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ING SYSTEMS WITH AFTEREFFECT

(Presented by Academician L. S. Pontryagin, July 2, 1970)

1. Consider the motion z(t) = {x(t),..., 2, (t)}, t € T = [ty, t1], specified by
the equations

dz,(t)/dt = X, (x(t,-),u(t,"),t), 1=1,...,n, (1)
T, t=t,, _ B
a(t) = {qfl(t)’ b hetcy, U=t —h<t<t),

where z(t,) = {x(7), t — h <7 < t}; u(t, ) = {yg
h > 0; X, are functionals defined on continuous z(
u(t, -) functions.

(T)yeeyup(T), t—h <7 < t},
t,-) and piecewise-continuous

As the class of admissible controls we take the set of piecewise-continuous func-
tions u(t) with values in a constrained set:

ut)eU, tel.

Among the admissible controls it is required to find an optimal u°(t) (see (1)):

I(u®) < I(u) = p(z(ty)).

2. Let u(t), u(t) = u(t) + Au(t), t € T, be admissible controls; z(t), Z(t) =
x(t)+Axz(t), t € T, the corresponding motions by virtue of (1). Introduce
auxiliary continuous functions ¥(t) = {¢(t),..., ¥, (t)}, t € T, ¥(t) = 0,
t > t;. From the identity *

Bt Ay(ty) — dalto) Ars(tg) = [ (DA () dt+ [ by(t) Axy(t) dt

to to
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taking into account Az(t,) = 0 and the definition

Y;(ty) = —0p(x(ty))/0z;

we obtain the increment formula

AT(u) = (@) —I(u) = — | () Ady (8 di— [ () A (t) di+O(|Ax(ty)]).
0 0 (2)

Put
w(wpu) = [ G(0Xi((t, ), u(t, ), 1) dt. 3)

n

* Everywhere below the symbol x,y; denotes Zziyi, i.e., summation over re-
i—1

peated indices is performed.

Then from (2), (3) it follows that

Al(u) = =[r(z, 9, ) — m(z, ¥, u)] */ 1 Wi (1) Az;(t) dt + O(|Ax(ty)]) =

t

= —[n(x, v, @) — m(z,9,u)] = om(w, 0, @) — [ () Az, (t) di+

to

+0(||Af6(t1)\|)*/101(\|Afv(t,->||)dt-

0

Let X, (z(t,-),u(t,-),t) be continuous with respect to z(¢,-) in the metric C.
Then, using the normal form (2) of the variation dém(x, 1, u) and the definition

i(t) = —om(z, 9, u)/Sx,(t),  teT,

we arrive at the expression

AI(U) = _[W(xa VJ% ﬂ) - 7T(1', w7 u)] +1, (4)
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1 [ [T - T o

+Owaaam+1/lcnwaufw>m.

Let us note that equations (1), through the functional (3), can be represented
in the form

xz(t) - 67(-(:1771/)7 u)/éwz(t)a tel.

3. Suppose there exists ¢, < +oo such that, for all ¢, 0 < ¢ < g, under the
needle variation

Au(t)

_JO, t¢[0,0+4¢), 0+ceT,
o, telp,0+¢), vel,

the relations

om(z, ¢, u) _ om(x, P, u)

ox(t) ox(t)

ty
Ax(t)| < ke, teT, dt <k, (b
1
1

0

k, k; < +oo

hold.
For the needle variation define the symbol 0, (x, ¥, uw)/du(t):

mw(z, 1, 0) — m(x, Y, u) = ed,m(x, P, u)/ou(t) + Oy(e).

Theorem 1. Let u%(t), t € T, be an optimal control, and let 2°(¢), ¥/°(¢) be
the corresponding solutions of the equations

() = T ) = —om(a b B0, € (ot (6)

with the boundary conditions specified above. Then for u°(¢) the maximum
condition is satisfied

§,m(29, 4%, u®) /du(t) <0, teT, veU. (7)
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4. Replace the class of admissible controls: a control u(t), ¢t € T, is admissible
if it is summable on T and belongs to a convex bounded family of functions
U(+). Suppose that, for variations of the form

Au(t) = u(t) —u(t) = e(v(t) — u(t)), 0<e<1,

u(-), v(-) € U(),

for 0 < e <¢g, (5) is satisfied. Then from (4) it follows

Theorem 2. If u%(t), t € T, is an optimal control; z°(t), 1/°(¢) are the corre-
sponding solutions of equations (6), then for u%(t) the condition

(v, (1) — (1)) dt < 0 (8)

v

" am(a®, ¢, u0)
‘Z du,,(t)

0

is fulfilled for all v(-) € U(-).

