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THE KINETIC EQUATION IN THE PRES-
ENCE OF NON-LAGRANGIAN FORCES

(Presented by Academician N. N. Bogolyubov, July 3, 1969)

The aim of the present work is to obtain an analogue of the Boltzmann equation
for a system of N particles (N — o0), whose coordinates ¢; and momenta p,
obey the quasicanonical equations:

4; = O0H /Op;; p; = —0H/0q; + Q;(p;); j=12,...,N. (1)

Here ); are non-Lagrangian forces, an example of which may be friction; H is
the Hamiltonian function of the system obtained from the one under considera-
tion if one sets Q; =0 (j =1,2,...,N).

As shown in works (*%), for the s-particle correlation functions F, the recurrence
equations are valid:

OF. ) 1
ot = {H€7F€}7 Z &(Qj'Ee)+U/dz‘9+l{ Z (I)j,s+1;E€+1} : (2)
)

(1<5<s) J (1<5<s

Here the braces are Poisson brackets; v = lim(V/N) as V, N — oo; V is the
volume occupied by the system in configuration space; @, is the interaction
potential between the j-th and k-th particles. For brevity of notation we denote
z; = (p;,q;), t is time, and H, is the Hamiltonian function of a system of s
particles.

To obtain the kinetic equation from system (2), we shall use an analogue of
N. N. Bogolyubov’ s reasoning (). It can be shown that in the case under
consideration all the assumptions sufficient for the evolution of the function
F,(x,t) at the kinetic stage to be described by the equation

OF, [0t = A(z,|Fy), (3)
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where A is a quantity functionally dependent on F} and not depending explicitly
on time, are valid. It is also assumed that for s > 2, F, = F,(2q,...,2,|F}). Put

A= Y wiA R Fo= Y viRY (4)

(0<j<o0) (0<j<o0)

Substituting (4) into (2) for s = 1 and into (3), and then equating the coefficients
of like powers of v, we obtain:

4y

(o 90 . f/ kD)
<m8q1+8p1Q1)F1’ Ap = [ do{ P Fy ' (B>0). (5)

Introduce D), the operator of forming the derivative with respect to ¢ followed
by the substitution of OF;/0t by A,. In this case the arguments of A, and
OF, /0t are assumed to coincide. Comparing the expression for OF, /0t obtained
by substituting into the right-hand side of (2) the virial expansions (4) of the
functions F, and F, , and the expression for OF,/0t written with the aid of
the virial expansion (4) of F, and the intro-

operator D), we obtain functional equations for Fs(k>:

DOFSZ{HSQFS}_ Z ;(Qj(Pj)'Fgﬁ

(1<5<s) Pi

0
DR+ DR () - S (g, R

(1<j<s) 0

+/dxs+l{ Z (I’j7s+1;Fso+1}; (6)
( )

1<y<s

A detailed derivation of equations (6) is given in the preprint (*). The first of
equations (6) are closed equations determining the set {F2}. If {FC} is known,
the second of equations (6) determine the set {RSU}7 and so on. Thus, all
equations (6) have the form

D°FY = {H;FPy - Y i(Qst<k))—\I/§k>, (6a)

(1<y<s) P

where \Ilgm are known functionals of Fj.
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Introduce the k-particle evolution operator (?)

0H, 0 0H, 0 0
Si(t) = exp lt ( h— ko — )} , (7)
' (sz;k) 9q; Op;  Op; Oq;  Ip; ™

which coincides with the evolution operator of the Lagrangian system if in (7)
one sets @; = 0. It has the properties )

S0) =1, SHISH) = Silt 1) )
As is easy to see,
SeSF et = (25 + 201 ) Sy a10) = ~Ag(oy | S{D)F)

)

From formula (9) and the definition of DY it follows that

DFM (@, | S5(r)Fy) = —0F® for. (10)

