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1. Let T}, be a binary table having [ rows and n columns, and let 7}, be a
table composed of k (k < n) columns of the table Tj,,.

Definition 1. We shall call the table T};, a test of the table T}, if it consists
of distinct rows.

Definition 2. A test will be called dead-end if, after the deletion of any
column from it, it ceases to be a test. The notion of a test and of a dead-end
test is given in paper (1).

With the table T},, we associate the quantities N(T},,) and N*(T}, )—the number
of all dead-end tests and the number of dead-end tests into which the i-th column
enters, respectively.

In test algorithms for pattern recognition (?), the information weight of a column
is taken as the measure of informativeness of the column,

I'=N(T,,)/N(T,,)- (1)

For the so-called “voting” algorithms, Yu. I. Zhuravlev proposed, as a measure
of informativeness, the quantity

-1

-1 -1 1
7= Z Z (Cﬁip” N C’Ziliﬁij) Z Z Cﬁ*ﬂij’ (2)

i=1 j=i+1 i=1 j=i+1

where p;; is the Hamming distance between rows 7 and j in the table 7j,,, and
pi; is the same distance after the deletion of one of the columns.

sovietrxiv.org/items/ru-197001.03593 Machine Translation


https://sovietrxiv.org/items/ru-197001.03593

2. We shall now regard T;,, as a random table, namely a table each element
of which takes the values 0 and 1 with probability 1/2. Then N(T},),
N(T,,), I, and J are random variables.

In the present note, for the class of tables satisfying the relation
n <2 (a<1/2) (3)

the asymptotics of the mean (as n,i — oo) of the random variable N(T;,) is
found, and for the class of tables satisfying the condition

logl/a<n <P (4)

(B<2, a=1/2—X;/logl, A\j — 00, A\g/logl — 0),

it is proved that

N/Nil, ln/210gl£>1 (I,n — 00).

For tables T, of arbitrary sizes, provided only that one of the relations

k < ¥n, 1227F = 0,

is fulfilled, the formula

Jn/k —1 (Il,n — o)
is valid.

P
Here the symbol — denotes, as usual, convergence in probability.

3. Let us estimate the probabilities of a dead-end test
Consider the table T;;,. We give several definitions.

Definition 3. Two unequal rows of the table 7}, form a connection on the
i-th column if, after deletion of the i-th column, they become equal.

We shall say that the table T}, has a connection on the i-th column if at least
one pair of rows of T}, forms a connection on the i-th column; the table 7}, has
a connection on m columns if it has a connection on each of the m columns.

Introduce the notation: T}, T}, are, respectively, a test and a dead-end test
of the table Tj;; R?, R} are, respectively, the set of tests and the set of tests
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having a connection on the first column; rf is the set of tests having ¢ and only
i connections on the first column; p(A) is the cardinality of the set A.

Let @y and @ be some sets whose elements are, respectively, the tables
Ty Ty and let ap and a4 be integers. By the notation ay@Qy — ;@ we
shall agree to understand the following: from the «a sets @), by deleting one
row from each table, one can construct o, sets Q};. For the sets rf, rfil, rfj it
is not difficult to prove the validity of the relations

2irt — (1 —2i+ 1)ri-l, (5)

(I—20)rf — 20251 —14+i+ 1)ri . (6)

The introduced notation allows us to write the equalities

(t-v/2 b2
R}, = Z 15 R} = er- (7)
i=0 i=0

On the basis of (5) and (6) one can always find an integer A; > 0 such that the
representation

Al(ai + 61)7”; - mzr?:% U 77,1'7”;‘71 (Z = Ov 1; (AR [1/2])a

holds, where «;, 8, > 0; o, + 8, = 1; m,, n,; are positive integers. It is proved,
moreover, that «,, 8; satisfy the equation

. . R} .
aatn}) + By anlr ™) = HE i),
-1

Hence and from formulas (7) it follows:

Lemma 1. There exist positive integers A;, B; such that

AR} = B/R) ,.

A consequence of Lemma 1 is

Lemma 2. The probability of a dead-end test satisfies the inequality

I—i+1 =i+l
2 ! Czk—l

k
p(T3,) = p(T3;) Hpia p=1— PolieEs]
2k

=1

Let the table T}, form a test. Fix m columns.
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Definition 4. We shall call a garland a group of i + 1 rows that form connec-
tions among themselves on ¢ columns belonging to the m specified columns.

