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MATHEMATICS

R. L. FRUM-KETKOV

ON MAPPINGS IN HILBERT SPACE
(Presented by Academician P. S. Aleksandrov on 4 XII 1969)

The principal aim of the present work is to extend the Leray–Schauder degree
theory to a class of mappings 𝑀 in Hilbert space. The definition of the class
𝑀 is given in § 2. Mappings of this class are naturally called almost-monotone
mappings. In particular, the class 𝑀 includes mappings of the form 𝜑 + Φ,
where 𝜑 is a monotone mapping and Φ is a completely continuous mapping.
A number of fixed-point theorems and a theorem on invariance of domain are
presented.

1. Below, 𝐻 always denotes a real Hilbert space. All mappings under con-
sideration are assumed to be continuous. By 𝐼 we denote the identity
mapping, and by Φ(Φ𝑖) completely continuous mappings.

Since one has to consider mappings of the class 𝑀 that depend continuously
on a parameter, it is convenient to give the definition of the class 𝑀 when the
domain is a closed set in the space 𝐸 = 𝐻 × 𝑅, where 𝑅 is a compact metric
space. We shall usually put 𝑅 = [0, 1]. The symbol 𝐸 will always denote a space
of the indicated form. Points of 𝐸 will be denoted by the letter 𝑧, and points
of 𝐻 by the letter 𝑥. Replacing, in those definitions and propositions in which
𝐸 occurs, the letter 𝑧 by 𝑥 and 𝐸 by 𝐻, we obtain the corresponding defini-
tion or proposition for 𝐻. This makes it possible to shorten the corresponding
formulations.

2. Definition 1. Let 𝐴 be a bounded closed set in 𝐸, and let 𝑓 be a mapping
of 𝐴 into 𝐻. We shall say that 𝑓 ∈ 𝑀(𝐴) if the following conditions are
satisfied: 1) 𝑓(𝐴) is a bounded set; 2) if 𝐴 is a noncompact set, then for
every noncompact set 𝐵 ⊂ 𝐴

lim sup
𝑧,𝑧′∈𝐵

(𝑓(𝑧) − 𝑓(𝑧′), 𝑥 − 𝑥′) > 0,

where 𝑧 = (𝑥, 𝑡), 𝑧′ = (𝑥′, 𝑡′), 𝑥, 𝑥′ ∈ 𝐻, 𝑡, 𝑡′ ∈ 𝑅.

Thus, if 𝐴 is a bounded noncompact closed set in the Hilbert space 𝐻, then
condition 2) means that for every noncompact set 𝐵 ⊂ 𝐴
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lim sup
𝑥,𝑦∈𝐵

(𝑓(𝑥) − 𝑓(𝑦), 𝑥 − 𝑦) > 0.

In Hilbert space, the class 𝑀(𝐴) includes mappings of the form 𝜑 + Φ, where
𝜑 is a strictly monotone mapping, i.e. a mapping satisfying the condition

(𝜑(𝑥) − 𝜑(𝑦), 𝑥 − 𝑦) ≥ 𝛼(𝑟) > 0, 𝑟 = ‖𝑥 − 𝑦‖.

A strictly monotone mapping is a mapping of the form 𝐼 − 𝐾, where 𝐾 satisfies
the condition

(𝐾(𝑥) − 𝐾(𝑦), 𝑥 − 𝑦) ≤ 𝑞(𝑟)‖𝑥 − 𝑦‖2, 𝑟 = ‖𝑥 − 𝑦‖, 𝑞(𝑟) < 1.

Definition 2. Let 𝐴 be a bounded closed set in 𝐸, and let 𝑓1, 𝑓2 ∈ 𝑀(𝐴). We
shall say that 𝑓1 is homotopic to 𝑓2 in the class 𝑀 , if

there exists a homotopy 𝑔(𝑧, 𝑡), 𝑧 ∈ 𝐴, 0 ≤ 𝑡 ≤ 1, joining 𝑓1 and 𝑓2, such that
𝑔(𝑧, 𝑡) is a mapping of class 𝑀(𝐶), 𝐶 = 𝐴×[0, 1]. The corresponding homotopy
is called a homotopy in the class 𝑀 .

Below, in Proposition 1, 𝐿(𝜆) denotes the class of mappings 𝐸 → 𝐻 repre-
sentable in the form 𝜆(𝑧)𝑥 + Φ(𝑧), 𝑧 = (𝑥, 𝑦), where 𝜆(𝑧) is a positive function
satisfying the condition 0 < 𝑐1 < 𝜆(𝑧) < 𝑐2 < ∞.