In view of the arbitrariness of F}, replace in (6a) F} by S7(7)F}, after which,
with the aid of (10), we arrive at the equations:

aF (k) 9 (k) (k) x
or = HS;FS }+ Z %(Q‘]FS )_\I/S (‘rlv"'axs|Sl(T)F1);
(1<5<s) J

FF = FF (2, . x| S{(1)F). (11)

As boundary conditions we take the principle of weakening of correlations in
the remote past:

7_1320 Snb(_T)Fm(xl? SEER 2 | SI(T)Fl) = 7-13{.10 S’H’L(_T) (1<11 )Sl(T)F1<mj7t)a
SIsm

(12)
or, by virtue of (4):

a) lim S:n(_T>FT?'L(x1?x2a vy Ty | ST(T)FI) =

T—00
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= lim Sy, (=) [ Si)F(a;0);

T—00 )
(1<j<m)

b)  lim Sy, (=7)Fi (21, s 2, | S{(T)F) =0 (k> 0). (13)
It can be shown that for a system with monotonically decreasing energy (for ex-
ample, under the action of friction forces), the weakening of correlations between
the dynamical states of particles in the remote past occurs more effectively than
in a system whose energy is constant. When considering a system that increases
its energy due to the action of forces @);, we shall assume an adiabatic inclusion
of the forces (), at that stage of the system’ s development when correlations
were absent.

The solution of equation (11) for k = 0 has the form

oy, @y, | STH(TFY) = S5, (1) F (2, s 2, | ) (14)

Acting on both sides of (14) with the operator S}, (—7), taking into account the
properties (8), and then passing to the limit as 7 — oo, we obtain, on the basis
of (13),

Frcr)z('rlw"vxm ‘ Fl) = TmFl<I17t)"'F1<xm7t);

T,, = lim S}, (zy, ...z, —7) [[ Siz;,7). (15)
)

T—00 :
(1<j<m

Let us write the kinetic equation of the first approximation:

oy, _ [p 9 9 1 .
% [m@ql +8p1Q1(p1)] F1+vA1($17F1),

A = / A (@15 F(zy, 25 | Fy)} = / A2 {® 10 Ty Fy (21, ) F, (22, 0)}. (16)

Denote by X (2, z,,t) and X,(xq,24,t) the sets of coordinates and momenta
that the first and second particles, respectively, would have at time t if, begin-
ning from the “infinite past,” they interacted only with each other (and were
also subjected to the action of the forces @ 5).

Then

{@19; T Fy (w1, 1) Fy (w9, 1) } = { P05 I (X)) F1 (Xo) - (17)
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Using the first of equations (6), relation (17), and also the definition of the
operator D° and formula (5) for the operator A, after standard transformations
analogous to those carried out in the monograph (1), we arrive at the following
expression for A;:

0

A =1y + [ dr, [Q@ﬁﬂ(&)jplﬂ(&) QR (%) - F (X)) (19

where I is the well-known expression for the Boltzmann collision integral (1).
The integration in (18) is over the region of interaction of the particles in con-
figuration space and over the layer inside the sphere p = pyy and p = py; in
momentum space. We have denoted by p,, and py; the momenta of the second
particle, respectively, at the beginning and at the end of the interaction.

Let us note that outside the sphere of interaction

8F1(X2)/8f71 =0, 3F1(X1)/8132 =0, (19)

since in this case X; = X, (z;) and X, = X,(x5). Consequently, the integrand
in formula (18) vanishes outside the region of interaction.

On the basis of (16) and (18), the final form of the kinetic equation of the first
approximation is as follows:

OF, 70RO

SHR-

p,
(20)

If during the interaction the principal change in momenta occurs due to the
action of intermolecular forces, and not the forces @)}, then the last term on the
right-hand side of (20) may be neglected in comparison with 7.

In other words, if Q; = af (pj), where « is a small dimensionless parameter, then
in the equation of the first approximation one may neglect the term preceded
by the product of two small parameters—(a/v).

In conclusion, I express my gratitude to N. N. Bogolyubov for discussing the
work.
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o+ fam |
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