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1. The principal dimensionless characteristic of turbulent heat and mass transfer
from a plane wall ¥y = 0 to a plane-parallel flow of fluid moving along the Ox
axis is the Stanton number

St = jw/cppU(ﬁw - 6)

or

(the first formula refers to heat transfer, and the second to mass transfer). Here
Ju is the flux of admixture or heat in the Oy direction at y = 0, and 9, is
the wall temperature or admixture concentration at the wall (j,, and 9, are
assumed constant), p is the density of the fluid, ¢, its heat capacity, U a charac-
teristic velocity of the fluid, and © a characteristic temperature (or admixture
concentration). The fluid is assumed incompressible, and the admixture (or
heat) is assumed not to affect the flow (i.e., to be dynamically passive). As
the quantities U and O, it is theoretically most convenient to take the values
u,, = u(L) and ¥, = 9(L) of the mean velocity u = u(y) and the mean temper-
ature (or concentration) ¥ = 9(y) at the center of a pipe or channel (for flows
in pipes and plane channels) or at the outer boundary of the boundary layer
(for the case of flow past a plate); in practice, however, in the study of heat
and mass transfer in pipes and channels, as U and © one usually uses the more
simply measured mean velocity u,, and mean temperature 9,, of the entire
mass of flowing fluid (the corresponding value of St we shall denote by St,,).

The numbers St and St,,,, or the Nusselt numbers associated with them,

Nu = StRePr

and
Nu,, = St,,Re,,Pr,
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are functions of the Reynolds number Re = UL/v, or Re,, = 2LU,, /v =
DU,, /v, and the Prandtl number (thermal or diffusional) Pr = v/x, where v is
the kinematic viscosity coefficient and x is the coefficient of thermal diffusivity
or diffusion; an extensive literature is devoted to the semiempirical (and purely
empirical) study of their dependence on Re and Pr (see, for example, (1-%)).
It turns out, however, that at sufficiently large Reynolds and Peclet numbers
Pe = RePr the general form of the dependence of St on Re and Pr can be
obtained from similarity considerations alone.

2. For definiteness, we shall speak of heat transfer (bearing in mind that every-
thing said is also valid for mass transfer). Near a smooth wall the profile 9(y)
depends only on the parameters v, x, u, = \/7,,/p (where 7, is the shear stress
at the wall), and j,,/c,p. Consequently,

I(y) = _ _ Yy
9, —I(y) = 0,0(y,,Pr), where#, = o ye =" (1)

(see, for example, (1)). On the other hand, at a sufficiently large distance from
the wall, at large Re and Pe, the turbulent viscosity and thermal diffusivity
dominate over the molecular ones, and the heat-transfer regime does not depend
on v or x (cf. the statement of the general similarity principle with respect to
the Reynolds number in (°)). Therefore, for large values of y, Re, and Pe,

Dy) —10,, = 0,0,(€), where & =y/L. (2)

(this law of the temperature defect is less well known than the analogous Karman
law of velocity defect, but it is not new—cf., for example, (6,7)). Let now Re and
Pe be so large that there exists an “overlap interval” of values of y, within which
both laws (1) and (2) are simultaneously valid. In this case, literally repeating
the simple argument first indicated by Izakson (®) as applied to the velocity
field (see also (1,°)), one can verify that within this interval both functions ¢
and ¢; must be logarithmic:

o(y,,Pr)=Alny, + B, 1(§) = —Aln& + By. (3)

Here the coefficients in the expression for ¢, generally speaking, may depend
on Pr, but do not depend on the character of the flow in the “core of the
stream,” while the coefficients of the function ¢, do not depend on the molecular
constants, but may be different in the case of a circular pipe, a plane channel,
and a boundary layer on a plate; consequently A is a universal constant (namely
A = P/n, where »n ~ 0.4 is the Karman constant, and P is the turbulent Prandtl
number). Substituting (3) into (1) and (2) and adding the results, we obtain

St =y/cs/2[AIn(Rey/c;/2) + Ay (Pr)] L, A;(Pr)=B(Pr)+ By, (4)
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where ¢; = A\/4 = 2(u,/U) is the friction-resistance coefficient, whose depen-
dence on Re has been studied in detail (see, for example, (1,°,19)). The
general law of heat transfer (4) is obviously related to the analogous classi-
cal Prandtl-Nikuradze resistance law derived similarly, which has the form

\/2/c; = AyIn(Rey/cp/2) + By; at fixed Pr, like the latter, it contains only

two undetermined coefficients.

