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At present, in connection with wide applications, the problem of synthesizing
coding systems with an asymmetric character of channel distortions is topical,
including distortions of the type of insertions and deletions of symbols in a
signal (17°). The mathematical structure of such coding systems has its own
particular specificity, distinguishing it from the majority of other systems well
studied in the literature. Therefore, for its practical investigation it is necessary
to introduce new mathematical ideas. In this note a general method is proposed
for constructing efficient (with respect to transmission rate) coding systems
that correct any preassigned number of asymmetric errors, connected with the
solution of one of the unsolved problems of additive number theory (°).

By an r-fold asymmetric distortion of a signal v = (¢, Vs, ..., ¥,,) We shall mean
the ordinary addition to it modulo ¢ (where ¢ is the base of the code) of a
noise € = (&1,€q,...,&,) satisfying the following conditions: |e| = r, where

lel =325, €, and

Iy +el =l + lel. (1)

Let W,,(f, z, «) denote the least nonnegative residue modulo m of the expression
—a+ Z?:l f(i)x,;, where x = (z, 9, ... ,x,,) is an arbitrary sequence of length
n, each element z; of which takes the values 0,1,...,q — 1; f(2) is some integer-
valued function defined on the given set of natural numbers 1,2, ... ,n; and « is
any integer.

Consider the set of all possible solutions of the equation W, (f,z,a) = 0. As
is easy to understand, in order that this set be a code correcting ¢ and fewer
asymmetric errors, in view of (1) it is sufficient that, for distinct (nonempty)
sets U = {u} of k < t (not necessarily distinct) natural numbers < n, the
expressions
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take values distinct modulo m and not congruent to zero. Thus the problem of
synthesizing asymmetric coding systems is in fact reduced to finding a function
fi(2) (t > 1) satisfying the indicated requirements. In the case t = 1, obviously,
F(U) = fy(u). This suggests that, taking f,(z) = z and m > n, one can
construct codes correcting single asymmetric errors. And indeed this is so (3);
moreover, as was shown (7), the codes constructed—

Thus, for m = n + 1 and a = 0, they are the best among the known codes
correcting single errors. For ¢t = 2, Zinger [8], using methods of finite projective
geometry, succeeded in giving an algorithm that permits computing the values of
the function f,(z) for all n that are powers of a prime number, and m = n?+n+1.
However, in the general case, for ¢ > 2, the solution of this problem is not known.
But since it is closely connected with the problem of synthesizing coding systems
that correct multiple asymmetric errors, in what follows, in developing such
signal systems, we shall thereby solve this combinatorial problem.

Let P = (py,ps, -, p,) (1 < s <n) be an arbitrary vector (p; > 0),

— P1,.P2 Ps
O'n(l‘,P) = § Ty, Tig L

where the summation is taken over all s permutations (iy,4,,...,7,) of the inte-
gers 1,2,...,n, and let

P S
o (@) = [[onla,po),
i=1
ie.
U;P)(x) = folmg"’ e gin (2)
5

The summation in (2) is over all representations (qy,¢s,...,q,) = P, where
§ = (8; ;) is an arbitrary (0, 1)-matrix of dimension s x n satisfying the condition

> 6, =1 (3)
j=1

Lemma 1. Let §’ be an arbitrary (0, 1)-matrix satisfying (3), and let Q = P¢’.
Then {z,Q} C {z, P}, where
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{z,P} = Ux‘{lxgg e gin
s

In what follows we shall denote by R**) monotone vectors* of dimension k. Then
formula (2) can be rewritten in the form

stk

o (@) =33 Cp o, (xR, (4)
k=1 u=1

where ¢, and C} , are certain positive integers, and the following fact can be
proved.

Lemma 2. Let

s—1
T,=Y t), (s>2)
k=2

and let W be a T-set of symmetric functions

2 2 3 3 s—1
{an(a:,R(l >), ey O (y thz)), an(ac,R(l >), ey o (2, thS)), ey o (2, R<1 )), vy (2, R

and let

M(m> = {mlvaa L) mTS}a

where

T;
mp;=WiUo,(@,RY), i=2..5-1, j=12..t; W,=]Jm,
u=1

(Wy = () is a T,-selection of the set W. Then the incidence matrix for the
subsets my,my, ..., mqp_of the set W is a nonsingular upper triangular matrix.