If u(-) is an interior element of the set U(-), then (U(-) may be nonconvex)

om(z°, 90, u®) /du, (t) = 0, teT. (9)

5. Let the family U(-) consist of piecewise-continuous functions with values
in a convex bounded set U. Then from (8) one obtains

Theorem 3. Under the conditions of Theorem 2 the inequality

(v, —up(t) <0 (10)

holds forallv € U, t € T.

Corollary. If on o C T the control u%(t) € int U (U not necessarily convex),
then on o (9) is fulfilled.

6. Suppose that X are continuous with respect to z(t, -) in the metric cW. 1t
the first inequality in (5) is understood in the metric C¥; then Theorem 1
remains valid with the natural change of the boundary conditions for z(t),
¥(t). They change owing to the appearance of new terms arising when
the variation d7 is reduced to the normal form (2). The corresponding
calculations are easily carried out in each concrete case.

In a similar way one can prove the maximum principle (and other necessary
optimality conditions) for systems described by equations

Rg?(p)xj(t) =X, (z(t,"),u(t,),1t), ji=1,..,n,
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with the corresponding initial conditions. Here R} (p) are linear differential
operators of order m.

Introducing the adjoint operators Eg (p), the equations for the basic and adjoint
variables can, with the aid of (3), be represented in the form

m

R (p)a;(t) = om(w, b, u) [0;(8),  Ryj(p)y(t) = om(x, b, u) /o,(t), (11)

which is more symmetric than (6). The form of the maximum condition (7)
does not change.

Continuing the generalization, one can consider systems

Xi($(t7 ')a u(t7 '>’ t) =0, (12)

defined by means of functionals continuous with respect to z(t,-) on CY. In
this case the functional (3) allows one to write the equations for x(t), 1(t) and
the maximum condition in the form

om(z,,u) /o, (t) =0, om(z,v,u)/dx,(t) =0,

0, m(x, 1, u)/du(t) <0, teT, veU, (13)

which is the most compact and easy to remember.

7. The maximum condition (7) remains valid in the case where X; are contin-
uous with respect to u(t,-) in the class C*) and the set U(-) of admissible
controls consists of functions of the same class.

8. Remarks. Since the problem under consideration is very general, the
conditions under which the operations performed here are legitimate are
not written out in detail. For concrete realizations of the problem these
con—

questions are solved trivially. It is assumed throughout that the functionals X,
are such that, for admissible controls, equations (6), (11), (13) have a unique
solution defined on T'. Such a requirement is natural for all works on the theory
of optimal processes.

The principal conditions in the optimization problems under consideration are
properties of the type (5), characterizing continuity of solutions with respect to
the parameter and with respect to perturbations small on the average. It can be
shown that the maximum conditions (7), (10), generally speaking, are violated
if the inequalities (5) are not satisfied.
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9. System (1) is a generalization of a broad class of systems encountered
in applications and considered in the theory of optimal processes. In
particular, equations (1) include systems of the form

B
501 = [ [ fatate— sl — o). t.o.s) dods (17)

and others.

The elegance of the formulation of Pontryagin’ s maximum principle for system
(14) is explained largely by the use of the Hamiltonian

H(xawau7t) = wifi(xau7 t)

However, in passing to more complicated systems (15)—(17), constructing H
according to the old rule, because of the cumbersome nature of the equations
for 1 and the cumbersome nature of the maximum condition, is not always
expedient. The introduction of the functional (3) simplifies the formulation of
the maximum principle (see (6), (7)) to the level of an original result 1.

The maximum principle in the form (6), (7) for a number of concrete systems
of type (15)—(17) was proved in 3.
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