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MATHEMATICS

A. D. KORSHUNOV

ON THE CARDINALITY OF SOME CLASSES
OF GRAPHS
(Presented by Academician S. L. Sobolev on 14 I 1970)

1°. In the present note asymptotic expressions are established for the cardinal-
ity of some classes of graphs with a large number of edges and vertices. Analo-
gous expressions are established for the cardinality of similar classes of directed
graphs. Before introducing these classes and formulating the results, we shall
give explanations of the concepts used. We adhere to the terminology of [1], with
the following exception: instead of general graph, multigraph, and unilaterally
connected, we use respectively the terms multigraph, multigraph without loops,
and connected. By a graph we mean a multigraph without multiple edges, but,
generally speaking, with loops. By a directed multigraph we mean an object
obtained from a multigraph by orienting all edges. A directed graph is such a
directed multigraph in which each ordered pair of vertices (𝑢, 𝑣) (possibly 𝑢 = 𝑣)
is connected by at most one arc leaving 𝑢 and entering 𝑣. An initially connected
multigraph is such a directed multigraph 𝐷 with a distinguished (initial) vertex
from which all the other vertices of 𝐷 are reachable.

2°. We now introduce the classes under study. First, we consider 8 classes
𝔊1,𝜎2,𝜎3

(𝑛, 𝑘) of multigraphs with 𝑛 numbered vertices and 𝑘 edges, defined as
follows. Let 𝔊1(𝑛, 𝑘) be the set of all 𝑛-vertex multigraphs with 𝑘 edges, in
which the vertices are numbered by the numbers 1, 2, … , 𝑛;

𝔊1
1,1(𝑛, 𝑘), 𝔊2

1,1(𝑛, 𝑘), 𝔊2
1,2(𝑛, 𝑘), 𝔊2

1,3(𝑛, 𝑘)

are subsets of this set consisting respectively of connected multigraphs, graphs
without loops, graphs with loops, and multigraphs without loops;

𝔊1
1,0(𝑛, 𝑘) = 𝔊2

1,0(𝑛, 𝑘) = 𝔊1(𝑛, 𝑘).

Then

𝔊1,𝜎2,𝜎3
(𝑛, 𝑘) = 𝔊1

1,𝜎2
(𝑛, 𝑘) ∩ 𝔊2

1,𝜎3
(𝑛, 𝑘),
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where 𝜎2 = 0, 1, 𝜎3 = 0, 1, 2, 3.

For example, 𝔊1,0,0(𝑛, 𝑘) = 𝔊1(𝑛, 𝑘), while 𝔊1,1,2(𝑛, 𝑘) is the set of all connected
graphs with loops from 𝔊1(𝑛, 𝑘).
Second, we consider 16 classes 𝔊2,𝜎2,𝜎3

(𝑛, 𝑘) of directed multigraphs with 𝑛
numbered vertices and 𝑘 arcs, defined as follows. Let 𝔊2(𝑛, 𝑘) be the set of all
𝑛-vertex directed multigraphs with 𝑘 arcs, in which the vertices are numbered
by the numbers

1, 2, … , 𝑛; 𝔊1
2,1(𝑛, 𝑘), 𝔊1

2,2(𝑛, 𝑘), 𝔊1
2,3(𝑛, 𝑘), 𝔊2

2,1(𝑛, 𝑘), 𝔊2
2,2(𝑛, 𝑘), 𝔊2

2,3(𝑛, 𝑘)

are subsets of this set consisting respectively of weakly connected, strongly con-
nected directed multigraphs, directed graphs without loops, directed graphs
with loops, and multigraphs without loops; 𝔊1

2,0(𝑛, 𝑘) = 𝔊2
2,0(𝑛, 𝑘) = 𝔊2(𝑛, 𝑘).

Then

𝔊2,𝜎2,𝜎3
(𝑛, 𝑘) = 𝔊1

2,𝜎2
(𝑛, 𝑘) ∩ 𝔊2

2,𝜎3
(𝑛, 𝑘),

where 𝜎2, 𝜎3 = 0, 1, 2, 3.

Third, we consider the 4 classes 𝔊3,0,0(𝑛, 𝑘), 𝔊3,0,1(𝑛, 𝑘), 𝔊3,0,2(𝑛, 𝑘), and
𝔊3,0,3(𝑛, 𝑘) of 𝑛-vertex initially connected multigraphs, in which 𝑘 arcs are
contained and the vertices are numbered by the numbers 1, 2, … , 𝑛. These
classes consist, respectively, of multigraphs with loops, graphs without loops,
graphs with loops, and multigraphs without loops.

