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OF GRAPHS

(Presented by Academician S. L. Sobolev on 14 1 1970)

1°. In the present note asymptotic expressions are established for the cardinal-
ity of some classes of graphs with a large number of edges and vertices. Analo-
gous expressions are established for the cardinality of similar classes of directed
graphs. Before introducing these classes and formulating the results, we shall
give explanations of the concepts used. We adhere to the terminology of [1], with
the following exception: instead of general graph, multigraph, and unilaterally
connected, we use respectively the terms multigraph, multigraph without loops,
and connected. By a graph we mean a multigraph without multiple edges, but,
generally speaking, with loops. By a directed multigraph we mean an object
obtained from a multigraph by orienting all edges. A directed graph is such a
directed multigraph in which each ordered pair of vertices (u,v) (possibly u = v)
is connected by at most one arc leaving u and entering v. An initially connected
multigraph is such a directed multigraph D with a distinguished (initial) vertex
from which all the other vertices of D are reachable.

2°. We now introduce the classes under study. First, we consider 8 classes
61 .0,.0, (n, k) of multigraphs with n numbered vertices and k edges, defined as
follows. Let &;(n,k) be the set of all n-vertex multigraphs with k edges, in
which the vertices are numbered by the numbers 1,2, ..., n;

Qﬂ,l(”? k)v 6%,1 (n7 k)’ 6%,2 (nv k)? 6%,3(”? k)

are subsets of this set consisting respectively of connected multigraphs, graphs
without loops, graphs with loops, and multigraphs without loops;

Qﬂ,o(n, k) = 05%70(11,/{) =&,(n,k).

Then

61,02,03 (n,k) = 6%702 (n, k)N 6%,03 (n, k),
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where 05 = 0,1, 053 =0,1,2,3.

For example, &, ( o(n, k) = &;(n, k), while &, ; 5(n, k) is the set of all connected
graphs with loops from &, (n, k).

Second, we consider 16 classes &, , . (n,k) of directed multigraphs with n
numbered vertices and k arcs, defined as follows. Let ®4(n, k) be the set of all
n-vertex directed multigraphs with k arcs, in which the vertices are numbered
by the numbers

17 27 BEEALY 6%71(’”, k)’ 6572(717 k)? 6%,3(”7 k)) 6%,1(”7 k)7 6%,2(”7 k)’ 6%,3(”" k)

are subsets of this set consisting respectively of weakly connected, strongly con-
nected directed multigraphs, directed graphs without loops, directed graphs
with loops, and multigraphs without loops; & o(n, k) = &3 ((n, k) = &y(n, k).

Then

Bs.,.0, (1K) = @%702 (n,k) N 6%,03 (n, k),

where 05,05 =0,1,2,3.

Third, we consider the 4 classes &3 4(n, k), 5¢1(n,k), G34,(n,k), and
&3 .3(n, k) of n-vertex initially connected multigraphs, in which k arcs are
contained and the vertices are numbered by the numbers 1,2,...,n. These
classes consist, respectively, of multigraphs with loops, graphs without loops,
graphs with loops, and multigraphs without loops.

Fourth, we shall consider 28 classes ﬁ61762703(n,k), defined as follows.
N5, 0p.0,(0, k) consists of the set of isomorphism classes associated with
multigraphs from &, , . (n,k). The number of elements in &, , . (n,k)
and 5601702703(n,k) will be denoted, respectively, by G n,k) and
H (n,k

01,092,031\

01702703(

3°. Tt is not difficult to verify that, for any n and any admissible k, the following
relations hold:

Gioo(n k) = C<k tinj2ak-10 G0 1(n, k) = Clyf(n_l)/y
1,02(n, k) = C(kn+1)n/2’ 1,03(n, k) = Cﬁ(nfl)/%tkfl’
2,0,0(7% k) = C§2+k—1’ 2,0,1(717 k) = Oﬁ(n,l),

Gap,2(n, k) = CSQ, Gay 3(n, k) = C:f(n_1)+k—1'

We now formulate the results. By A(n), everywhere unless otherwise specified,
we mean an arbitrary function satisfying the inequality A(n) > —Inlnn + 1.
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Theorem 1. For any admissible k = [$n(Inn+A(n))] and for any pair (o4, 05),
where 0, = 1,2, and 053 =0,1,2, 3,

G 1,0, (M k) = G 5, (0, k) exp{—exp(=A(n))}(1 + o(1)).

A special case of this theorem was established by P. Erdés and A. Rényi (?).

Corollary 1. If AM(n) — 400 as n — +oo, then for any admissible k =
[in(Inn + A(n))] and any pair (oy,03), 01 =1,2, 053 =0,1,2,3,

G (n,k)~G (n, k).

oy,1,03 01,0,03

Theorem 2. For any admissible k = [n(lnn + A(n))] and any 03 =0,1,2,3,

G2,2,03 (n, k) = G2,070'3 (n, k) exp{—2exp(—A(n))}x

x {1+ 2exp(—A(n)) + exp(—2A(n))}(1 + o(1)).

Theorem 3. For any admissible k = [n(lnn + A(n))] and any o3 =0,1,2,3,

Go3.0, (N k) = Ga g 4, (1, k) exp{—2exp(=A(n))}(1 + o(1)).