Proposition 1. Let 𝐴 be a bounded closed set in 𝐸. Then: 1) 𝑀(𝐴) is a
convex set. 2) If 𝑓 ∈ 𝑀(𝐴) and 𝑔𝜆, 𝑔𝜇 are mappings of class 𝐿(𝜆), then the
mapping 𝑔𝜆𝑓𝑔𝜇 + Φ is also a mapping of class 𝑀(𝐴). 3) If 𝑓 ∈ 𝑀(𝐴), then
𝑓(𝐴) is a closed set and, for any compact set 𝐹 , the set 𝑓−1(𝐹) ∩ 𝐴 is compact.

3. By 𝑇 (𝐻) we denote the set of all finite-dimensional subspaces of 𝐻. 𝑇 (𝐻)
is ordered by inclusion. If 𝑇 ∈ 𝑇 (𝐻), then by 𝐷𝑇 we denote the orthogonal
complement of 𝑇 , and by 𝑝𝑇 (𝑝𝐷𝑇 ) the orthogonal projection onto 𝑇
(respectively onto 𝐷𝑇 ).

Let 𝐺 be a bounded open set in 𝐻, 𝐺 its closure, Γ the boundary of 𝐺, and
𝑓 a continuous mapping 𝐺 → 𝐻. For any finite-dimensional subspace 𝑇 , by
𝐺(𝑇 ) we denote 𝐺 ∩ 𝑇 , and by Γ(𝑇 ) the boundary in 𝑇 of the open set 𝐺(𝑇 ).
If 𝐺(𝑇 ) is nonempty, then by 𝑓𝑇 we denote the mapping 𝐺(𝑇 ) → 𝑇 , defined as
follows: 𝑓𝑇 (𝑥) = 𝑝𝑇 𝑓(𝑥), 𝑥 ∈ 𝑇 ∩ 𝐺 (𝑝𝑇 is the orthogonal projection onto 𝑇 ).
If 𝑎 ∈ 𝑇 ∖ 𝑓𝑇 (Γ ∩ 𝑇 ), then the degree of the mapping 𝑓𝑇 , considered on the set
𝐺 ∩ 𝑇 , at the point 𝑎 is defined; we denote it by 𝑐(𝑓𝑇 , 𝑎, 𝐺 ∩ 𝑇 ).
Let 𝑎 be a point in 𝐻 such that 𝑎 lies outside 𝑓(Γ). We shall say that 𝑓
(considered on 𝐺) has mapping degree 𝑐(𝑓, 𝑎, 𝐺) at the point 𝑎 over 𝑍, if the
following conditions are satisfied:
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a) There exists a 𝑇0 ∈ 𝑇 (𝐻), containing 𝑎, such that for any 𝑇 ⊇ 𝑇0 the set
𝑓𝑇 (Γ ∩ 𝑇 ) does not contain 𝑎, i.e. for any 𝑇 ⊇ 𝑇0 the value 𝑐(𝑓𝑇 , 𝑎, 𝐺 ∩ 𝑇 )
is defined.

b) The values 𝑐(𝑓𝑇 , 𝑎, 𝐺 ∩ 𝑇 ) stabilize over 𝑍, i.e. there exists a 𝑇1 ∈ 𝑇 (𝐻)
such that 𝑐(𝑓𝑇 , 𝑎, 𝐺 ∩ 𝑇 ) = 𝑐(𝑓, 𝑎, 𝐺), if 𝑇 ⊇ 𝑇1.

We note that if condition 1) is fulfilled, then stabilization of 𝑐(𝑓𝑇 , 𝑎, 𝐺∩𝑇 ) takes
place modulo 2, but, generally speaking, there may be no stabilization over 𝑍;
see (2).
Below, to the end of the note, by mapping degree we mean mapping degree over
𝑍.

4. For mappings of class 𝑀 , the mapping degree is defined at all points
lying outside the image of the boundary, and computation of the mapping
degree reduces to computation of the mapping degree of a mapping of the
form 𝐼 − Φ. More precisely, the following holds.