Fourth, we shall consider 28 classes ℌ𝜎1,𝜎2,𝜎3
(𝑛, 𝑘), defined as follows.

ℌ𝜎1,𝜎2,𝜎3
(𝑛, 𝑘) consists of the set of isomorphism classes associated with

multigraphs from 𝔊𝜎1,𝜎2,𝜎3
(𝑛, 𝑘). The number of elements in 𝔊𝜎1,𝜎2,𝜎3

(𝑛, 𝑘)
and ℌ𝜎1,𝜎2,𝜎3

(𝑛, 𝑘) will be denoted, respectively, by 𝐺𝜎1,𝜎2,𝜎3
(𝑛, 𝑘) and

𝐻𝜎1,𝜎2,𝜎3
(𝑛, 𝑘).

3∘. It is not difficult to verify that, for any 𝑛 and any admissible 𝑘, the following
relations hold:

𝐺1,0,0(𝑛, 𝑘) = 𝐶𝑘
(𝑛+1)𝑛/2+𝑘−1, 𝐺1,0,1(𝑛, 𝑘) = 𝐶𝑘

𝑛(𝑛−1)/2,
𝐺1,0,2(𝑛, 𝑘) = 𝐶𝑘

(𝑛+1)𝑛/2, 𝐺1,0,3(𝑛, 𝑘) = 𝐶𝑘
𝑛(𝑛−1)/2+𝑘−1,

𝐺2,0,0(𝑛, 𝑘) = 𝐶𝑘
𝑛2+𝑘−1, 𝐺2,0,1(𝑛, 𝑘) = 𝐶𝑘

𝑛(𝑛−1),
𝐺2,0,2(𝑛, 𝑘) = 𝐶𝑘

𝑛2 , 𝐺2,0,3(𝑛, 𝑘) = 𝐶𝑘
𝑛(𝑛−1)+𝑘−1.

We now formulate the results. By 𝜆(𝑛), everywhere unless otherwise specified,
we mean an arbitrary function satisfying the inequality 𝜆(𝑛) ≥ − ln ln 𝑛 + 1.
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Theorem 1. For any admissible 𝑘 = [ 1
2 𝑛(ln 𝑛+𝜆(𝑛))] and for any pair (𝜎1, 𝜎3),

where 𝜎1 = 1, 2, and 𝜎3 = 0, 1, 2, 3,

𝐺𝜎1,1,𝜎3
(𝑛, 𝑘) = 𝐺𝜎1,0,𝜎3

(𝑛, 𝑘) exp{− exp(−𝜆(𝑛))}(1 + 𝑜(1)).

A special case of this theorem was established by P. Erdős and A. Rényi (2).
Corollary 1. If 𝜆(𝑛) → +∞ as 𝑛 → +∞, then for any admissible 𝑘 =
[ 1

2 𝑛(ln 𝑛 + 𝜆(𝑛))] and any pair (𝜎1, 𝜎3), 𝜎1 = 1, 2, 𝜎3 = 0, 1, 2, 3,

𝐺𝜎1,1,𝜎3
(𝑛, 𝑘) ∼ 𝐺𝜎1,0,𝜎3

(𝑛, 𝑘).

Theorem 2. For any admissible 𝑘 = [𝑛(ln 𝑛 + 𝜆(𝑛))] and any 𝜎3 = 0, 1, 2, 3,

𝐺2,2,𝜎3
(𝑛, 𝑘) = 𝐺2,0,𝜎3

(𝑛, 𝑘) exp{−2 exp(−𝜆(𝑛))}×

× {1 + 2 exp(−𝜆(𝑛)) + exp(−2𝜆(𝑛))}(1 + 𝑜(1)).

Theorem 3. For any admissible 𝑘 = [𝑛(ln 𝑛 + 𝜆(𝑛))] and any 𝜎3 = 0, 1, 2, 3,

𝐺2,3,𝜎3
(𝑛, 𝑘) = 𝐺2,0,𝜎3

(𝑛, 𝑘) exp{−2 exp(−𝜆(𝑛))}(1 + 𝑜(1)).

A special case of Theorem 3 was established by I. Palásti (3).
From Theorems 2 and 3 we obtain

Corollary 2. If 𝜆(𝑛) → +∞ as 𝑛 → +∞, then for any admissible 𝑘 =
[𝑛(ln 𝑛 + 𝜆(𝑛))] and any pair (𝜎2, 𝜎3), 𝜎2 = 2, 3, and 𝜎3 = 0, 1, 2, 3,

𝐺2,𝜎2,𝜎3
(𝑛, 𝑘) ∼ 𝐺2,0,𝜎3

(𝑛, 𝑘).