Definition 5. We shall call a maximal garland on the j-th column a garland
that forms connections on the maximal number of columns among the m fixed
columns, including the j-th.

Denote by X" a test 1}; having a connection on m fixed columns, among which
the first is included, and by Y;, .. a test T}, containing a maximal garland of
i 4+ 1 rows on the first column.

Then

m

p(X"/RY) = p(Y;max X[""'/R)) (XP =1). 8)

i=1

From the assertion of Lemma 1 and the fact that the probability of a join on m
columns does not increase when the number of rows of the table is decreased,
the probabilities entering the right-hand side of (8) are estimated from above.
As a result we have

p (X{"/RY) < pup (X[ /RY) + Y 28O il = D124 p (X RY).
=2

Further, by the method of mathematical induction, one proves

Lemma 3. The probability of a dead-end test satisfies the inequality
p(Ty) < p(Ty)pT(1+ 6)",
where

PR 1 (kK /27)k
22kpt 1k 2k

A consequence of Lemmas 2 and 3 is

Theorem 1. If £2[~! — 0, then

p(T}) ~ p(T) (1 —exp(—122" 1)) |

For those k for which the condition of Theorem 1 is not satisfied, we give the
following upper estimate for the probability of a dead-end test:
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P(Teer)) < p(To) p(T3) /p(T3), (9)

4. The mean number of dead-end tests can be represented by the sum

min(n,l—1)
N N Ny =Chp(Th) (10)
k=[log!]

where N, is the mean number of dead-end tests of length & (the length of a test
is the number of columns in it). Using Theorem 1 and formulas (9) and (10),
one proves

Theorem 2. 1) If n < [*(logl)” (v < 3), then
N ~ Nko + Nkl .
2) Ifn <2 (a < 1/2), then

i=1

[l*0]—k, ko—[log!]
N~ Ny, (1+ Zl (mlal=D2)i 4 3" (nkola“”/?)l),

1=

where

J— ~ k-1 ~ ~
Ny~ Ny, = Cﬁp(ﬂl)(l - x)k; T = GX]D(—Z22 )i M= Nk/NkH;
ko is the root of the equation 7, =1; ky = kg —1or kg + 15, =1, m, 4 <1
0<a<a;<1/2;0<a<1/4.
In particular: 1) for 2logl <n < & (8<2)

ko = [2logl — log(—In(n'/?logl — 1)) — 2J;
2) for 1 <n <2 (¢ >2),a=1/4,

ky = [1/2log(n/1?) — 1/2loglog(n/I%) — 1/2].

Consider the set of tables Q,, = {T},,}, where 2logl <n < 1° 1 € (I;,(1+a)l,),
a>0.

Theorem 3. In almost all tables of the set @,,

N ~ Nk(] (l — OO).
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5. In the table T}, we number the columns (1,2,...,n). Consider two tables
composed of k columns of the table 7,. Let each of them contain m and only
m columns with identical numbers. Denote by p(m), p’(m) the probability that
both tables simultaneously are tests, dead-end tests respectively. For them the
following is valid

Lemma 4. 1) p(m) is a nondecreasing function of m.

2) p’(m) < p(m) < exp{—I1227F + 3, }, where

+ + —[2—m 1—gq

12 l 3 1 2exp(l-27™*L)
/Bm = 22k7m+1 2m+1 22m+1 1

) (g <1).
3) p'(m) <p* ~ p(T)) (1 —2)*(1 — 2" )™ (B =0, 1 — o0).

Denote by DN, the variance of the number of dead-end tests of length k. Then,
by (3), the formula holds

k — /
N cho opAT,)
Nk m=max(0, 2k—n) n lk

Using Lemma 4, one can show that

Lemma 5. For the class of tables (4), V,, — 0 (I,n — o0).

In what follows we shall consider only those tables of class (4) for which N ~ Wko
(I = o0). From Chebyshev’ s inequality (4) and Lemma 5 it follows that

— P
Theorem 4. N/N — 1 (I,n — ).

For the random variable N*(T},,) one can prove a theorem analogous to Theorem

4, and show that N~ 2log! N/n (n,l — o). Hence, and from Theorem 4, it
follows that

P
Theorem 5. I, /2logl — 1 (n,l — o).

6. Consider the table T}, whose dimensions are arbitrary. For the random
variable J the following holds:

Theorem 6. If k < /n or 1227% — oo, then J, /k 1 (I,n — 00).
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