Proposition 2. Let 𝐺 be a bounded open set in 𝐻, Γ the boundary of 𝐺,
𝑓 ∶ 𝐺 → 𝐻, and 𝑓 ∈ 𝑀(𝐺). Then 𝑓(Γ) is a closed set, and for any point 𝑎 lying
outside 𝑓(Γ), there exists a neighborhood 𝑈 in 𝐻 and a 𝑇0 ∈ 𝑇 (𝐻) such that:
1) for any point 𝑏 ∈ 𝑈 the mapping degree 𝑐(𝑓, 𝑏, 𝐺) is defined, and this value is
constant on 𝑈 ; 2) for any 𝑏 ∈ 𝑈 and any 𝑇 ⊇ 𝑇0, 𝑐(𝑓, 𝑏, 𝐺) coincides with the
degree of the mapping 𝐼 + 𝑝𝑇 (𝑓 − 𝐼) at the point 𝑏.

In the class 𝑀 , the mapping degree has all the basic properties of the mapping
degree (see, for example, (1), § 1): 1) additivity; 2) 𝑎 ∈ 𝑓(𝐺), if 𝑐(𝑓, 𝑎, 𝐺) ≠ 0;
3) the degree 𝑐(𝑓, 𝑎, 𝐺) remains constant under a continuous deformation of the
domain 𝐺 and of the mapping 𝑓 (in the class 𝑀), if 𝑎 lies outside the image of
the boundary under this deformation.

For mappings of class 𝑀 the following classification theorem holds.

Proposition 3. Let 𝐺 be a bounded open set in 𝐻; Γ the boundary of 𝐺; 𝑓1, 𝑓2
mappings of class 𝑀(𝐺). Suppose 𝑓2(Γ) ∪ 𝑓2(Γ) does not contain the point 𝑎,
𝑐1 = 𝑐(𝑓1, 𝑎, 𝐺), 𝑐2 = 𝑐(𝑓2, 𝑎, 𝐺). The equality 𝑐1 = 𝑐2 has

takes place if and only if there exists a homotopy 𝑔(𝑥, 𝑡) in the class 𝑀 , con-
necting 𝑓1 and 𝑓2, for which inf ‖𝑔(𝑥, 𝑡) − 𝑎‖ > 0, 𝑥 ∈ Γ, 0 ≤ 𝑡 ≤ 1.

Let 𝐴 be a bounded closed set in 𝐸, 𝑓 a mapping of 𝐴 into 𝐻 of the class 𝑀(𝐴),
𝑇 ∈ 𝑇 (𝐻). Define the mapping 𝜓[𝑓, 𝑇 ] as follows:

𝜓[𝑓, 𝑇 ](𝑥, 𝑡) = 𝑓(𝑥) + 𝑡𝑝𝐷𝑇 (𝑥 − 𝑓(𝑥)), 𝑥 ∈ 𝐴, 0 ≤ 𝑡 ≤ 1.

The mapping 𝜓[𝑓, 𝑇 ] is defined on 𝐴 × [0, 1] and is a mapping of the class 𝑀 .
We have 𝜓[𝑓, 𝑇 ](𝑥, 0) = 𝑓(𝑥) and 𝜓[𝑓, 𝑇 ](𝑥, 1) = 𝑥 + 𝑝𝑇 [𝑓(𝑥) − 𝑥], i.e., if 𝑡 is
regarded as a deformation parameter, then 𝜓[𝑓, 𝑇 ] is a deformation in the class
𝑀 taking 𝑓 into the mapping 𝐼 + 𝑝𝑇 (𝑓 − 𝐼).

sovietrxiv.org/items/ru-197001.05492 Machine Translation

https://sovietrxiv.org/items/ru-197001.05492


The proof of the propositions stated above is based on the following proposition:

Proposition 4. Let 𝐴 be a bounded closed set in 𝐸, 𝑓 a mapping of 𝐴 into
𝐻 of the class 𝑀(𝐴). For every point 𝑎 lying outside 𝑓(𝐴), there exists a
𝑇0 ∈ 𝑇 (𝐻), containing the point 𝑎, and an 𝜀 > 0 such that, for every 𝑇 ⊃ 𝑇0,
‖𝑝𝑇 𝜓(𝑓, 𝑇0)(𝑥, 𝑡) − 𝑎‖ > 𝜀, if 𝑥 ∈ 𝑇 ∩ 𝐴, 0 ≤ 𝑡 ≤ 1.

