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UDC 517.917

MATHEMATICS

I. T. Kiguradze

ON A SINGULAR BOUNDARY VALUE
PROBLEM FOR AN ORDINARY DIFFER-
ENTIAL EQUATION OF THE 𝑛-TH ORDER
(Presented by Academician I. N. Vekua on 9 XII 1969)

In the present note, sufficient conditions are given for the solvability of the
boundary value problem

𝑢(𝑛) = 𝑓(𝑡, 𝑢, 𝑢′, … , 𝑢(𝑛−1)), (1)

𝑢(𝑖−1)(𝑎) = 𝑢0𝑖 (𝑖 = 1, 2, … , 𝑛 − 1), 𝑢(𝑚−1)(𝑏) = 𝑢0, (2)

where 1 ≤ 𝑚 ≤ 𝑛 − 1, −∞ < 𝑎 < 𝑏 < +∞, −∞ < 𝑢0𝑖, 𝑢0 < +∞ (𝑖 =
1, 2, … , 𝑛−1), and the function 𝑓(𝑡, 𝑥1, … , 𝑥𝑛) is defined in the domain 𝑎 < 𝑡 < 𝑏,
−∞ < 𝑥1, … , 𝑥𝑛 < +∞, is measurable with respect to 𝑡, continuous with respect
to 𝑥1, … , 𝑥𝑛, and

𝑓∗(𝑡; 𝜌) = sup{|𝑓(𝑡, 𝑥1, … , 𝑥𝑛)| ∶ |𝑥𝑘| ≤ 𝜌 (𝑘 = 1, 2, … , 𝑛)} ∈

∈ 𝐿(𝑎 + 𝛿, 𝑏 − 𝛿)

for any 𝜌 ∈ (0, +∞) and 𝛿 ∈ (0, 𝑏 − 𝑎/2).
In contrast to the cases considered by other authors (see, for example, (1,2 )),
below it is assumed that the function 𝑓(𝑡, 𝑥1, … , 𝑥𝑛), having singularities at
𝑡 = 𝑎 and 𝑡 = 𝑏, is in general not summable with respect to 𝑡 on the interval
𝑎 < 𝑡 < 𝑏.

For what follows it is convenient to introduce the following

Definition. Let 𝜔(𝑡, 𝑥1, … , 𝑥𝑘) be a nonnegative function defined in the do-
main 𝑡1 < 𝑡 < 𝑡2, −∞ < 𝑥1, … , 𝑥𝑛 < +∞. We shall say that it belongs to
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the set 𝐵𝑘
𝑗 (𝑡1, 𝑡2), where 𝑗 ∈ {1, 2}, if for every 𝜌 ∈ (0, +∞) there exists a

nonnegative function 𝜑𝜌(𝑡), continuous on the interval 𝑡1 < 𝑡 < 𝑡2, such that
(𝑡−𝑡𝑗)𝑘−1𝜑𝜌(𝑡) ∈ 𝐿(𝑡1, 𝑡2) and |𝑣(𝑘)(𝑡)| ≤ 𝜑𝜌(𝑡) for min{𝑡0, 𝑡𝑗} < 𝑡 < max{𝑡0, 𝑡𝑗},
whatever the number 𝑡0 ∈ [𝑡1, 𝑡2] and the function 𝑣(𝑡), absolutely continuous
together with 𝑣(𝑖)(𝑡) (𝑖 = 1, 2, … , 𝑘) on the interval 𝑡1 ≤ 𝑡 ≤ 𝑡2 and satisfying
the conditions

|𝑣(𝑖−1)(𝑡)| ≤ 𝜌|𝑡 − 𝑡𝑗|1−𝑖 (𝑖 = 1, 2, … , 𝑘),

𝑣(𝑘+1)(𝑡) sign[(𝑡𝑗 − 𝑡)𝑣(𝑘)(𝑡)] ≤ 𝜔(𝑡, 𝑣′(𝑡), … , 𝑣(𝑘)(𝑡)) for 𝑡1 < 𝑡 < 𝑡2,

|𝑣(𝑘)(𝑡0)| < 𝜌.

By 𝐷𝑟(𝑡1, 𝑡2) below we denote the set

𝐷𝑟(𝑡1, 𝑡2) =

= {𝑡, 𝑥1, … , 𝑥𝑛) ∶ 𝑡1 < 𝑡 < 𝑡2, |𝑥𝑘| ≤ 𝑟 (𝑘 = 1, … , 𝑚),

|𝑥𝑘| ≤ 𝑟(𝑏 − 𝑡)𝑚−𝑘 (𝑘 = 𝑚 + 1, … , 𝑛 − 1), |𝑥𝑛| < +∞}.

Theorem 1. If

𝑓(𝑡, 𝑥1, … , 𝑥𝑛−1, 0) sign 𝑥𝑛−1 ≥ 0 for 𝑎 < 𝑡 < 𝑏,

−∞ < 𝑥1, … , 𝑥𝑛−2 < +∞, 𝑟0 ≤ |𝑥𝑛−1| < +∞,

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≥ −𝜔1(𝑡, 𝑥𝑛) for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝛽), (3)

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≤ 𝜔2(𝑡, 𝑥𝑚+1, … , 𝑥𝑛) for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷(𝑎, 𝛽),

where 𝑎 ≤ 𝛼 < 𝛽 ≤ 𝑏,

𝑟0 > 0, 𝑟 = (𝑛 − 𝑚)!(𝑛 − 1)(1 + 𝑏 − 𝑎)𝑛−2×
× max{|𝑢0𝑖| (𝑖 = 1, 2, … , 𝑛 − 1), |𝑢0|, 𝑟0},
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𝜔1(𝑡, 𝑥1) ∈ 𝐵1
1(𝑎, 𝛽), 𝜔2(𝑡, 𝑥1, … , 𝑥𝑛−𝑚) ∈ 𝐵 𝑛−𝑚

2 (𝑎, 𝑏), (4)

then problem (1)—(2) is solvable.