Theorem 4. For any admissible 𝑘 = [𝑛(ln 𝑛 + 𝜆(𝑛))] and any 𝜎3 = 0, 1, 2, 3,

𝐺3,0,𝜎3
(𝑛, 𝑘) = 𝐺2,0,𝜎3

(𝑛, 𝑘)𝑛 exp{− exp(−𝜆(𝑛))}(1 + 𝑜(1)).

Corollary 3. If 𝜆(𝑛) → +∞ as 𝑛 → +∞, then for any admissible 𝑘 =
[𝑛(ln 𝑛 + 𝜆(𝑛))] and any 𝜎3 = 0, 1, 2, 3,

𝐺3,0,𝜎3
(𝑛, 𝑘) ∼ 𝑛𝐺2,0,𝜎3

(𝑛, 𝑘).

4°. In this item we shall formulate results concerning non-isomorphic multi-
graphs.
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Theorem 5. Let 𝑐 be an arbitrary positive constant, and let 𝜆(𝑛) satisfy the
relation 𝑐 ≤ 𝜆(𝑛) ≤ 𝑛/2. Then:

1) for 𝑘 = [ 1
2 𝑛(ln 𝑛 + 𝜆(𝑛))] and 𝜎3 = 1, 2,

𝐻1,0,𝜎3
(𝑛, 𝑘) = 𝐺1,0,𝜎3

(𝑛, 𝑘)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1));

2) for 𝑘 = 𝐶2
𝑛 − 𝑟, where 𝑟 = [ 1

2 𝑛(ln 𝑛 + 𝜆(𝑛))],

𝐻1,0,1(𝑛, 𝑘) = 𝐺1,0,1(𝑛, 𝑟)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1));

3) for 𝑘 = 𝐶2
𝑛+1 − 𝑟, where 𝑟 = [ 1

2 𝑛(ln 𝑛 + 𝜆(𝑛))],

𝐻1,0,2(𝑛, 𝑘) = 𝐺1,0,2(𝑛, 𝑟)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1)).

Corollary 4. If 𝜆(𝑛) → +∞ as 𝑛 → +∞ and 𝜆(𝑛) < 𝑛/2, and 𝑘 satisfies the
relation 1

2𝑛(ln 𝑛 + 𝜆(𝑛)) ≤ 𝑘 ≤ 𝐶2
𝑛 − 1

2𝑛(ln 𝑛 + 𝜆(𝑛)),
then

𝐻1,0,1(𝑛, 𝑘) ∼ 𝐺1,0,1(𝑛, 𝑘)/𝑛!

Various special cases of this corollary were established by several authors (4−9).
Corollary 5. If 𝜆(𝑛) → +∞ as 𝑛 → +∞ and 𝜆(𝑛) < 𝑛/2, and 𝑘 satisfies the
relation 1

2𝑛(ln 𝑛 + 𝜆(𝑛)) ≤ 𝑘 ≤ 𝐶2
𝑛+1 − 1

2𝑛(ln 𝑛 + 𝜆(𝑛)),
then

𝐻1,0,2(𝑛, 𝑘) ∼ 𝐺1,0,2(𝑛, 𝑘)/𝑛!

Theorem 6. Let 𝑐 be an arbitrary positive constant, and let 𝜆(𝑛) satisfy the
relation 𝑐 ≤ 𝜆(𝑛) ≤ 𝑛. Then:

1) for 𝑘 = [ 1
2 𝑛(ln 𝑛 + 𝜆(𝑛))] and 𝜎3 = 1, 2,

𝐻2,0,𝜎3
(𝑛, 𝑘) = 𝐺2,0,𝜎3

(𝑛, 𝑘)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1)).

2) for 𝑘 = 𝑛(𝑛 − 1) − 𝑟, where 𝑟 = [ 1
2 𝑛(ln 𝑛 + 𝜆(𝑛))],

𝐻2,0,1(𝑛, 𝑘) = 𝐺2,0,1(𝑛, 𝑟)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1)).
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3) for 𝑘 = 𝑛2 − 𝑟, where 𝑟 = [ 1
2 𝑛(ln 𝑛 + 𝜆(𝑛))],

𝐻2,0,2(𝑛, 𝑘) = 𝐺2,0,2(𝑛, 𝑟)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1)).