Theorem 1. For any positive vector P = (py, Dy, ..., p,) there always exist T,
integers ay, ,, such that

1t
s—1 Ck (k)

o D(@)+ 3.3 a0 (@) + (<1)(s = )lo, (2, |P]) = 0, (@, P). (5)
k=2 u=1
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* We shall say that a vector R = (r, 75, ..., 7)) is monotone if 7y > ry > -+ > 1.

Proof. First note that in formula (4) t; =t,=C;; = C;; = 1, so that
P) s—1 ty ®)
0w (#) = 0 (2, [P) = 37 3~ Chunla, Bil?) + 0, (3, P). (6)
k=2 u=1

Substituting successively in (6), in place of the vector P, the expressions RLM
(k=2,..,5—1; u=1,2,...,t,), and taking into account (2) and Lemma 1, we
obtain the system of identities:

s—1

ty
U%P)(x) — o, Z Z Cﬁf o, ( h>) +o0,(z, R&k)). (I)
h=2 v=1

By Lemma 2 it is clear that, by an appropriate choice of suitable coeflicients a
and by termwise addition of the equations of system (I), one can eliminate from
(6) some of the expressions occurring on its right-hand side and thus, taking

into account that |P| = \R&k”, obtain the identical relation

s—1 tg " s—1 tr
+Zzakm“ <1+Zzaku> 2,|P|) = o, (2, P). (7)

Considering henceforth only binary sequences x for which |z| = h, where h =

1,2,...,s — 1, formula (7), since then 0<R“ )( ) = h and o,,(x, P) = 0, can be
written in the form

s—1 tx
hs— 1+Zbkhk—1—22ak7u: : (8)
k=2 u=1
The roots of equation (8) are the numbers 1,2, ..., s — 1; therefore its constant

term is equal to (—1)¥"1(s — 1)!. Substituting the value found for

s—1 tr

1+ Z Z a’k,u
k=2 u=1

into formula (7), we obtain (5). Thus Theorem 1 is proved.

Let g be any primitive root of the prime number p, n < p — 1, and let
Gy, G, ..., a;_q be arbitrary integers.

Theorem 2. The set of all possible solutions of the system
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W 1(2,-7;7010) =0, W, (giz_17$7a’i> =0,

P P
1=1,2,...,t—1, is a code correcting ¢ or fewer asymmetric errors.

We give here only the outline of the proof of Theorem 2. Assuming at first
that the assertion of the theorem is false and considering formula (5) for P =
(r,1,...,1), where 7 = 1,2, ..., putting n = ¢ = s and taking into account that
s=1<p, |Rq<lk)\ =t—1+7,0,(z,P)=(t—1)lo,(x,7 — 1) 245 ...2,, One can
obtain the congruence

oy(g" Mt —1+7)=op(gv Mt —14+7)+ g (k) —ky)  (mod p),

where o, (g%, j) = ZueU g%, valid for any positive integers 7, A < n, and two
distinct sets V' and U of respectively k; and ky (k;, ks < t) natural numbers.
However, a contradiction to this relation is then established, and this completes
the proof of Theorem 2.

Theorem 3. The set of all possible solutions of the system Wp(zi,x, a;) =0
(i=1,...,t), where the a; are arbitrary integers and the prime p > n, is a code
correcting ¢ or fewer asymmetric errors.

Relying substantially on the preceding results and using certain auxiliary means,
one can also solve in general form the combinatorial problem discussed above,
i.e., for any integer t > 2 analytically construct the functions f,(z). This prob-
lem can also be formulated in a somewhat different form: for the set 0,1, ... ,m—1
of residues modulo m, it is required to indicate, if possible, the largest n-subset

bgt), bét), .., such that all sums*

bg? + bz) T+t bg?, where k < t

are nonzero and distinct modulo m.
In the notation adopted, the following is valid.

Theorem 4. For any integer t > 2, the relation

b,(zt) = f,(2) (mod m),
holds, where
t— 2

1
- u u+1 —1
+3 ) s

u:l

g +z—1

L=z - -1 | S
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(1—=1/p)"2, if t =2,
Vm = cp, = {

31— 1/p)(2t — 1)]1/t, if £ > 2.

In conclusion, let us note that the results obtained can also be used in the
synthesis of coding systems resistant to failures of the type of insertions and
deletions of symbols in signals (°).
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