A special case of Theorem 3 was established by I. Paldsti (3).
From Theorems 2 and 3 we obtain

Corollary 2. If AM(n) — 400 as n — +o0, then for any admissible k =
[n(Inn + A(n))] and any pair (o4,03), 09 = 2,3, and 05 =0,1,2,3,

G270'2703 (n’ k) ~ G2,O,a'3 (n’ k)
Theorem 4. For any admissible k = [n(lnn + A(n))] and any o3 =0,1,2,3,

G3.0,0, (1, k) = Ga 0,5, (0, k)1 exp{—exp(=A(n)) }(1 + o(1)).

Corollary 3. If AM(n) — 400 as n — +o0, then for any admissible k =
[n(lnn + A(n))] and any o3 =0,1,2,3,

G3,0,03 (n, k) ~ ”Gz,o,a3 (n, k).

4°. In this item we shall formulate results concerning non-isomorphic multi-
graphs.
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Theorem 5. Let ¢ be an arbitrary positive constant, and let A(n) satisfy the
relation ¢ < A(n) < n/2. Then:

1) for k= [in(lnn + A(n))] and o3 = 1,2,
H, o, (n,k) =G g,,1nk)/(nlexp{exp(—A(n))})x
X (1 —exp(=A(n)))(1 +o(1));
2) for k= C2 —r, where r = [3n(Inn + A(n))],
Hy1(n,k) = Gyg1(n,7)/(n!exp{exp(—A(n))})x
X (1 —exp(=A(n)))(1 + o(1));
3) for k= C2,, —r, where r = [In(lnn + A(n))],
H,y g2(n, k) = Gy g 9(n,7)/(n! exp{exp(—A(n))})x
x (1 —exp(=A(n)))(1 + o(1)).

Corollary 4. If A\(n) — 400 as n — 400 and A(n) < n/2, and k satisfies the
relation

%n(lnn +A(n)) <k<C%2——n(lnn+ A(n)),

N |

then
H1,0,1 (n, k) ~ G1,0,1<n7 k)/n!

Various special cases of this corollary were established by several authors (+9).

Corollary 5. If A\(n) — 400 as n — 400 and A(n) < n/2, and k satisfies the
relation

1 1
§n(lnn +An)) <k<C%,— in(lnn + A(n)),

then
H1,0,2 (n, k) ~ G1,0,2(n7 k)/n!

Theorem 6. Let ¢ be an arbitrary positive constant, and let A(n) satisfy the
relation ¢ < A(n) < n. Then:

1) for k= [in(Inn + A(n))] and 05 = 1,2,
Hy o o, (k) = Gy 0, (0, k)/(nlexp{exp(—A(n))}) x
X (1 —exp(—=A(n)))(1 + o(1)).
2) for k=n(n —1) —r, where 7 = [Ln(Inn + A(n))],
Hy1(n, k) = Gy 01(n,7)/(n! exp{exp(—A(n))})x
x (1 —exp(—=A(n)))(1 + o(1)).
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3) for k =n? —r, where r = [$n(Inn + A(n))],
H2,0,2(”7 k) = GQ,O,Q(na r)/(n!exp{exp(—=A(n))})x
x (1 —exp(—=A(n)))(1 + o(1)).

Corollary 6. If A\(n) — 400 as n — +oo and A\(n) < n, and k satisfies the
relation

%n(lnn +A(n)) <k <n?— -n(lnn+ A(n)),

N | =

then
HQ,O,Q(”? k) ~ G2,0,2<n7 k)/n!
A special case of Corollary 6 was proved by Obershelp (7).

Theorem 7. Let ¢ be an arbitrary positive constant, and let A(n) > ¢. Then,
for k = [3n(Inn + A(n))] and for any choice of (¢,,03) such that o; = 1,2, and
0'3 - 0, 3,

H01,070'3 (’I’L7 k) = G01,070'3 (’I’L, k)/(”' eXp{eXp(_)‘(n))}) X
X (1 —exp(—=A(n)))(1 + o(1)).

Corollary 7. If A(n) — +00 as n — +00, k = [gn(Inn + A(n))], then for any
choice of (0q,03) such that o; = 1,2, and 043 =0, 3,

H,

01,005 (Mo k) ~ G n,k)/n!

0'1,0,0'3<

Let o(n) = sn(lnn—Inlnn +1).
Theorem 8. 1) If k satisfies the relation ¢(n) < k < C2 — p(n), then

Hl,l,l(n» k) ~ Gl,l,l(nv k)/n!
2) If k satisfies the relation p(n) <k < C2, | — ¢(n), then

H1,1,2(nv k) ~ G1,1,2(n7 k)/n!
3) If k satisfies the relation p(n) < k <n(n—1) — p(n), then

H2,1,1(n» k) ~ Gz,l,l(na k)/n!
4) If k satisfies the relation p(n) < k < n? — p(n), then
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H2,172<n7 k) ~ G2,172(”7 k)/n!

Theorem 9. 1) If k satisfies the relation 2p(n) < k < n(n—1) — 2¢(n), then

H3,0,1(”7 k) ~ GS,O,I(”" k)/n!,
and for o4 = 2,3
H2,02,1(n7 k) ~ GQ,oz,l(n7 k)/n!
2) If k satisfies the relation 2¢p(n) < k < n? — 2¢(n), then
H3_’072(n, k) ~ 03,0,2(”7 k)/nl,
and for oy = 2,3
H2,a2,2(nv k) ~ G2,a2,2<nv k)/n!
3) If k > 2¢(n), then for o5 = 0,3
H3,0,03 (n, k) ~ G3,0,03 (n, k)/n!,

and for pairs (o,, 03) such that o, = 2,3, 05 =0, 3,

n, k) ~ G2)027U3 (n,k)/n!

2,0’270'3<
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Note: Figure translations are in progress. See original paper for figures.
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