3. The coefficient A, apparently, is most accurately determined from data
of careful measurements of the temperature profile in a slightly heated
circular pipe at Re of the order of 10* + 10°, carried out by Johnk and
Hanratty (°) and by (11). These authors independently obtained
results according to which P ~ 0.87 0.9, i.e. A ~ 2.2. The coefficient B,
may be different for pipes, channels, and boundary layers; here we restrict
ourselves only to flows in circular pipes. If it is assumed that the profile
J(y) can be regarded as logarithmic all the way to the pipe axis, then
By = 0; however, the data of (°) show that a more accurate estimate is
By ~ 0.6. Finally, according to the data of works (6,11), at Pr ~ 0.7 (for
heat transfer in air) B(0.7) ~ 3.4. Thus, at Pr ~ 0.7 both coefficients of
formula (4) for a circular pipe may be considered known.

When comparing formula (4) for Pr = 0.7 with empirical data on heat transfer,
it should be taken into account that the latter data always refer to St,, =
St/(1—A), where A = (9, —9,,,)/ (¥, —¥,,). For an approximate estimate of
A at Pr > 0.7, one may neglect the sublayer of molecular viscosity and thermal
conductivity, and consider the defect laws logarithmic all the way to the axis.
Then, analogously to the derivation of formula (5.47) in book (1), we obtain:
A~ 3.48‘5/(cf/2)1/27 whence it follows that A is of the order of 0.2 < 0.1 at
Pr ~ 0.7 and can be easily calculated using formula (4).

The results of a numerical calculation of Nu,, by formula (4) with coefficients
A =225 and A; = 4.0 (taking into account the correction A) are presented in
Fig. 1 together with empirical data (borrowed from 13 works, many of which are
indicated in (},%)) and the results of calculation by the approximate empirical

formula Nu,, = 0.018 Re’?, recommended in (?).

av

4. For formula (4) to be usable at other Pr, it is necessary to specify the values
of the function B(Pr), describing the temperature (or concentration) drop
in the wall layer extending to the lower boundary of the logarithmic layer.
The form of this function in the case Pr « 1 (heat transfer in liquid metals)
and in the case Pr > 1 (heat transfer in liquid oils or mass transfer in
droplet liquids) can be estimated with the aid of

using Levich’ s “three-layer model” (}2), according to which

(n—1)/n
A;(Pr)=B(Pr)+ B, =C Pr +525lnPr+(C, (5)

(13716) one should take

where, in accordance with the data of recent studies
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Figure 1: Comparison of heat-transfer measurement data in circular tubes
(Pr ~ 0.7) (points) with M. A. Mikheev’ s empirical formula (dashed curve)
and the authors’ formula (solid curve).

Figure 1: Figure 1: Comparison of heat-transfer measurement data in circular
tubes (Pr = 0.7) (points) with M. A. Mikheev’ s empirical formula (dashed
curve) and the authors’ formula (solid curve).

Figure 2

Figure 2: Figure 2

n =3, C = 12.5, while (| can depend only weakly on Pr, so that, in the first
approximation, C; = const. If C; = —5.0 (taking into account that B(0.7) =
3.4), then the corresponding formula

Fig. 1. Comparison of heat-transfer measurement data in circular tubes (at
Pr ~ 0.7) (points) with M. A. Mikheev’ s empirical formula (dashed curve) and
the authors’ formula (solid curve)

B VAR, Pr 1 (©)
5.251g (R, Pry/A/8) + 125" —50 1—A

av

(where A = 4c;, and the correction A will be negligibly small for all Pr > 10)
already turns out to correspond well to practically all available empirical data
on heat and mass transfer in circular tubes for 9% varying from 5 - 103 to 2 - 10°
and Pr varying over 6 orders of magnitude—from 0.7 to 10° (see Fig. 2, the
experimental data in which are borrowed from 35 works, most of which are
cited in (416:17)).

The situation is somewhat more complicated with data on heat transfer in lig-
uid metals, where Pr « 1, which are all characterized by a large scatter of
experimental points (see, for example, (>'2)) and refer to somewhat different
conditions, when not 6, is fixed but j,. If here we use the same formulas (4)
and (5), but only set C; = 0 (i.e., discard the free term —5.0 in the denominator
of (6)) and calculate the correction A more accurately, taking into account the
presence of a sublayer of molecular thermal conductivity with a linear profile of
the mean temperature, then the calculated values of N, will agree well with
the available data on heat transfer

Fig. 2. Comparison of empirical data on heat and mass transfer at various
values of Re and Pr (points) with the results of calculations by formula (6)
(curves).

1 —Re = 5000; 2 —10,000; 3 —25,000; 4 —50,000; 5 —100,000; 6 —200,000

Fig. 3. Comparison of empirical data on heat transfer in liquid metals at
Pr 0.025 (points) with the results of calculations by the modified formula (6)
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Figure 3

Figure 3: Figure 3

(curve)

in liquid metals (see, for example, Fig. 3, which refers to data, characterized
by a relatively small scatter, from 7 works on heat transfer in mercury and in a
sodium-potassium alloy, for which Pr 0.025).
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