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In the present note, sufficient conditions are given for the solvability of the
boundary value problem

u™ = f(t,u, ..., u™Y), (1)

uV(a) =uy (i=1,2,..,n—1), u™=D(b) = uy, (2)

where 1 < m < n—1, —c0 < a < b < 400, —00 < Ug;, Uy < +o0 (I =
1,2,...,n—1), and the function f(¢,z,...,x,) is defined in the domain a < t < b,
—00 < Ty, ..., ¢, < +00, is measurable with respect to ¢, continuous with respect
to zq,...,x,, and

rno

(it p) =sup{|f(t,zq, ..., z,)] s |zl <p (k=1,2,...,n)} €

€ L(a+6,b—0)

for any p € (0,4+00) and § € (0,0 — a/2).

In contrast to the cases considered by other authors (see, for example, (1,%)),

below it is assumed that the function f(¢,x4,...,x, ), having singularities at

t = a and t = b, is in general not summable with respect to t on the interval
a<t<b.

For what follows it is convenient to introduce the following

Definition. Let w(t,zq,...,2;) be a nonnegative function defined in the do-
main t; <t < ty, —00 < xq,...,%, < +0o. We shall say that it belongs to
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the set B;?(tl,tz), where j € {1,2}, if for every p € (0,+00) there exists a
nonnegative function ¢ p(t), continuous on the interval ¢; < t < t,, such that
(t—t;)" 1o, (t) € L(ty,t,) and [P ()] < ¢, (t) for min{ty, t;} <t < max{ty,?,},
whatever the number ¢, € [t,t,] and the function v(t), absolutely continuous
together with v(?(¢) (i = 1,2,...,k) on the interval ¢, < t < t, and satisfying
the conditions

D@ < plt =)' (i =1,2,...,k),
oEH (t) sign|(t; — o™ ()] < w(t, v/ (t), ..., oW (1)) for t, <t <ty,

™ (o)l < p.

By D,.(t1,t,) below we denote the set

Dr(t17t2) =
={t,zq,...,x,): t; <t <ty lxz| <r(k=1,..,m),

lzg| <r(b—t)" % (k=m+1,...,n—1), |z,| < +oc}.

Theorem 1. If

ft,zq, ..., z,_1,0)signe, ; >0 fora<t<b,

—00 < Ly, ey Tpy_g < +00, ro < |z,_1] < +o0,

f(t’xla ,(En) Signxn 2 _Wl(t’ ;Un) for (t»xla 7xn) € Dr<aaﬁ)7 (3)

ft, g, ..., x,)signe, <w,(t,x,,q,...,2,) for (t,zq,...,z,) € D(a,p),

where a < a < < b,

7o >0, r=mn—-—m)(n—1)(1+b—a)"?x

><rna‘x{|1’L0i| (7' = 1,2,...,71—1), |u0|a rO}v
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wl(t7x1) € B}(aﬂﬁ)? w2<t7$1,... T ) € Bglim(aﬂb)? (4)

’ n—m

then problem (1)—(2) is solvable.

With a special choice of the functions wy (t,2z,) and wy(t, 24, ...,2,,_,,), from

i n—m
Theorem 1 one can obtain a number of sufficient conditions for the solvability
of problem (1)—(2). We give some of them.

Theorem 2. Let conditions (3) and (4) be satisfied,

ft,xq,...,m,)signz, > —h (t)(1+|z,|)™ for (t,z,...,7,) € D,(a,B), (5)

f(t,xl,...,xn)signxn gh?(t)(]"F|xn|))\2 for (t7mla"'axn) 6Dr<a’aﬂ)7 (6)

where a < o < 8 < b, and \; and h,(t) satisfy one of the following two
conditions:

1) Ay <1, hy(t)>0, hy(t)€ Lty,p) for every t, € (a,3), and

2) 1<) <2and

(1+[In(t —a)))"'hy (t) € LP(a, B),

where
1

T2

Dy if A} <2, p =+oo if A\ =2,

and A\, and hy(t) satisfy one of the following two conditions:
1) Ay <1, hy(t) >0, hy(t) € L(a,ty) for every t, € (a,b), and

1/(1=2)

(b—t)n—m-1 l/ ho(7) drl € L(a,b);

2) 1<\, <2and

(b— 1) NN (1 + [In(b — ) ha(t) € L% (a,b),
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where

172:2_)\2 it Ay <2, py =+oo if Ay =2.

Then problem (1)—(2) is solvable.

Theorem 3. Let conditions (3), (4), and (5) be satisfied, where \; and h,(t)
satisfy the conditions of Theorem 2. Suppose further that

flt,zq, ..z, signa, < ho(t)+

+ D a1+ [y, YV E R or (82, ... 2,) € Dy(a,b),
k=1

where
a<a<hb, 1<py <40 (k=1,2,....,n—m),

(b— )" ™hyo(t) € L(a,b),  hoy(t) € LP2e(a,b) (k=1,2,...,n—m).

Then problem (1)—(2) is solvable.

Theorem 4. Let conditions (3), (4), and (6) be satisfied, where a < « < b,
Ay > 1, the function hy(t) is positive, hy(t) € L(a,b), and

1—(1-Xy)

/ab(b —t)yn—m-1 [[) ho(T) dT] dt = +o0.

Suppose, further,

A

ft,zy, . z,)signe, > —hy(t)(1+ |z,|)"" for (t,x,...,z,) € D,(a,b),

where A, and h;(t) satisfy the conditions of Theorem 2 for any 8 € (a,b). Then
problem (1)—(2) is solvable.

Theorem 5. Suppose that conditions (3), (4), and (5) are satisfied, where
a < 8 < b, A\ > 1, the function h,(t) is positive, h,(t) € L(a, ), and

s o 112
/ {/ h1<T)dT] dt = +o0.

Suppose, further,

ft,zy, . z,)signe, < hy(t)(1+ \J;n|)>\2 for (t,xq,...,z,) € D,(a,b),
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where X\, and hy(t) satisfy the conditions of Theorem 2 for any o € (a,b). Then
problem (1)—(2) is solvable.
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