − ℎ∗𝑧), ∀𝑧, 𝑢, (5)

is valid, where the derivative is taken along system (1), i.e. 𝑑(𝑧∗𝐻𝑧)/𝑑𝑡 =
2Re[𝑧∗𝐻(𝐴𝑧 + 𝑏𝑢)], and that, moreover, the matrix 𝐾 = 𝐴 + 𝑏ℎ∗ is Hurwitz.
Then: a) the polynomial 𝜑(𝜆) admits the factorization 𝜑(𝜆) = 𝜓(𝜆)𝜓(𝜆)∨, where
𝜓(𝜆) = det(𝜆𝐼𝑛−𝐾), and, consequently, 𝜑(𝑖𝜔) ≠ 0, ∀𝜔; b) (4) is satisfied, where
𝜓(𝜆) = det(𝜆𝐼𝑛 − 𝐾).
II. Let the conditions a), b), c) of Theorem 1 be satisfied and, in particular,

let 𝜓(𝜆) and ℎ be determined according to b) and c). Let 𝐹0 = 𝐹 ∗
0 be

the matrix of the Hermitian form 𝔉(𝑧, 0), and let 𝐻 = 𝐻∗ be the matrix
determined from the linear system 𝐴∗𝐻 +𝐻𝐴 = 𝐹0 −ℎΓℎ∗. Then identity
(5) is satisfied and 𝜓(𝜆) = det(𝜆𝐼𝑛 − 𝐾), where 𝐾 = 𝐴 + 𝑏ℎ∗.

Proof of Theorem 2. All assertions of Theorem 2 follow from (′), with the
exception of the relation 𝜓(𝜆) = det(𝜆𝐼𝑛 − 𝐾) in part II. Put Ψ = (𝐼𝑚 −
ℎ∗𝐴−1

𝜆 𝑏)𝛿 = 𝛿𝐼𝑚 − ℎ∗𝑄𝑏, det(𝜆𝐼𝑛 − 𝐾) = 𝜒(𝜆), and show that 𝜒(𝜆) = 𝜓(𝜆). By
Lemma 3 (′), any minor of order 𝑚 − 1 of the matrix polynomial Ψ is divisible
by 𝛿𝑚−2. Consequently, Ψ−1 detΨ = 𝛿𝑚−2𝑍, where 𝑍 is a matrix polynomial.
By the corollary to Lemma 2 (′),

𝜒(𝜆) = 𝛿(𝜆) det(𝐼𝑚 − ℎ∗𝐴−1
𝜆 𝑏) = det(Ψ/𝛿), detΨ = 𝛿𝑚−1𝜒.

Therefore Ψ−1 = 𝑍/𝛿𝜒. By the condition (𝐼𝑚 − ℎ∗𝐴−1
𝜆 𝑏)Ω/𝜓 = ΨΩ/𝛿𝜓 = 𝑍0

is a polynomial. Consequently, Ω = Ψ−1𝑍0𝛿𝜓 = 𝑍𝑍0𝜓/𝜒. Since ⟨𝜑, Ω⟩ = 1,
we have ⟨𝜓, Ω⟩ = 1, and hence 𝜒 is divisible by 𝜓. Since 𝜑 = 𝜓𝜓∨, 𝜑 =
(−1)𝑛 × 𝜆2𝑛[1 + 𝑂(𝜆−1)], it follows that 𝜓 = 𝜆𝑛[1 + 𝑂(𝜆−1)], 𝜆 → ∞. From the
coincidence of the leading terms of 𝜒 and 𝜓 it follows that 𝜒 ≡ 𝜓.
3°. Proof of Theorem 1. From Theorem 2, II, it follows that representation
(5) is valid. Let ℎ = ‖ℎ1, ℎ2‖, where ℎ𝑗 are matrices of orders 𝑏 × 𝑚𝑗. Put
𝑢0

1 = ℎ∗
1𝑧, 𝑢0

2 = ℎ∗
2𝑧. The controls 𝑢0

1, 𝑢0
2 are admissible, since 𝐾 is a Hurwitz

matrix. Let 𝑢1 = 𝑢1(𝑧, 𝑡), 𝑢2 = 𝑢2(𝑧, 𝑡)—
* The proof of this proposition known to the author is very complicated; pre-
viously, the conditions for representing a matrix polynomial 𝐵(𝜆) = 𝐵(𝜆)∨ in
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the form 𝐵(𝜆) = 𝑋(𝜆)∨𝐶𝑋(𝜆), where 𝐶 = 𝐶∗ = const, and 𝑋(𝜆) is a matrix
polynomial, are clarified.

admissible controls. Substituting these values into (5), using the special form
of the matrix Γ (see (3)), and integrating from 𝑡 = 0 to 𝑡 = ∞, we obtain

𝐽(𝑢1, 𝑢2) = −𝑧∗
0𝐻𝑧0 + ∫

∞

0
(𝑢1 − ℎ∗

1𝑧)∗𝛾1(𝑢1 − ℎ∗
1𝑧) 𝑑𝑡−

− ∫
∞

0
(𝑢∗

2 − ℎ∗
2𝑧)∗𝛾2(𝑢2 − ℎ∗

2𝑧) 𝑑𝑡. (6)

From (6) and the assumption 𝛾1 > 0, 𝛾2 > 0, it follows at once that

𝐽(𝑢0
1, 𝑢2) ≤ 𝐽(𝑢0

1, 𝑢0
2) ≤ 𝐽(𝑢1, 𝑢0

2)

for any 𝑢1, 𝑢2 such that the pairs (𝑢0
1, 𝑢2), (𝑢1, 𝑢0

2) are admissible. The rule for
determining

𝐽(𝑢0
1, 𝑢0

2) = −𝑧∗
0𝐻𝑧

follows from Theorem 2, II.
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