5. Let 𝐴 be a closed bounded set in 𝐸. By 𝑀0(𝐴) we denote the set of
continuous mappings 𝐴 → 𝐻 which is the closure, in the uniform metric,
of the set 𝑀(𝐴). If 𝐴 lies in 𝐻, then this is equivalent to saying that 𝑓(𝐴)
is a bounded set and, for every noncompact set 𝐵 ⊂ 𝐴,

lim sup
𝑥,𝑦∈𝐵

(𝑓(𝑥) − 𝑓(𝑦), 𝑥 − 𝑦) ≥ 0.

The class 𝑀0 includes, for example, mappings of the form 𝐼 − 𝐾 − Φ, where
‖𝐾(𝑥) − 𝐾(𝑦)‖ ≤ ‖𝑥 − 𝑦‖. Let 𝐺 be a bounded open set in 𝐻; Γ the boundary
of 𝐺; 𝑓 ∶ 𝐺 → 𝐻. If 𝑓 ∈ 𝑀0(𝐺), then the set 𝑓(Γ), generally speaking, may be
nonclosed, and the degree of the mapping 𝑓 is defined at all points lying outside
𝑓(Γ) in the following way.

For every point 𝑎 lying outside 𝑓(Γ), there exist 𝜆(𝑎) > 0 and a neighborhood
𝑈(𝑎) such that, for every 𝜆 satisfying 0 < 𝜆 < 𝜆(𝑎), the mapping 𝑓𝜆 = 𝑓 + 𝜆𝐼
has a degree of mapping at all points of 𝑈(𝑎), and the degree of this mapping
does not depend on 𝜆. This value is taken to be 𝑐(𝑓, 𝑎, 𝐺).
Replacing 𝑀 by 𝑀0 in Definition 2, we obtain the definition of homotopy in the
class 𝑀0. In the class 𝑀0 the classification theorem is also valid (Proposition
3); it is only necessary, instead of 𝑓𝑖(Γ), to write everywhere 𝑓𝑖(Γ).

6. For mappings of the class 𝑀 the theorem on invariance of domain is valid:

Proposition 5. Let 𝐺 be an open bounded set in 𝐻, 𝑓 a homeomorphic
mapping of 𝐺 into 𝐻. If, for every closed set 𝐴 ⊂ 𝐺, 𝑓 ∈ 𝑀(𝐴), then 𝑓(𝐺) is
an open set.

Below we give a number of propositions on fixed points.

Proposition 6. Let 𝑄 be an open bounded convex set in 𝐻; Γ the boundary of
𝑄; 𝑓 ∶ 𝑄 → 𝐻. Let 𝑓 ∈ 𝑀(𝑄), and let 𝑎 be a point of 𝑄 such that the equation
𝑓(𝑥) = 𝜆(𝑥 − 𝑎) has no solutions for 𝑥 ∈ Γ and any 𝜆 ≥ 0 (or for any 𝜆 ≤ 0).
Then 𝑓(𝑄) contains the point 𝑎.

From Proposition 6 it follows immediately:

Proposition 7. Let 𝑄 be an open bounded convex set in 𝐻; Γ the boundary of
𝑄; 𝑓 such a mapping 𝑄 → 𝐻 that 𝐼 − 𝑓 is a mapping of the class 𝑀(𝑄). Then
𝑓 has a fixed point in 𝑄, if one of the two conditions is satisfied: a) 𝑓(Γ) ⊆ 𝑄;
b) 𝑄 is a ball and (𝑓(𝑥), 𝑥) ≠ (𝑥, 𝑥) for 𝑥 ∈ Γ.
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The following proposition generalizes the Borsuk–Ljusternik–Schnirelman theo-
rem:

Proposition 8. Let 𝑆 be a sphere in 𝐻 with center at the point 𝑂; let 𝑓 be a
mapping of class 𝑀(𝑆) such that the equation 𝑓(𝑥) = 𝜆𝑓(−𝑥) has no solutions
on 𝑆 for any 𝜆 ≥ 0. Then the degree of the mapping 𝑓 with respect to the point
𝑂 is odd.

Proposition 9 is a generalization of Brouwer’s theorem (3).
Proposition 9. Let 𝑓 be a mapping of 𝐻 into 𝐻 such that the mapping 𝐼 − 𝑓
is a mapping of class 𝑀(𝐴) for any closed set 𝐴. If, for some positive integer
𝑚, the iteration 𝑓𝑚(𝐻) is bounded, then 𝑓 has a fixed point.

I express my gratitude to A. S. Schwarz and V. G. Boltyanskii for discussion of
the questions considered in this paper.
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