With a special choice of the functions 𝜔1(𝑡, 𝑥1) and 𝜔2(𝑡, 𝑥1, … , 𝑥𝑛−𝑚), from
Theorem 1 one can obtain a number of sufficient conditions for the solvability
of problem (1)—(2). We give some of them.

Theorem 2. Let conditions (3) and (4) be satisfied,

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≥ −ℎ1(𝑡)(1 + |𝑥𝑛|)𝜆1 for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝛽), (5)

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≤ ℎ2(𝑡)(1 + |𝑥𝑛|)𝜆2 for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝛽), (6)

where 𝑎 ≤ 𝛼 < 𝛽 ≤ 𝑏, and 𝜆1 and ℎ1(𝑡) satisfy one of the following two
conditions:

1) 𝜆1 < 1, ℎ1(𝑡) ≥ 0, ℎ1(𝑡) ∈ 𝐿(𝑡0, 𝛽) for every 𝑡0 ∈ (𝑎, 𝛽), and

[∫
𝛽

𝑡
ℎ1(𝜏) 𝑑𝜏]

1
1−𝜆1

∈ 𝐿(𝑎, 𝛽);

2) 1 ≤ 𝜆1 ≤ 2 and

(1 + | ln(𝑡 − 𝑎)|)−1ℎ1(𝑡) ∈ 𝐿𝑝1(𝑎, 𝛽),

where
𝑝1 = 1

2 − 𝜆1
if 𝜆1 < 2, 𝑝1 = +∞ if 𝜆1 = 2,

and 𝜆2 and ℎ2(𝑡) satisfy one of the following two conditions:

1) 𝜆2 < 1, ℎ2(𝑡) ≥ 0, ℎ2(𝑡) ∈ 𝐿(𝑎, 𝑡0) for every 𝑡0 ∈ (𝑎, 𝑏), and

(𝑏 − 𝑡)𝑛−𝑚−1 [∫
𝑡

𝑎
ℎ2(𝜏) 𝑑𝜏]

1/(1−𝜆2)

∈ 𝐿(𝑎, 𝑏);

2) 1 ≤ 𝜆2 ≤ 2 and

(𝑏 − 𝑡)(𝑛−𝑚−1)(1−𝜆2)(1 + | ln(𝑏 − 𝑡)|)−1ℎ2(𝑡) ∈ 𝐿𝑝2(𝑎, 𝑏),
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where
𝑝2 = 1

2 − 𝜆2
if 𝜆2 < 2, 𝑝2 = +∞ if 𝜆2 = 2.

Then problem (1)—(2) is solvable.

Theorem 3. Let conditions (3), (4), and (5) be satisfied, where 𝜆1 and ℎ1(𝑡)
satisfy the conditions of Theorem 2. Suppose further that

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≤ ℎ20(𝑡)+

+
𝑛−𝑚
∑
𝑘=1

ℎ2𝑘(𝑡)(1 + |𝑥𝑚+𝑘|)(𝑛−𝑚+1)/(𝑘−1/𝑘𝑝2𝑘) for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝑏),

where
𝑎 < 𝛼 < 𝑏, 1 ≤ 𝑝2𝑘 < +∞ (𝑘 = 1, 2, … , 𝑛 − 𝑚),

(𝑏 − 𝑡)𝑛−𝑚ℎ20(𝑡) ∈ 𝐿(𝑎, 𝑏), ℎ2𝑘(𝑡) ∈ 𝐿𝑝2𝑘(𝑎, 𝑏) (𝑘 = 1, 2, … , 𝑛 − 𝑚).

Then problem (1)—(2) is solvable.

Theorem 4. Let conditions (3), (4), and (6) be satisfied, where 𝑎 < 𝛼 < 𝑏,
𝜆2 > 1, the function ℎ2(𝑡) is positive, ℎ2(𝑡) ∈ 𝐿(𝑎, 𝑏), and

∫
𝑏

𝑎
(𝑏 − 𝑡)𝑛−𝑚−1 [∫

𝑏

𝑡
ℎ2(𝜏) 𝑑𝜏]

1−(1−𝜆2)

𝑑𝑡 = +∞.

Suppose, further,

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≥ −ℎ1(𝑡)(1 + |𝑥𝑛|)𝜆1 for (𝑡, 𝑥, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝑏),

where 𝜆1 and ℎ1(𝑡) satisfy the conditions of Theorem 2 for any 𝛽 ∈ (𝑎, 𝑏). Then
problem (1)—(2) is solvable.

Theorem 5. Suppose that conditions (3), (4), and (5) are satisfied, where
𝑎 < 𝛽 < 𝑏, 𝜆1 > 1, the function ℎ1(𝑡) is positive, ℎ1(𝑡) ∈ 𝐿(𝑎, 𝛽), and

∫
𝛽

𝑎
[∫

𝑡

𝑎
ℎ1(𝜏) 𝑑𝜏]

1/(1−𝜆1)

𝑑𝑡 = +∞.

Suppose, further,

𝑓(𝑡, 𝑥1, … , 𝑥𝑛) sign 𝑥𝑛 ≤ ℎ2(𝑡)(1 + |𝑥𝑛|)𝜆2 for (𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐷𝑟(𝑎, 𝑏),
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where 𝜆2 and ℎ2(𝑡) satisfy the conditions of Theorem 2 for any 𝛼 ∈ (𝑎, 𝑏). Then
problem (1)—(2) is solvable.
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