Corollary 6. If 𝜆(𝑛) → +∞ as 𝑛 → +∞ and 𝜆(𝑛) < 𝑛, and 𝑘 satisfies the
relation 1

2𝑛(ln 𝑛 + 𝜆(𝑛)) ≤ 𝑘 ≤ 𝑛2 − 1
2𝑛(ln 𝑛 + 𝜆(𝑛)),

then
𝐻2,0,2(𝑛, 𝑘) ∼ 𝐺2,0,2(𝑛, 𝑘)/𝑛!

A special case of Corollary 6 was proved by Obershelp (7).
Theorem 7. Let 𝑐 be an arbitrary positive constant, and let 𝜆(𝑛) ≥ 𝑐. Then,
for 𝑘 = [ 1

2 𝑛(ln 𝑛 + 𝜆(𝑛))] and for any choice of (𝜎1, 𝜎3) such that 𝜎1 = 1, 2, and
𝜎3 = 0, 3,

𝐻𝜎1,0,𝜎3
(𝑛, 𝑘) = 𝐺𝜎1,0,𝜎3

(𝑛, 𝑘)/(𝑛! exp{exp(−𝜆(𝑛))})×

×(1 − exp(−𝜆(𝑛)))(1 + 𝑜(1)).

Corollary 7. If 𝜆(𝑛) → +∞ as 𝑛 → +∞, 𝑘 = [ 1
2 𝑛(ln 𝑛 + 𝜆(𝑛))], then for any

choice of (𝜎1, 𝜎3) such that 𝜎1 = 1, 2, and 𝜎3 = 0, 3,

𝐻𝜎1,0,𝜎3
(𝑛, 𝑘) ∼ 𝐺𝜎1,0,𝜎3

(𝑛, 𝑘)/𝑛!

Let 𝜑(𝑛) = 1
2 𝑛(ln 𝑛 − ln ln 𝑛 + 1).

Theorem 8. 1) If 𝑘 satisfies the relation 𝜑(𝑛) ≤ 𝑘 ≤ 𝐶2
𝑛 − 𝜑(𝑛), then

𝐻1,1,1(𝑛, 𝑘) ∼ 𝐺1,1,1(𝑛, 𝑘)/𝑛!
2) If 𝑘 satisfies the relation 𝜑(𝑛) ≤ 𝑘 ≤ 𝐶2

𝑛+1 − 𝜑(𝑛), then

𝐻1,1,2(𝑛, 𝑘) ∼ 𝐺1,1,2(𝑛, 𝑘)/𝑛!
3) If 𝑘 satisfies the relation 𝜑(𝑛) ≤ 𝑘 ≤ 𝑛(𝑛 − 1) − 𝜑(𝑛), then

𝐻2,1,1(𝑛, 𝑘) ∼ 𝐺2,1,1(𝑛, 𝑘)/𝑛!
4) If 𝑘 satisfies the relation 𝜑(𝑛) ≤ 𝑘 ≤ 𝑛2 − 𝜑(𝑛), then
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𝐻2,1,2(𝑛, 𝑘) ∼ 𝐺2,1,2(𝑛, 𝑘)/𝑛!

Theorem 9. 1) If 𝑘 satisfies the relation 2𝜑(𝑛) ≤ 𝑘 ≤ 𝑛(𝑛 − 1) − 2𝜑(𝑛), then

𝐻3,0,1(𝑛, 𝑘) ∼ 𝐺3,0,1(𝑛, 𝑘)/𝑛!,

and for 𝜎2 = 2, 3

𝐻2,𝜎2,1(𝑛, 𝑘) ∼ 𝐺2,𝜎2,1(𝑛, 𝑘)/𝑛!
2) If 𝑘 satisfies the relation 2𝜑(𝑛) ≤ 𝑘 ≤ 𝑛2 − 2𝜑(𝑛), then

𝐻3,0,2(𝑛, 𝑘) ∼ 𝐺3,0,2(𝑛, 𝑘)/𝑛!,

and for 𝜎2 = 2, 3

𝐻2,𝜎2,2(𝑛, 𝑘) ∼ 𝐺2,𝜎2,2(𝑛, 𝑘)/𝑛!
3) If 𝑘 ≥ 2𝜑(𝑛), then for 𝜎3 = 0, 3

𝐻3,0,𝜎3
(𝑛, 𝑘) ∼ 𝐺3,0,𝜎3

(𝑛, 𝑘)/𝑛!,

and for pairs (𝜎2, 𝜎3) such that 𝜎2 = 2, 3, 𝜎3 = 0, 3,

𝐻2,𝜎2,𝜎3
(𝑛, 𝑘) ∼ 𝐺2,𝜎2,𝜎3

(𝑛, 𝑘)/𝑛!
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